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This book deals with equations that have played a central role in the in-
terplay between partial differential equations and probability theory. Most
of this material has been treated elsewhere, but it is rarely presented in
a manner that makes it readily accessible to people whose background is
probability theory. Many results are given new proofs designed for readers
with limited expertise in analysis.

The author covers the theory of linear, second order, partial differential
equations of parabolic and elliptic types. Many of the techniques have an-
tecedents in probability theory, although the book also covers a few purely
analytic techniques. In particular, a chapter is devoted to the De Giorgi—
Moser—Nash estimates, and the concluding chapter gives an introduc-
tion to the theory of pseudodifferential operators and their application to
hypoellipticity, including the famous theorem of Lars Hormander.
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Preface

There are few benefits to growing old, especially if you are a mathematician.
However, one of them is that, over the course of time, you accumulate a certain
amount of baggage containing information in which, if you are lucky and they
are polite, your younger colleagues may express some interest.

Having spent most of my career at the interface between probability and par-
tial differential equations, it is hardly surprising that this is the item in my
baggage about which I am asked most often. When I was a student, probabilists
were still smitten by the abstract theory of Markov processes which grew out
of the beautiful work of G. Hunt, E.B. Dynkin, R.M. Blumenthal, R.K. Getoor,
P.A. Meyer, and a host of others. However, as time passed, it became increas-
ingly apparent that the abstract theory would languish if it were not fed a steady
diet of hard, analytic facts. As A.N. Kolmogorov showed a long time ago, ulti-
mately partial differential equations are the engine which drives the machinery of
Markov processes. Until you solve those equations, the abstract theory remains
a collection of “if, then” statements waiting for someone to verify that they are
not vacuous.

Unfortunately for probabilists, the verification usually involves ideas and tech-
niques which they find unpalatable. The strength of probability theory is that
it deals with probability measures, but this is also its weakness. Because they
model a concrete idea, probability measures have enormous intuitive appeal,
much greater than that of functions. They are particularly useful when compar-
ing the relative size of quantities: A is larger than B because it is more likely.
For example, it is completely obvious that a diffusion is less likely to go from xz
to y before leaving a set I' than it is to go from x to y when it is allowed to leave
T". On the other hand, probability theory provides little help when it comes to
determining whether one can talk sensibly about “the probability of going from
x to y,” with or without leaving I'. Indeed, in a continuous setting, such events
usually will have probability 0, and so one needs to discuss their probabilities
in terms of (preferably smooth) densities with respect to a reference measure
like Lebesgue’s. Proving that such a density exists, much less checking that it
possesses desirable properties, is not something for which probability reason-
ing is particularly well suited. As a consequence, probabilists have tended to
avoid addressing these questions themselves and have relied on the hard work of

xi



xii Preface

analysts.

My purpose in writing this book has been to provide probabilists with a few
tools with which they can understand how to prove on their own some of the basic
facts about the partial differential equations with which they deal. In so far as
possible, I have tried to base my treatment on ideas which are already familiar to
anyone who has worked in stochastic analysis. In fact, there is nothing in the first
two chapters which requires more than a course on measure theory (including
a little Fourier analysis) and a semester of graduate-level probability theory.
In Chapter 1, I prove a general existence result for solutions to Kolmogorov’s
forward equation by a method which is essentially due to K. It6, even though it
may take all but my more sophisticated readers a little time to recognize it as
such. In summary, the upshot of Chapter 1 is that solutions nearly always exist,
at least as probability measures. Chapter 2 is an initial attempt to prove that
the solutions produced in Chapter 1 can be used to generate smooth solutions to
Kolmogorov’s backward equation, at least when the initial data are themselves
smooth. Again, the ideas here will be familiar to anyone who has worked with
stochastic integral equations. In fact, after seeing some of the contortions which
I have to make for not doing so, experts will undoubtedly feel that I have paid
a high price for not using Brownian motion. Be that as it may, the conclusion
drawn in Chapter 2 is that solutions to Kolmogorov’s backward equation preserve
the regularity properties their initial data possess.

All the results in Chapters 1 and 2 can be viewed as translations to a measure
setting of results which are well known for flows generated by a vector field. It
is not until Chapter 3 that I begin discussing properties which are not shared
by deterministic flows. Namely, when the diffusion coefficients in Kolmogorov’s
equation are “elliptic” (i.e., the diffusion matrix is strictly positive definite), the
associated flow not only preserves but even smooths the initial data. The classic
example of this smoothing property is the standard heat equation which imme-
diately transforms any reasonably bounded initial data into a smooth (in fact,
analytic) function. Until quite recently, probabilists have been at a complete loss
when it came to proving such results in any generality. However, thanks to P.
Malliavin, we now know a method which allows us to transfer via integration by
parts smoothness properties of the Gauss distribution to the measures produced
by It6’s construction. Malliavin himself and his disciples, like me, implemented
his ideas in a pathspace context. However, if one is satisfied with less than op-
timal conclusions, then there is no need to work in pathspace, and there are
good reasons not to. Specifically, the price one pays for the awkward treatment
of It0’s theory in Chapters 1 and 2 turns out to buy one a tremendous techni-
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cal advantage in Chapter 3. Briefly stated, the advantage is that solutions to
1to’s stochastic differential equations are not classically smooth functions of the
driving Brownian motion, even though they are infinitely smooth in the sense of
Sobolev. Thus, to carry out Malliavin’s program in pathspace, one has to jump
through all sorts of annoying technical hoops. On the other hand, if you do all
your integration by parts before passing to the limit in It6’s procedure, you avoid
all those difficulties, and that is the reason why I adopted the approach which I
did in Chapters 1 and 2.

By the end of Chapter 3, I have derived the basic regularity properties for so-
lutions to Kolmogorov’s equations with smooth coefficients which are uniformly
elliptic. In particular, I have shown that the transition probability function ad-
mits a smooth density which, together with its derivatives, satisfies Gaussian
estimates, and I have used these to derive Weyl’s Lemma (i.e., hypoellipticity)
for solutions to the associated elliptic and parabolic equations. For many ap-
plications to probability theory, this is all that one needs to know. However,
for other applications, it is important to have more refined results, and perhaps
the most crucial such refinement is the estimation of the transition probability
density from below. In Chapter 4, I develop quite sharp upper and lower bounds
on the transition probability using a methodology which has essentially noth-
ing to do with probability theory. Instead of probability theory, the origin of
the ideas here come from the calculus of variations, and so the usual form of
Kolmogorov’s equations gets replaced by their divergence form counterparts. As
long as the coefficients are sufficiently smooth, this replacement hardly affects
the generality of the conclusions derived. However, it has enormous impact on
the mathematics used to draw those conclusions. In essence, everything derived
in the first three chapters relies on the minimum principle (i.e., non-negativity
preservation). By writing the equation in divergence form, a second powerful
mathematical tool is made manifest: the theory of self-adjoint operators and
their spectral theory. In his brilliant article about parabolic equations, J. Nash
showed how, in conjunction with the minimum principle, self-adjointness can be
used to prove surprising estimates for solutions of parabolic equations written
in divergence form. Not only are these estimates remarkably sharp, they make
no demands on the regularity of the coefficients involved. As a result, they are
entirely different from the results derived in Chapter 3, all of which rely heavily
on the smoothness of the coefficients. Supplementing Nash’s ideas with a few
more recent ones, I derive in Chapter 4 very tight upper and lower bounds on
the transition probability density. The techniques used are all quite elementary,
but the details are intricate.
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In Chapter 5, I return to probabilistic techniques to localize the results proved
earlier. Here the demands on the reader’s probabilistic background are much
greater than those made earlier. In particular, the reader is assumed to know how
to pass from a transition probability function to a Markov process on pathspace.
I have summarized some of the ideas involved, but I doubt if my summary will
be sufficient for the uninitiated. In any case, for those who have the requisite
background, Chapter 5 not only provides a ubiquitous localization procedure
but also a couple of important applications of the results to which it leads.
In particular, the chapter closes with proofs of both Nash’s Continuity Theorem
and Moser’s extension of De Giorgi’s Harnack principle. Chapter 6 can be viewed
as a further application of the localization procedure developed in Chapter 5.
Now the goal is to work on a differentiable manifold and to show how one can
lift everything to that venue. Besides a familiarity with probability theory, the
reader of Chapter 6 is assumed to have some acquaintance with the basic ideas
of Riemannian differential geometry.

The concluding chapter, Chapter 7, represents an abrupt departure from the
ones preceding it. Whereas in Chapter 4 the minimum principle still plays a
role, in Chapter 7 it completely disappears. All the techniques introduced in
Chapter 7 derive from Fourier analysis. I begin with a brief resumé of basic facts
about Sobolev spaces. This is followed by a short course on pseudodifferential
operators, one in which I avoid all but the most essential ingredients. I then apply
pseudodifferential operators to prove far-reaching extensions of Weyl’s Lemma,
first for general, scalar valued, elliptic operators and then, following J.J. Kohn,
for an interesting class of second order, degenerate operators with real valued
coefficients. The latter extension, which is due to L. Hormander, is the one of
greater interest to probabilists. Indeed, it has already played a major role in
many applications and promises to continue doing so in the future.

Even though this book covers much of the material about partial differential
equations needed by probabilists, it does not cover it all. Perhaps the most
egregious omission is the powerful ideas introduced by M. Crandell and P.L.
Lions under the name of “viscosity solutions.” In a very precise sense, their
theory allows one to describe a “probabilistic solution” without reference to
probability theory. The advantage to this is that it removes the need to develop
the whole pathspace apparatus in order to get at one’s solution, an advantage
that becomes decisive when dealing with non-linear equations like those which
arise in optimal control and free boundary value problems. For the reader who
wishes to learn about this important topic, I know of no better place to begin
than the superb book [14] by L.C. Evans. Less serious is my decision to deal
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only with time independent coefficients. For the material in Chapters 1 and 2
it makes no difference, since as long as one is making no use of ellipticity, one
can introduce time as a new coordinate. However, it does make some difference
in the later chapters, but not enough difference to persuade me to burden the
whole text with the additional notation and considerations which the inclusion
of time dependence would have required.

Each chapter ends with a section entitled “Historical Notes and Commentary.”
The reader should approach these sections with a healthy level of skepticism. I
have not spent much time tracking down sufficient historical evidence to make
me confident that I have always given credit where credit is due and withheld
it where it is not due. Thus, these sections should be read for what they are: a
highly prejudiced, impressionistic account of what I think may be the truth.

Finally, a word about Eugene Fabes, to whom I have dedicated this book. Gene
and I met as competitors, he working with Nestor Riviere to develop the analytic
theory of parabolic equations with continuous coefficients and I working with
S.R.S. Varadhan to develop the corresponding probabilistic theory. However,
as anyone who knew him knows, Gene was not someone with whom you could
maintain an adversarial relationship for long. After spending a semester together
in Minnesota talking mathematics, sharing smoked fish, and drinking martinis,
we became fast friends and eventually collaborated on two articles. To my great
sorrow, Gene died too young. Just how much too young becomes increasingly
clear with each passing year.

Daniel W. Stroock






CHAPTER 1

Kolmogorov’s Forward, Basic Results

The primary purpose of this chapter is to present some basic existence
and uniqueness results for solutions to second order, parabolic, partial dif-
ferential equations. Because this book is addressed to probabilists, the
treatment of these results will follow, in so far as possible, a line of reason-
ing which is suggested by thinking about these equations in a probabilistic
context. For this reason, I begin by giving an explanation of why, un-
der suitable conditions, Kolmogorov’s forward equations for the transition
probability function of a continuous path Markov process is second order
and parabolic. Once I have done so, I will use this connection with Markov
processes to see how solutions to these equations can be constructed using
probabilistically natural ideas.

1.1 Kolmogorov’s Forward Equation

Recall that a transition probability function on RY is a measurable map
(t,z) € [0,00) x RN +—— P(t,x) € M;(RY), where M;(R") is the space of
Borel probability measures on R with the topology of weak convergence,!
which, for each z € RY satisfies P(0,z,{z}) = 1 and the Chapman-
Kolmogorov equation?

(111) P(S-l-t,.r,]_—‘) = /P(tvyaF) P(S,l’,dy)

for all s,t € [0,00) and T" € Bgw.

Kolmogorov’s forward equation is the equation which describes, for a fixed
x € RN, the evolution of ¢ € [0,00) — P(t,z) € M (RY).

1.1.1. Derivation of Kolmogorov’s Forward Equation: In order to
derive Kolmogorov’s forward equation, we will make the assumption that

1
(1.1.2) Lo(x) = Jim

/ (¢(v) — p(x)) P(h, z, dy)

1 That is, the smallest topology for which the map u € Mi(RY) — fgodu € Ris

continuous whenever ¢ € Cp,(R™;R). See Chapter III of [53] for more information.
2 By~ denotes the Borel o-algebra over RV.
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exists for each z € RY and ¢ € C°(R¥;R), the space of infinitely differen-
tiable, real-valued functions with compact support. Under mild additional
conditions, one can combine (1.1.2) with (1.1.1) to conclude that

d
4 [ew Pes.dy) = [ Lo Ple.o.dy) - or, cquivatently

Y /w(y) P(t,z,dy) = w(w)Jr/ot (/Lw(y) P(T,x,dy)> dr

for o € C2(RV;R). This equation is called Kolmogorov’s forward equation
because it describes the evolution of P(t,z,dy) in terms of its forward
variable y, the variable giving the distribution of the process at time ¢, as
opposed the the backward variable x which gives the initial position.

Thinking of M; (RY) as a subset of C2°(RY; R)*, the dual of C>°(RY;R),
one can rewrite (1.1.3) as

(1.1.4) d—ciP(t,x) =L"P(t,2),

where LT is the adjoint of L. Kolmogorov’s idea was to recover P(t,x)
from (1.1.4) together with the initial condition P(0,z) = ¢,, the unit point
mass at . Of course, in order for his idea to be of any value, one must
know what sort of operator L can be. A general answer is given in §2.1.1
of [55]. However, because this book is devoted to differential equations, we
will not deal here with the general case but only with the case when L is
a differential operator. For this reason, we add the assumption that L is
local® in the sense that Ly(z) = 0 whenever ¢ vanishes in a neighborhood
of z. Equivalently, in terms of P(t,z), locality is the condition

1 N
(1.1.5) %% EP(h,x,B(m,r)C) =0, zeR" andr>0.
LEMMA? 1.1.6. Let {uy : h € (0,1)} € M;(RY), and assume that

Ap= ,{1{%% (e(y) — ©(0)) pa(dy)

exists for each p € C>°(R™:R). Then A is a linear functional on C°(RY;R)
@ R which satisfies the minimum principle

(1.1.7) ©(0) = min p(z) = Ap > 0.

z€RN

3 Locality of L corresponds to path continuity of the associated Markov process.

4 Readers who are familiar with Petrie’s characterization of local operators may be sur-
prised how simple it is to prove what, at first sight, might appear to be a more difficult
result. Of course, the simplicity comes from the minimum principle, which allows one to
control everything in terms of the action of A on quadratic functions.
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Moreover, if

1
}llii% Euh(B(O,r)E) =0 forallr >0,
then A is local. Finally, if A is a linear functional on C2°(R™;R) @ R, then
A is local and satisfies the minimum principle if and only if there exists a
non-negative, symmetric matrix® a = ((ai;))1<; j<y € Hom(RY;RY) and
a vector b = (b;)1<i<y € RY such that

N N
1 oo MmNV
Ap = 3 E 0,0, (0) + E_l b;0z,(0) for all p € CZ(RY;R).

i,j=1

PRroOOF: The first assertion requires no comment. To prove the “if” part of
the second assertion, suppose A is given in terms of a and b with the pre-
scribed properties. Obviously, A is then local. In addition, if ¢ achieves its
minimum value at 0, then the first derivatives of ¢ vanish at 0 and its Hes-
sian is non-negative definite there. Thus, after writing Zﬁ\szl 0z, 02,¢(0)
as the trace of a(0) times the Hessian of ¢ at 0, the non-negativity of Af
comes down to the fact that the product of two non-negative definite, sym-
metric matrices has a non-negative trace, a fact that can be seen by first
writing one of them as the square of a symmetric matrix and then using
the commutation invariance properties of the trace.

Finally, suppose that A is local and satisfies the minimum principle. To
produce the required a and b, we begin by showing that Ap = 0 if ¢ vanishes
to second order at 0. For this purpose, choose n € C¢° (RN; [0, 1}) so that
n=1on B(0,1) and n = 0 off B(0,2), and set ¢gr(z) = n(R™'z)p(z) for
R > 0. Then, by locality, Ap = Apg for all R > 0. In addition, by Taylor’s
Theorem, there exists a C' < oo such that |pr| < CRy for R € (0, 1], where
Y(x) = n(z)|z|?. Hence, by the minimum principle applied to CRy F ¢rg,
|Ap| = |Apr| < CRA% for arbitrarily small R’s.

To complete the proof from here, set ¥;(x) = n(x)z;, ¥i; = iy, by =
Ay, and a;; = Avy;. Given @, consider

1 N N
=1

4,j=1

By Taylor’s Theorem, ¢ — ¢ vanishes to second order at 0, and therefore
Ap = Ap. At the same time, by the minimum principle applied to the
constant functions £¢(0), A kills the first term on the right. Hence,

N N
1
Ap =3 Y 00.05,0(0) Ay + ) 8:,0(0) Ay,

i,j=1 i=1

5 We will use Hom(RM™;R™) to denote the vector space of linear transformation from
RM to RN,
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and so it remains to check that a is non-negative definite. But, if £ € R

and 9e(z) = 7(x)2(6,2)%n = Zﬁ’j:l &&ij(x), then, by the minimum
principle, 0 < 2A4v¢ = (§,af)gn. O

Since the origin can be replaced in Lemma 1.1.6 by any point € R,
we now know that, when (1.1.5) holds, the operator L which appears in
Kolmogorov’s forward equation has the form

N

(1.1.8) %Z (2)02, 0, () + 3 b)),

i=1

where a(z) = ((ai;(2))), ., j<n 15 a non-negative definite, symmetric ma-
trix for each z € RY. In the probability literature, a is called the diffusion
coefficient and b is called the drift coefficient.

1.1.2. Solving Kolmogorov’s Forward Equation: In this section
we will prove the following general existence result for solutions to Kol-
mogorov’s forward equation. Throughout we will use the notation (¢, u) to
denote the integral [ ¢ du of the function ¢ with respect to the measure p.

THEOREM 1.1.9. Let a : RY — Hom(RY;RY) and b : RN — R¥ be

continuous functions with the properties that a(z) = ((as (x)))1<ij<N is

symmetric and non-negative definite for each x € RN and

Trace(a(x)) + 2(x, b(x *
(1.1.10) A= sup (a(@) +2(@,b@)gn _
zERN 1+ |£C|2

Then, for each v € M;(RY), there is a continuous t € [0,00) — pu(t) €
M, (RY) which satisfies

(11.11) (s 1)) — (i) = / (L, p(7)) dr,

for all ¢ € C2(RY;C), where L is the operator in (1.1.8). Moreover,

(11.12) / (1+lyl?) lt, dy) < e / (L+]aP) v(dr), t>0.

Before giving the proof, it may be helpful to review the analogous result
for ordinary differential equations. Indeed, when applied to the case when
a = 0, our proof is exactly the same as the usual one there. Namely, in that
case, except for the initial condition, there should be no randomness, and
so, when we remove the randomness from the initial condition by taking
v = 0p, we expect that p; = dx (), where t € [0,00) — X(t) € R satisfies

o(X (1)) — o) = / (B(X (7)), V(X (7)) o .
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Equivalently, t~~X (t) is an integral curve of the vector field b starting at x.
That is,

X(t):x+/0 b(X (7)) dr.

To show that such an integral curve exists, one can use the following Euler
approximation scheme. For each n > 0, define t~~X,,(t) so that X,,(0) =«
and

X, (t) = Xpn(m2™™)+(t—m27")b(X (m2™")) for m2™" <t < (m+1)27".

Clearly, .

whereS [7],, = 27"[2"7] is the largest dyadic number m2~" dominated by 7.
Hence, if we can show that {X,, : n > 0} is relatively compact in the space
C([0,00); RY), with the topology of uniform convergence on compacts, then
we can take t~~X(t) to be any limit of the X,,’s.

To simplify matters, assume for the moment that b is bounded. In that
case, it is clear that | X, (t) — X,,(s)| < ||b|lu]t — 5|, and so the Ascoli-Arzela
Theorem guarantees the required compactness. To remove the boundedness
assumption, choose a ¢ € C2°(B(0,2);[0,1]) so that ¢ = 1 on B(0,1) and,
for each k > 1, replace b by by, where by (x) = (k~1x). Next, let t~ Xy (t)
be an integral curve of by starting at x, and observe that

X0 = 2(X (1), b (X)) o < A(LF Xe(0)?),

from which it is an easy step to the conclusion that | X ()| < R(T) = (1 +
|z|2)et*. But this means that, for each T > 0, | X (t) — X1 (s)| < C(T)|t—s|
for s, t € [0,T], where C(T') is the maximum value of |b| on the closed ball
of radius R(T') centered at the origin, and so we again can invoke the
Ascoli-Arzela Theorem to see that {Xj : k > 1} is relatively compact and
therefore has a limit which is an integral curve of b.

In view of the preceding, it should be clear that our first task is to find
an appropriate replacement for the Ascoli-Arzela Theorem. The one which
we will choose is the following variant of Lévy’s Continuity Theorem (cf.
Exercise 3.1.19 in [53]), which states that if {u, : n > 0} € M;(RY) and
fin, is the characteristic function (i.e., the Fourier transform) of u,, then
p = lim,, oo iy, exists in My (RY) if and only if fi,,(£) converges for each ¢
and uniformly in a neighborhood of 0, in which case j,, — p in M;(RY)
where [1(€) = limy, o0 fin(§).

In the following, and elsewhere, we say that {¢ : k > 1} C C,(RY;C)
converges to ¢ in Cy,(RY; C) and write ¢ — ¢ in C,(RY; C) if supy, || ¢k ||u

6 We use [7] to denote the integer part of a number 7 € R
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< oo and ¢i(z) — ¢(z) uniformly for z in compact subsets of R¥.
Also, we say that {p : k > 1} € C(RM;M(RY)) converges to p in
C(RM; M, (RY)) and write pr — p in C(RM;M;(RY)) if, for each
© € Ch(RY;C), (p, ik (2)) — (¢, u(2)) uniformly for 2 in compact subsets
of RM,

THEOREM 1.1.13. If uy — p in C(RM; M, (RY)), then

Pk, 1k (28)) — (0, 1(2))

whenever zj, — z in RM and o, — ¢ in C,(RY;C). Moreover, if {j, :
n >0} C C(RM;Mi(RY)) and fu(,€) = n(2)(), then {, : n >0} is
relatively compact in C’(RM; Ml(RN)) if {fn : n > 0} is equicontinuous at
each (z,6) € RM x RN, In particular, {u, : n > 0} is relatively compact
if, for each &€ € RN, {f.(-,€) : n > 0} is equicontinuous at each z € RN
and, for each r € (0, 00),

lim sup sup pn (ZaRN \ B(()’ R)) =0.
R—00p>02|<r

PRrROOF: To prove the first assertion, suppose pr — pin C(RM; M; (RN)),
2, — 2z in RM and ¢, — ¢ in Cy,(RY;C). Then, for every R > 0,

k@“@kvﬂk(zk» — (¢, u(2))|
< T ([ = or (2] + [(, maz)) = (0, ()]

+ [{p. (1)) = 0 (D))

< lim  sup [ok(y) — @@)| +sup [l@kllu lim w2k, B(O, R)C)
k=0 4eB(0,R) k k—o0

< Sl;p H@ICHHH(Z’ B(O’ R)C)

since limy_ o0 ptx (21, F) < u(z, F) for any closed F C RY. Hence, the
required conclusion follows after one lets R — oo.

Turning to the second assertion, apply the Arzela—Ascoli Theorem to
produce an f € C,(RM x RY;C) and a subsequence {n; : k > 0} such
that f,,, — f uniformly on compacts. By Lévy’s Continuity Theorem,
there is, for each z € RM a u(z) € My (RY) for which f(z, -) = u(2).
Moreover, if z;, — 2z in RM | then, because f,,, (2k, - ) — f(z, - ) uniformly
on compact subsets of RY, another application of Lévy’s Theorem shows
that g, (21) — pu(2) in M (RY), and from this it is clear that p,, — u
in C’(RM;Ml(RN)).

It remains to show that, under the conditions in the final assertion, {f, :
n > 0} is equicontinuous at each (z,£). But, by assumption, for each
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RN {f.(-,€) : n > 0} is equicontinuous at every z € R™. Thus, it
suffices to show that if & — ¢ in R¥, then, for each r > 0,

lim sup sup | fu(z, &) — fu(,€)] = 0.

k—o00 n>0 |z|<r
To this end, note that, for any R > 0,

and therefore

lim sup sup | fn(2, &) — fa(z,€)| < 2sup sup p,(z, B(0, R)C) — 0
k=00 n>0|z|<r n20 |z|<r

as R —o00. O

Now that we have a suitable compactness criterion, the next step is to
develop an Euler approximation scheme. To do so, we must decide what
plays the role in M (R™) that linear translation plays in RV. A hint comes
from the observation that if t~~X (t,z) = x +tb is a linear translation along
the constant vector field b, then X (s+¢, x) = X (s, 2)+X (¢,0). Equivalently,
Ox(s+t,z) = Oz * 0x(s,0) * 0x(1,0), Where “x” denotes convolution. Thus,
“linear translation” in M;(R") should be a path t € [0,00) — pu(t) €
M; (RY) given by u(t) = v % A(t), where t~\(t) satisfies A\(0) = d and
A(s+t) = A(s) x A(t). That is, in the terminology of classical probability
theory, u(t) = v * A(t), where A\(t) is an infinitely divisible flow. Moreover,
because L is local and therefore the associated process has continuous paths,
the only infinitely divisible laws which can appear here must be Gaussian
(cf. §§,111.3 and II1.4 in [53]). With these hints, we now take Q(¢t,z) €
M; (RY) to be the normal distribution with mean z + tb(x) and covariance
ta(z). Equivalently, if

lw|2

(1.1.14) Y(dw) = (27)" e 2 dw

is the standard normal distribution on R™ and o : RN — Hom(RM;RN)
is a square root” of @ in the sense that a(z) = o(z)o(z) ", then Q(t, ) is
the distribution of w~z + t20(z)w + tb(z) under . To check that Q(t, )
will play the role that x+tb(z) played above, observe that if ¢ € C?(R";C)
and ¢ together with its derivatives have at most exponential growth, then

(. Qt, 7)) — pl) = / (L, Q(r,2)) dr,

(1.1.15) o N
where L¥p(y) = 3 Z a(x)0y, 0y, (y) + Z bi(2)dy, p(y).

7 At the moment, it makes no difference which choice of square root one chooses. Thus,

1
one might as well assume here that o(z) = a(z)2, the non-negative definite, symmetric
square root a(z). However, later on it will be useful to have kept our options open.
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To verify (1.1.15), simply note that

o) = 5 [+ o+ @) w(d)

w|2
2t

where v,(w) = g(t,w) dw with g(t,w) = (2mt)" T e~ is the normal dis-
tribution on RM with mean 0 and covariance tI, use d;g(t,w) = %Ag(t, w),
and integrate twice by parts to move the A off of g. As a consequence of
either (1.1.15) or direct computation, we have

(1.1.16) / > Qt,z,dy) = |z + tb(x)|2 + tTrace(a(z)).

Now, for each n > 0, define the Euler approximation ¢ € [0,00) —
pn(t) € My (RY) so that

pol0) = v andpun(t) = [ Q(t~m2"y) pam2 " dy)

for m2™" <t < (m+1)27".

(1.1.17)

By (1.1.16), we know that

2 _ _m2n 2
1118) /Iyl un(t,dy)—/[!yﬂt 27")b(y)|

+ (t— m2*”)Trace(a(y))} fn (M277, dy)

(

for m2™" <t < (m+41)27".
LEMMA 1.1.19. Assume that
Trace(a(z)) + 2[b(z)|?

1.1.20 A= < 00.

( ) ;’E‘IJRI?V 1+ |z o0

Then

(1.1.21) Sl;po/(]. + |yI?) pn (t, dy) < (TN /(1 + |z|?) v(dz).

In particular, if [ |z|* v(dz) < oo, then {u, : n > 0} is a relatively compact
subset of C([0,00); M1 (RY)) with the topology of uniform convergence on
compacts.

PROOF: Suppose that m2™™ <t < (m+ 1)27", and set 7 = t — m2™".
First note that

‘y + 7b(y) ‘2 + TTrace(a(y))

= yl> + 27 (y, b(y)) g + 7°1b(y)[* + T Trace(a(y))

< Jyl? + 7[lyl* + 2[b(y) > + Trace(a(y))] < [yl* + (1 + X7 (1 + [y[*),
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and therefore, by (1.1.18),

[P ey < (14 (@4 07) [ @+ o) 2" ).
Hence,
/(1 +[y[?) pn(t, dy)
< (1 (1 + N2 ™1+ (14 M)7) /(1 1 1y[?) w(dy)
< N /(1 + |2[?) v(da).

Next, set f,(t,€) = [m]({) Under the assumption that the second
moment S = [|z]?v(dr) < oo, we want to show that {f, : n > 0} is
equicontinuous at each (t,¢) € [0,00) x RY. Since, by (1.1.21),

pin (t, B(0, R)C) < S(1 + R?)~1el+M,

the last part of Theorem 1.1.13 says that it suffices to show that, for each
e RN {f.(-,€) : n > 0} is equicontinuous at each t € [0,00). To this
end, first observe that, for m2™" < s <t < (m+1)27",

| fn(t, ) — /! Qt, 1)1(E) = [Q(5, PIE)]| 1 (m27", dy)

@@ - @il =| [ ( / Lyeg(y’)Q(T,y,dy’)) dr
< (0= 9) (3(6 0l gn + E16)1) < HA+ N+ )L+ R - 9)

and, by (1.1.15),

where eg(y) = eV~1¢¥. Hence, by (1.1.21),

A+NA+EP)

|fn(t’§)_fn(37§)| < 9

1+)\)t/(1 + [22) v(da)(t — s),

first for s < ¢ in the same dyadic interval and then for all s <¢. O

With Lemma 1.1.19, we can now prove Theorem 1.1.9 under the as-
sumptions that a and b are bounded and that [|z[*v(dz) < oco. In-
deed, because we know then that {u, : n > 0} is relatively compact in
C([O, 00); M1 (R")), all that we have to do is show that every limit satisfies
(1.1.11). For this purpose, first note that, by (1.1.15),

(erm®) = (e = [ ([1276.00 = sl ar
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for any ¢ € CZ(RY;C). Next, observe that, as n — oo,
(LY, Q(T = []n,y)) — Lep(y)

boundedly and uniformly for (7,y) in compacts. Hence, if p,, — p in
C([O,oo);Ml(RN)), then, by Theorem 1.1.13,

(0, i, (£)) — (p, pu(t)) and
/ot (/ (LY, Q(r = 7l ) in( (7] dy)) dr — /O (Lol

Before moving on, we want to show that [ |z|?v(dz) < oo implies that
(1.1.11) continues to hold for ¢ € C?*(RY;C) with bounded second order
derivatives. Indeed, from (1.1.21), we know that

*) / (L+[yl?) u(t, dy) < e+ / (1+ [yf2) v(dy).

Now choose ¢ € CZ°(RY;[0,1]) so that ¥ = 1 on B(0,1) and 3 = 0 off
of B(0,2), define ¥ by ¥r(y) = ¥(R™1y) for R > 1, and set or = Vrep.

Observe that®
@)\, [Vey)]

V([[V2o(y)|us.
L+y[2  1+]yl

is bounded independent of y € RY, and therefore so is ‘fﬁgj"%‘. Thus, by
(*), there is no problem about integrability of the expressions in (1.1.11).
Moreover, because (1.1.11) holds for each ¢g, all that we have to do is

check that

(@ p(t)) = lim (R, pu(t))

/0 (Lo, u(r))dr = lim [ (Log, u(r)) dr.

R—o0 0

The first of these is an immediate application of Lebesgue’s Dominated
Convergence Theorem. To prove the second, observe that

Lor(y) = vr(y)Le(y) + (VUr(Y), a(y)Ve) gy + @(y) Libr(y).

Again the first term on the right causes no problem. To handle the other
two terms, note that, because ¥g is constant off of B(0,2R) \ B(0, R) and
because Vr(y) = RV (R™1y) while V2¢Yr(y) = R72V2¢(R™y), one

8 We use V2¢ to denote the Hessian matrix of ¢ and ||o|lg.s. to denote the Hilbert—

Schmidt norm , /Zij J?j of o.



1.2 Transition Probability Functions 11

can easily check that they are dominated by a constant, which is indepen-
dent of R, times (1+ |y|*)1(g2£)(y|). Hence, again Lebesgue’s Dominated
Convergence Theorem gives the desired result.

Knowing that (1.1.11) holds for ¢ € C?*(R¥;C) with bounded second
order derivatives, we can prove (1.1.12) by taking p(y) = 1+ |y|*> and
thereby obtaining

J 1) ute. )
= [+ |y v(dy) + t [Trace(a(y)) + 2(y,b(y))RN] p(r,dy) ) dr
/ L/ )

< [@ Py vl + o / t ( Jaswkucr dw) dr,

from which (1.1.12) follows by Gronwall’s inequality.

Continuing with the assumption that [ |z|? v(dz) < oo, we want to re-
move the boundedness assumption on a and b and replace it by (1.1.10).
To do this, take g as above, set ar = ¥ra, by = b, define L; accord-
ingly for a; and by, and choose t~pu(t) so that (1.1.12) is satisfied and
(1.1.11) holds when p and L are replaced there by uy and Ly. Because
of (1.1.12), the argument which we used earlier can be repeated to show
that {ux : k > 1} is relatively compact in C([0,00); My (RY)). Moreover,
if 1 is any limit of {u : & > 1}, then (1.1.12) is satisfied and, just as we
did above, one can check (1.1.11), first for p € C2(RY;C) and then for all
¢ € C?(RY;C) with bounded second order derivatives.

Finally, to remove the second moment condition on v, assume that it fails,
and choose rj, / 0o so that a; = v(B(0,71)) > 0 and aj = v(B(0,r) \
B(O,Tk,l)) > 0 for each k > 2, and set v, = afll/ I B(0,7) and v =
oy, 'v | B(0,74)\ B(0,75—1) when k > 2. Finally, choose ¢t~ (t) for L and
i, and define p(t) = Y72 | agpr(t). It is an easy matter to check that this
p satisfies (1.1.11) for all ¢ € C2(RYM;C).

REMARK 1.1.22. In order to put the result in Theorem 1.1.9 into a partial
differential equations context, it is best to think of t~~u(t) as a solution to
O = LT pu(t) in the sense of (Schwartz) distributions. Of course, when the
coefficients of L are not smooth, one has to be a little careful about the
meaning of L p(t). The reason why this causes no problem here is that,
by virtue of the minimum principle (cf. §2.4.1), the only distributions with
which we need to deal are probability measures.

1.2 Transition Probability Functions

Although we have succeeded in solving Kolmogorov’s forward equation in
great generality, we have not yet produced a transition probability function.
To be more precise, let S(z) denote the set of maps t~u(t) satisfying
(1.1.11) with v = §,. In order to construct a transition probability function,
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we must make a measurable “selection” x € RN +— P(-,z) € S(z) in
such a way that the Chapman—Kolmogorov equation (1.1.1) holds. Thus,
the situation is the same as that one encounters in the study of ordinary
differential equations when trying to construct a flow on the basis of only an
existence result for solutions. In the absence of an accompanying uniqueness
result, how does one go about showing that there is a “selection” of solutions
which fit together nicely into a flow?

It turns out that, under the hypotheses in Theorem 1.1.9, one can always
make a selection z € RY —— P(-,x) € S(z) which forms a transition
probability function. The underlying idea is to introduce enough spurious
additional conditions to force uniqueness. In doing so, one has to take
advantage of the fact that, for each x € RY, S(z) is a compact, convex
subset of M (RY) and that, if y — 2 in RV, then lim,_,, S(y) C S(z) in
the sense of Hausdorff convergence of compact sets. Because we will not
be using this result, we will not discuss it further. The interested reader
should see Chapter XII of [52] for more details.

Another strategy for the construction of transition probability functions
is to see whether one can show that the subsequence {ny : k¥ > 0} in Lemma
1.1.19 can be chosen independent of v. To be more precise, let a and b be
given as in Lemma 1.1.19, and, for each n > 0, let t~» P, (¢, z) be constructed
by the prescription in (1.1.17) with v = d,. Suppose that we could find
one subsequence {ny : k > 0} and a (t,z) € [0,00) x R — P(t,z) €
M; (RY) with the property that P,, — P in C([0,00) x RY; M;(RY)).
It would then follow that (¢,2)~P(¢,z) has to be a continuous transition
probability function. Indeed, the continuity would be obvious. As for the
Chapman—-Kolmogorov equation, note that, by construction, for any n > 0,
0 € Cp(RY;C), and t € [0, 00),

(0, Pa(s + 1, 7)) = / (02 Pa(t,1)) Pals. 2, dy)

whenever s = m2~" for some (m,n) € N?. Hence, after passing along the
subsequence, we would have

(. P(s + 1, 2)) = / (. Plt,y)) P(s. . dy)

whenever s = m2~" for some (m,n) € N2, which, by continuity with respect
to s, would lead immediately to (1.1.1).

1.2.1. Lipschitz Continuity and Convergence: Our goal in this sub-
section is to prove the following theorem.

THEOREM 1.2.1. Let a : RV — Hom(RY;RY) and b : RN — R¥ be
given, where, for each * € R, a(x) is a symmetric, non-negative definite
matrix, and define L accordingly, as in (1.1.8). Further, assume that there
exists a square root o : RY — Hom(RM;RY) of a such that

lo(z) — o(@")|[n.s. V [b(x) — b(z')|

1.2.2 sup < 00
(122) wa! |z — 2|
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Then there exists a continuous transition probability function (¢, z) € [0, c0)
x RN — P(t,z) € M;(RY) to which the {P, : n > 0} of the preceding
discussion converges in C([0,00) x RN;M;(RY)). Furthermore, (1.1.20)
holds with

2
A < Trace(a(0)) + [loEs, +2(I6(0)] + bllLip)” < oo,

and

(1:23)  sup (U ly) Paltody) < CV (L)
n>0

and (cf. (1.1.10))
(1.2.4) /(1 + 1) P(t, 2, dy) < eM(1+ |]?).

In addition, for each © € RY, t~P (t,x) solves Kolmogorov’s forward equa-
tion. In fact,

(1.2.5) (0. P(t,2)) = o) + / (L, P(r,2)) dr

for any ¢ € C?(RY;C) with bounded second order derivatives.

In order to prove this theorem, we must learn how to estimate the differ-
ence between P, (t,z) and P,,(t,z) and show that this difference is small
when n; and ns are large. The method which we will use to measure these
differences is coupling. That is, suppose that (u1, u2) € M;(RY)2. Then
a coupling of p; to po is any fi € My (RN x RY) for which p; and py are
its marginal distributions on R” | in the sense that u; (T') = (I’ x RY) and
pa(T) = A(RY x T'). Given a coupling of y; to po, an estimate of their
difference is given by [ |y —y/|? i(dy x dy’). Indeed,

(o0 12) — (o, 1) < Lip(e) ( 1=/ ity = dy'>)

Equivalently, a coupling of p1 to e means that one has found a probability
space (€, F,P) on which there are random variables X; and X for which
w; is the distribution of X;. Of course, it is only when the choice of ji is
made judiciously that the method yields any information. For example,
taking 1 = py X po yields essentially no information.

LEMMA 1.2.6. Define F : [0,00) x RN x RM — R by

F(t,z,w) =2+ téa(x)w + tb(z).
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Next, for (z,") € (RN)?, define Q,, (t, z,2") € My (RN xRN) fort € [0,27"]
so that Q,(t,z,z') is the distribution of

M F(t,z,w) N pN
weR '—><F(t,x’,w) e RY xR
under (cf. (1.1.14)) vy when t € [0,27""!] and of

—n—1 _9o—m—1 .
(wi,ws) € (RM)2 — (F(2 Jx,wi) + F (-2 , T, W) z)

F(t—2"1FQ 2 wr),ws)

under v2 when t € (271,27, Finally, forn > 0 and (¢, z) € [0, 00) x RV,
define i, (t,z) € M1 (RY x RN) so that ji,, (0, ) = 0, x &, and

finlt) = [ Qult = m2 . ') o2 dy )
for m2=™" < t < (m + 1)2™"™. Then [i,(t,x) is a coupling of P,(t,x) to

P, +1(t,x) and there exists a K < oo, depending only on the value of o and
b at the origin and their uniform Lipschitz norms, such that

[y =9 it dy x dy') < 270K 04
PROOF: Once one remembers that the distribution of (wy,ws)~>c1wi 4 cows
under ~2 is the same as the distribution of w~(c? + c%)%w under 7, it is

easy to verify that fi,(t,x) is a coupling of P, (t,z) to P,y1(t, z).
To prove the asserted estimate, set

Gn(t,z,2’) = / Iy —yl? Qu(t,z, 2’ dy x dy') for t € [0,277"].
Clearly,

n(t, ) /Iy ? fin (t, 2, dy x dy')
= [t = m2 ) nm2 "y x )
for m27" <t < (m+1)27"
Set C' = sup,, [+' —z|72(2|b(2’) — b(z)]* + [|o(2") — o(2)[]f ). When
te 0,271,

n(t,z,2) !w —x +t(< ") = b(@)| + tllo(z') — o)A s,
( )\x —m|2
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and so

*) un(t,z) < (14 (14 C)7)uy(m27", 2)

for m27™" <t < (2m+ 1)2_”_1 and 7 =t —m27".

When t € 27771 27" and 7 =t — 2771, G, (¢, 2,2') equals

6=+ 706) - @)l
7o) = 0@ g | Q@ w0l dy x dy)
<A +7)g 27" 2, 2)
4 T/[zyb(y’) @) + o) — (@)} g | Gal2 " xa! dy x i)
<1 +7)g. 27" 2, 2)

+ 27/[2|b(y’) — ()| + ||loy) — U(y)||;s}Qn(T”’l,x,x’, dy x dy')
v [ [2b) b + o)~ @)} ] Q2 )

<(1+(1+20)7)G. (27" Lz, 2)) + QCT/ ly — 22 Q27" 1, z, dy)
= (1+1+20)7)G: (27" " 2,2') + 20727 " [|b(2)|* + Trace(a(z))].

Since |b(x)|? + Trace(a(z)) < A(1+ |#|?), we now can use (1.1.21) to arrive
at

U (t,2) < (14+(1+2C)7)uy, ((2m+1)27"71, z)+2C NN g1 (1+]z[?)

for 2m+1)27" P <t<(m+1)2"and 7 =t— (2m+1)27 "L
Putting this together with (*), we conclude there is a C’ < 0o, with the
required dependence, such that

(%) up(t,z) < (1+ C'P)up(m27 ", ) + C'e 27 (1 4 [af?)

for m e N, 7 € [0,27"], and t = m2™" + 7. Finally, working by induction
on m and remembering that u,(0,2) = 0, one obtains from (**) first that

U, (m27 " x) <277 (eclt(l + |z (1 +Cc27)™ - 1) for m < 2™t

and then that the asserted estimate holds with K = 2C’. O
PROOF OF THEOREM 1.2.1: Given the preceding, we know that

n—1
’<Lp,Pn(t,£L')> - <(p,Pm(lf,$)>‘ < Z‘<90apl+1(ta$)> - <907P6(t’w)>|
l=m

< e (14 2]} Lip(p) Y 273
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and therefore that

m

2772
(127) | Palta)) — (p Pulte )] < S
for any 0 < m < m. Starting from (1.2.7), it is easy to check that the
sequence {P, : n > 0} converges in C([0,00) x RY; M, (R”)). Indeed,

by applying (1.2.7) to ¢ = es and setting f,(¢t,z,&) = [Pn(t,2)](§), we
see that {f, : n > 0} is Cauchy convergent in the metric of uniform
convergence on compact subsets of [0,00) x RN x RY. Hence, not only does
it converge uniformly on compacts to some f € Cy,([0,00) x RY x RY;C),
but, by Theorem 1.1.13, there is a continuous (¢,7) € [0,00) x RY ——
P(t,xr) € M;(RY) such that f(t,z) = P/(t,\x) and to which P, converges
in C([0,00) x RY; M, (R")). Furthermore, by the general considerations
in the introduction to this section, (¢, 2)~P(¢, ) is a transition probability
function. Also, (1.2.3) and (1.2.4) as well as (1.2.5) for p € C*(RY;C)
with bounded second order derivatives are all applications of the analogous
statements in §1.1. O

Kt
2

(1 + |2[*)Lip()

COROLLARY 1.2.8. Let everything be as in Theorem 1.2.1. Given v €
M, (RY), define {1, : n > 0} as in (1.1.17). Then p,(t) = [ P,(t,z) v(dz)
and t~p,(t) converges to

tp(t) = /P(t,x) v(dz) in C([0,00); My (RY)).

Furthermore, (1.1.11) holds for all ¢ € C2(R™;C). Finally, u(t) satisfies
(1.1.12), and, when [ |y|*v(dy) < oo, (1.1.11) continues to hold for all
¢ € C2(RY;C) with bounded second order derivatives.

PROOF: Because, as we have already noted, pu,(t) = [ P,(t,z) v(dz), ev-
erything follows immediately from Theorem 1.2.1 combined with Fubini’s
Theorem. O

1.3 Some Important Extensions

In the sequel, it will be important for us to have available several exten-
sions and refinements of the results in §§1.1 and 1.2.

1.3.1. Higher Moments: Here we want to show that the mean-square
results which we have been proving admit higher moment analogs. A key
step in proving these analogs is the development of higher moment estimates
to replace

/ ly|? Q(t, z,dy) = |z + tb(z)|* + tTrace(a(x)).

When doing computations involving an operator L of the sort in (1.1.8),
it is useful to have checked that
(1.3.1) L(fop)=4(Ve,aVe)pnf" o0+ (Le)f o
for f € C?(R;C) and ¢ € C*(RV;R).
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LEMMA 1.3.2.  For each r € [1,00), there exists a universal k, < oo such
that

/ (14 TP Q(t, . dy)

< (14 |Tz|?)" + nrt((l +|Tz|*)" + |Tb(z)|*" + (Trace Ta(x)TT)T)

for (t,x) € (0,1] x RN and T € Hom(RN,RN").

PRrooOF: Begin by observing that, without loss in generality, we may assume
that N’ = N and T = I. Indeed, the distribution of y~~Ty under Q(¢, x, -)
is Q'(t, Tz, -), where Q'(t,’, -) is defined relative to Th(x) and Ta(z)T .
Thus, we will proceed under this assumption.

Given an R¥-valued normal random variable X with mean 0 and covari-
ance A, | X|? has the same distribution as Zf\;l ;Y2 where {ay,...,an}
are the eigenvalues of A and the Y;’s are independent, R-valued standard
normal variables. Thus, for any p € [2,00), | X|?" has the same distribution

P
as (Zf\;l 041'3/;2) . Therefore, if M, is the rth moment of |Yi|, then, by

Minkowski’s inequality,

E[|X|*] =E l(iw?)

when p > 1, and

< (Trace A)ngp

E[|X[*] < E[|X[*]” = (Trace A)”
if p € (0,1]. That is,
E[|X|*] < (Trace A)" M,y2 for all p € (0,00).
Applying this to w~o(x)w, we see that
/(1 + P Q. dy) = /(1 Lo+ th() + o (2)wf?)” 4 (dw)
<2017 {1 + / |z + tb(z) + téo(m)w|2p’y(dw)}
< 217 {1 431" (\x|2p + [b(z)|*? + (Tracea(:r))pMpvg)]

for any p € (0,00) and t € (0,1]. Hence, for each p € (0,00) there is a
universal C), < oo such that

) /(1 +y1?)? Q(t, 2, dy) < Cp[(1+ [2*)? + [b(x)[*P + (Trace a(x))"]
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for ¢t € (0,1].
Now let r > 1 be given, and apply (1.3.1) with f(§) = £¢" and ¢(y) =
1+ |y|? to see that L*(1 + |y|?)" equals

2r(r — 1) (y, a(@)y) pu (1 + [y1*)"
+r(Tracea(@)) (1 + |y[*)" " 4+ 2r(y,b(z)) g (1 + [y1*)""
< r[(?r — 1)(Tracea(m)) + |b(x)|} (1+ |y\2)r_1.

Hence, by (1.1.15) applied to ¢(y) = (1 + |y|*)",

d 2\r

< r[(2r - 1)(Tracea(x)) + |b(m)\] /(1 + \y|2)“1 Qt,x,dy).

Clearly the desired estimate follows when one combines this with (*) for
p =1 — 1 and then applies the Fundamental Theorem of Calculus. [

Our first application of Lemma 1.3.2 is to the situation described in
Lemma 1.1.19.

LeMMA 1.3.3.  Under the hypotheses in Lemma 1.1.19, for each r € [1,00)
there exists a A\, < 0o, depending only on r and the X in (1.1.20), such that

sup / I it dy) < M / (1+ |2) v(de).
n>0
PRrROOF: By Lemma 1.3.2 and (1.1.20),
/ (L4 1) Qb dy) < (14 ror (L4 AT)E) (1 + [22)"

for (t,x) € [0,1] x RN. Hence, we can find a A, with the required depen-
dence, such that

/ (1+[y1*)" Qt,m,dy) < (1+ A\t)(1 + |2|*)" for (t,x) €[0,1] x RY.

Starting from here, the rest of the proof differs in no way from the derivation
of (1.1.21). O

In the following theorem and elsewhere, a function ¢ : RN — C is said
to be slowly increasing if it has at most polynomial growth at infinity in
the sense that |p(z)| < C(1+ |z[*") for some C < 0o and 7 € [0,00). Also,
we will say that a set S of functions is uniformly slowly increasing if the
choice of C' and r can be made independent of ¢ € S.
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THEOREM 1.3.4. Refer to the hypotheses and notation in Theorem 1.2.1.
Then, for each r € (0,00) there exists A, € (1,00), depending only on r,
llo(0)]lm.s., |b(0)|, and the Lipschitz norms of o and b, such that

sup / 2" Ptz dy) < (1 + [2]27).
n>0

In particular,
[P Pty < (14 Jaf)

and
(@n, Pa(tn,zn)) — (p, P(t, x))

when (t,,z,) — (t,z) and {p, : n > 0} C C(RY;C) is a uniformly
slowly increasing sequence which tends to ¢ uniformly on compacts; and
(1.2.5) holds for any ¢ € C?(R™;C) whose second derivatives are slowly
increasing.

PRrROOF: In view of Lemma 1.3.3, only the final two assertions need com-
ment. For this purpose, choose 1 € C2°(B(0,2);[0,1]) so that ¢ = 1 on
B(0,1), and set ¥r(y) = (R~ 'y). Since we already know that P, — P
in C([0,00) x RN;M;(RY)), we know that the desired convergence takes
place when ¢,, and ¢ are replaced by ¥rp, and ¥Yrp. At the same time,

for any r > 1,

lim Sup/ (1+ [y*") (Pn(tmiﬂ,dy) + P(t,, dy)) = 0.
B(0,R)C

R—o0 >0

Thus, because the ¢,’s are uniformly slowly increasing, the convergence
continues to hold for the original ¢,’s and . The proof of (1.2.5) for ¢’s
with slowly increasing second derivatives is another application of the same
cut-off procedure. [

1.3.2. Introduction of a Potential: In this subsection we will consider
L +V, where L is given by (1.1.8) and V € C}(RY;R). Because, at least
when L = %A, such operators arise as the Hamiltonian in Schrodinger
mechanics, in which case V is the potential energy, V is called a potential.
Our goal is to produce a map (t,z)~ PV (t,r) which plays the same role
for L+ V as (t,z)~P(t,z) does for L.

We begin by observing that we cannot expect PV (t,2) will be a prob-
ability measure. Indeed, when V is constant, it should be clear that
PV(t,r) = eV P(t,x). Thus, we will have to deal with M(RY), the
space of finite, non-negative Borel measures on RY. Like M;(R"), we
will give M(RY) the topology corresponding to weak convergence. That
is, a sequence {v, : n > 0} C M(RY) converges to v in M(R") if
(o, vn) — {(p,v) for every ¢ € CL(RN;C). Equivalently, v, — v if
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v(RY) = lim,_ v, (RY) and, when v(RY) > 0, 7, — 7 in M;(RY),
where
if 1, (RY) > 0 y

Up = ®™) and 7= -
8o if v, (RY) =0 v(RY)

Now assume L is given by (1.1.8) where a = oo ", and assume that o
and b are uniformly Lipschitz continuous. To carry out our construction,
define® (¢, (z,€)) € [0,00) x RN x R +— Q(t, (z,£)) € Mi(RY x R) to be
the distribution under (cf. (1.1.14)) ~ of

weRM —s (§>+t5 (U(()x)>w+(3(é))> e R xR,

and, for n > 0, define P, (t, (:c,{)) so that P, (0, (x,f)) = d(y,¢) and

By (t, (,6)) = / Qt —m2, (y,m) B(m2~™  (x,€), dy x di)

for m2™" <t < (m+1)2~". Then Theorem 1.2.1 applies to {P,(t,(z,9)) :
n > 0} and says that there is a continuous (¢, (z,€))~P(t, (z,£)) to which
the P, (t, (z,€))’s converge in C([0, 00) x RY x R; M (RY x R)). Moreover,
it is easy to check that

) /wy, t, (2, €), dy x dn) /wyf+n> (¢, (2,0), dy x dn)
and Pn( ,(x,O),R X [—t|V™ ||u,t||V+||u] ):0,

and therefore that (t, (z, f))wp(t, (z, f)) inherits the same properties.

THEOREM 1.3.6. Suppose that o and b are uniformly Lipschitz contin-
uous, and let L be given by (1.1.8) with a = oo'. Next, given V €
CL(RN;R), refer to the preceding, and define (t,z) € [0,00) x RY +—
PV (t,r) € M(RY) so that

PY(t,z,T) = / e’ P(t, (z,0),dy x dn).
I'xR
Then, (t,x)~PY (t,x) € M(R") is continuous,

e VT < PV (4,2, RY) < IV le | and for all 7 > 1

/|y‘2r Pv(t,x,dy) < et(Ar“rHVHu) (1 + ‘33|2T),

9 The “bar” here is simply a device to distinguish the “barred” quantities from “un-
barred” ones. It does not indicate complex conjugate.
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Moreover,
PV (st ta) = [ PV(tg) PV (s..d),

and for all ¢ € C?(RY;C) with slowly increasing second order derivatives,

(. PV (t2) = ola) = [ (L+V)p,PY (i) dr.
0

PROOF: We need only address the last part of the statement. To this end,
first observe that, by the preceding discussion,

e PY(t,x,T) = / e P(t, (,8),dy x dn).
I'xR

Hence, by the Chapman-Kolmogorov equation for (¢, (z,£))~P(t, (z,¢)),
PV (s+t,z,T) is equal to

/ (/ e P(t, (&), da" x dg”)) P(s, (2,0),dz’ x d¢')
I'xR
= /65/ (/ 65”p(t7 (2',0),dx" x d{")) 15(5, (z,0),dz’ x df’)
I'xR
= [ PVt ) PV (s

Finally, given ¢ € C?(RY;C) with bounded second order derivatives, set
@(z,€) = p(z)es. Then, taking into account the second line of (1.3.5), we
know that

0 0

1.3.3. Lower Triangular Systems: In Chapters 2 and 3, we will need
to know how to deal with coefficients which, although they are smooth,
have unbounded derivatives. Even in the setting of ordinary differential
equations, such coefficients can cause problems. For example, consider the
R-valued equation X (t) = X (t)? with X(0) = 1. Obviously, the one and
only solution is X (t) = (1 —t)~!, which explodes as t /1. On the other
hand, the R2-valued equation

)~ Cahan) = (5= ()

where L is the operator corresponding to (&, )~ (a(x) 8) , (&, )~ (b(z) ) . O
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has no such problems. Namely, its solution is

X1 (t) o et

X2 (t) o 62t ’
Of course, the point is that this is a lower triangular system and the
quadratic growth of the coefficients occurs only in the second line and is

only in the direction of the first coordinate.
With this example in mind, we will look at coefficients

x=<“)eRMxRM
T2

— o(z) = (Ul(xl)) € Hom(RM; R x R"?)

oo(x
(1.3.7) 2(z)
xz(“)eRMxR%
T
_ [ bi(x1) Ny Na
»—>b(aﬁ)—(b2(m) e R™ x R™2,
where, for some r; > 1 and C; < oo,
(1.3.5) lora(@)liEs, + 2Mba(@)]? < Cr (1 + a1 27 + [ 2).

The replacement for Lemma 1.3.3 in this setting is the following.
LEMMA 1.3.9. Let o and b have the form in (1.3.7), and assume that
(1.3.8) holds. If

(1.3.10) sup/ Y12 (t, dy) < ATeArt/(l + |o1 |2 v(da)

n>0

for some r > 1 and A, < oo, then
sup [ 10 ot dy) < A [(1+ Jo) v(do
nz

for an A < oo which depends only on r, A, and the r; and Cy in (1.3.8).

ProoF: Using Lemma 1.3.2, with T" equal to orthogonal projection onto
the second coordinates, and (1.3.8), one sees that, when t € [0, 1],

/(1 +y2*)" Q(t ,dy) < (1+ CH)(A + [w2*)" + Oty [,

for a ¢! < oo depending only on r and C;. Hence, for m2 ™" < t <
(m+1)27" and 7 =t —m2~", (1.3.10) says that

/ (L+ [yl pn(t, dy) < (1+C'7) / (L+ [yl pn(m2 ™, dy)

+ A, C'etrtr /(1 + |x1|2”1) v(dzx),

from which the desired result follows by the same reasoning as was used at
the analogous place at the end of the proof of Lemma 1.2.6. O

We next want to development a replacement for Lemma 1.2.6.
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LEMMA 1.3.11. Let o and b be as in Lemma 1.3.9, and assume that
(1.3.8), (1.3.10) with r = ry, and

o1 (z1) s, + 2[b1(z1)* < C(1+ |z1]*™)
(1.3.12)  |lo2(a') — o2(2)|Ifis. + 2[b2(2’) — ba(2)[?
<SC[A+ 2 + |2 Y 2y — 21 + |2h — 22]?)

all hold. If (t, x)~fin(t, z) is defined for o and b as in Lemma 1.2.6, and if

(13.13) ./M—mﬁmmeXWSSTW%“U+mWU

for some p € (0,1], then there is a C' < 0o, depending only on C, r1, A,,,
and p, such that

J 1= o ity ') < 2% 06 0 o),

PROOF: Obviously, it is sufficient to prove the asserted estimate with |y’ —
y|? replaced by |y — y2|? in the integrand on the left-hand side. Thus, set

%@m:/%—mﬁmma@x@»

Then,
%mmz/@ﬁ—mm%ymammL@x@%

where, for ¢ € [0,27"],

cjn(t,x,x') /|yé - y2‘2 Qn(t7$,$/7dy X dy,)

and Qn(t79€,x') is defined as in Lemma 1.2.6, only now for o and b.
Proceeding as in the proof of Lemma 1.2.6, we see that when t < 27771,
Gn(t,z, ') is equal to

|(ah — ) + t(ba(2") — ba(2)) |* + tloa(a’) — oa(x) s,
and is therefore dominated by!?

(1+ (1 +2C)t)|2h — za? + 20t (1 + |z~ + |2/ 2] — 2
1
< (14 CD)ah — o + Ct(1+ P 4 [ P) e —

101n this proof, we will adopt the convention that C’ stands for a constant, with the
required dependence, which can change from line to line.
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Thus, if m2™" <t < (2m+1)27" ! and 7 = t — m2™", then u,(¢,x) is
dominated by

(1+C'1)up(m2™", x)
1
+7C' /(1 Y2 )2 N = ] A (m27" 2, dy < dy')

< (14 C'1)up(m2™", x)

w0 ([P P 2y x )

(S

2

x (/ Y1 — w1l fin(m27", 2, dy x dy’)) :
and because
Sl P n(me ™ dy < d)
=1+ / |y|27'1 (Pn(m2_"7m,dy) + Pn+1(m2_",x,dy)),

this, together with our hypotheses and Lemma 1.3.9, shows that

Un(t,2) < (14 C')up (m27", 2) + 7277 CeC 1 (1 + |2]>7)
for t = m2 "™ + 7 with 7 < 2771,

*)

If t = 2771 4 7 for some 7 € [0,27""!], then, just as in the proof of
Lemma 1.2.6,

Gn(t,z,2") = /U(yé — y2) + 7(b2(y) — ba(x))|”
+7]|oa(y) — UQ(x)Hf{_S} On(2™" Yz, 2, dy x dy')
<(1+71)g.(27 " Yz,
+2T/[2yb2(y’) — bo(y)|”
+ [loa(y’) - Jz(y)Hf{_SJ Qn(2™" 2! dy x dy)
P / [200(v) ~ ba(@)]” + [lo2(0) — 022} [7 5 | Q2 2,
<1+ (1+20)7)G. (27" 2, 2)
+ 207/(1 1y P ) — ] Qu(2 e dy x dy)

1
207 [P + 1) - Q2 dy)

+ 2CT/|y2 - $2’2Q(2_n_1,l‘,dy),
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and so, if t = (2m+1)27" "1 +7 with 7 < 277! then u, (¢, z) is dominated
by

(1+C'myun ((2m+1)27"" 1, 2)

1
+ C'T/(l + Y2+ ) 2 |yt =y fin (2m + 1277 2, dy x dy)

vom [(fae e v’

X |y1 - fll Q(2_n_1, é-a dyl)> P’n(m2_na z, df)

+C'T/ (/|yz—£z|2Q(2—"‘17§,dy)> P (m27", x, d§).

Using the same reasoning as in the derivation of (*), one can dominate

the second term by 727 % "¢ *(1 4 |z|2"1). At the same time, the inner
integral in third term is dominated by

(fasuer+ieemeeean) ([in-apeeqam)

and so the third term is dominated by a constant times

2

1
2

(1 [ Pa(m D2 ) + P2 )]

2

< (277 [t + s s) Patm2 ")
<7275 e (1 + |2,
Similarly, but with less effort, one can show that 2="~1C"eC"t(1 + |x|2r%)
dominates the fourth term. Hence,
Un(t,2) < (14 C'7)un ((2m +1)27"" 1 2) + 727 e (1 4 |2 *1)

for t = (2m+1)2 "1 4+ 7 with 7 < 27"~1. After combining this with (*),
one gets the desired estimate by the same argument as we used at the end
of the proof of Lemma 1.2.6. [

We are now ready to prove the result for which we have been preparing.
In its statement, £ > 1, N = Zizl Ng, where {Ny,...,N,} C Z%, o}, €
Ct (RNl X - X IRNk;Hom(RM;RNk)), b € Cl(]RNl X - X RNk;IRNk), and

0(1(11) : ) b(l(Il) :
o(x) = 72 SU:1,$2 and b(x)= 2t
Jg(irl,...,xg) bz(ml,...,xg)

for RN > o = (21,...,2¢) € RM x ... x RV, Finally, (t,2) € [0,00) x
RN +— P, (t,z) € M1 (RY) is defined, as in §1.2.1, relative to o and b.
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THEOREM 1.3.14. Referring to the preceding, assume that

¢ N

ZZ(Ha(zk)iU’CHu + Ha(fk)lkau) < 0

k=11i=1

and that, for 2 < k < ¢ and 1 < j < k, O,),0x and O,,),b are slowly
increasing. Then there exists an r > 1 such that

sup sup (14 |=[™)~! / lyl” Py (t,z,dy) < oo for all r > 0.
n>0 xeRN

Furthermore, there exists a continuous transition probability function (t,x)
~P(t,x) to which {P, : n > 0} converges in C([0,00) x RV; M;(RY)). In
particular,

sup (1 + |z™)~* / lyl" P(t,z,dy) < oo forall r € [1,00)
x€RN

and
<<Pnapn(tnaxn)> - <@,P(t,$)>

if (tp,xn) — (t,2) and {¢, : n > 0} € C(RY;C) is uniformly slowly
increasing and y,, — ¢ uniformly on compacts. Finally, if L is defined as in
(1.1.8) witha = 0o " and b = b, then (1.2.5) holds for any ¢ € C*(RY : C)
with slowly increasing second derivatives.

PRrROOF: The proof is done by induction on ¢ > 1. The case when £ =1 is
covered by Theorem 1.3.4, and assuming the result for £ — 1 for some ¢ > 2,
it follows for ¢ when one combines Lemma 1.3.9 with Lemma 1.3.11 and
applies them with the roles of o1, b1, 02, and by there being played here by
g1 bl
, : , og, and by. The details are left to the reader. [
Or—1 be—1
1.4 Historical Notes and Some Commentary

Kolmogorov’s equations appear in [29], which can be considered the birth-
place of modern Markov process theory. In view of the fact that his moti-
vation was probabilistic, it is interesting that Kolmogorov’s own treatment
of his equations is more or less purely analytic. It is also interesting that
he seems to have been unaware of the much earlier work [35] on parabolic
equations by E.E. Levi, who initiated the parametrix method which, after
several iterations, led to the construction by W. Pogorzelski [48] and D.
Aronson [3] of fundamental solutions for second order parabolic equations
with uniformly elliptic, Holder continuous coefficients. Even though it ap-
peared in 1964, A. Friedman’s exposition [19] remains an excellent source
for this line of research, as does the more encyclopedic treatment in [34].
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Anyone familiar with the work [24] of K. Itd will recognize that the
presentation given in this chapter is a poor man’s adaptation of his ideas.
In particular, it was It6 who interpreted Kolmogorov’s forward equation as
the equation for an integral curve in M;(R”). Further, he realized that,
just as a vector field in RY can be integrated by concatenating straight
lines, so too solutions of Kolmogorov’s forward equation can be built by
concatenating infinitely divisible flows, which are the analog in M (RY) of
straight lines. See [55] for a more detailed account of these matters.

From a technical standpoint, the main advantage of adopting It6’s ap-
proach is that it allows one to work entirely in the realm of probability
measures. There are two reasons why this is important. First, it provides
one with an easy and powerful way to handle questions of compactness. In
the traditional analytic approach to solving equations like Kolmogorov’s,
one looks for solutions which are functions and one attempts to construct
them by an approximation procedure which requires one to check a com-
pactness criterion for an appropriate space of functions. In Ité’s approach,
both the solution and the approximates are probability measures, for which
compactness is relatively trivial. The second advantage of Itd’s approach is
that it makes no use of ellipticity (i.e., strict positive definiteness) of the dif-
fusion matrix a. Thus, his theory handles degenerate coefficients (i.e., ones
for which a can degenerate) just as well as it does elliptic ones. Of course,
this advantage becomes something of a liability when it comes to prov-
ing regularity results which are true only under suitable non-degeneracy
conditions, but even so I think its virtues outweigh its flaws.



CHAPTER 2

Non-Elliptic Regularity Results

Let L be an operator of the form in (1.1.8). In the preceding chapter,
we studied Kolmogorov’s forward equation 9;u(t) = LT u(t) and showed
that, in great generality, solutions exist in the sense that, for each initial
v € M;(RY), there is a continuous t~pu(t) € Mi(RY) such that (1.1.11)
holds for all ¢ € C2(R¥; C). Moreover, in the generality that we have been
working, this is the best sense in which one can hope to have solutions.
For example, if a = 0 and b(x) = b, then the only solution, in the sense of
Schwartz distributions, to the corresponding forward equation with initial
value v is t~u(t), where

(on(®) = [ ola+ th)v(do).

In particular, if v = 0., then wu(t) = dyysp-

Now suppose that (¢,z)~P(t,z) is a continuous transition probability
which solves Kolmogorov’s forward equation in the sense that (1.2.5) is
well defined and holds for all p € C?(RY;C) with slowly increasing sec-
ond order derivatives. For example, by Theorems 1.2.1, such a P(t,x)
will exist when @ = oo ! and ¢ and b are uniformly Lipschitz continu-
ous. Although we know that (t,x)~P(t,2) will, in general, be no better
than continuous, when tested against smooth functions, it may nonethe-
less possess smoothness properties. For instance, in the preceding example,
(p, P(t,z)) = p(xz+bt), and so (t,z)~{p, P(t,z)) will be just as smooth as
. The reason why we are interested in this possibility is that it provides
solutions to Kolmogorov’s backward equation

2.0.1 Owu=Lu in (0,00) x RN with limu(t) = ¢.
t\.0

To understand this, let ¢ € C,(RY;C) be given, and set
(2.0.2) uy(t,x) = (p, P(t, x)).

Further, assume that u, (¢, - ) has slowly increasing second order derivatives
for each ¢t € (0,00). Then, by the Chapman—Kolmogorov equation and

28
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(1.2.5),
u@(t +h,x) — utp(tﬂ x) = <U@(t), P(h,z)) — utﬁ(tv )

h
- /O (Luy(t), P(1,2)) dr,

and so u, is differentiable with respect to t € (0,00) and du, = Lu,,.
Hence, since u,(t,z) — @(x) as t \, 0, it follows that u,, is a solution to
(2.0.1).

In this chapter, we will find conditions under which P(¢,z) has the
smoothness property required for the preceding line of reasoning to work.
However, before doing so, we will explain how the existence of solutions
to one of Kolmogorov’s equation can be used to prove the uniqueness of
solutions to his other equation. See, for example Corollaries 2.1.4, 2.1.6,
and 2.1.7 below.

2.1 The Existence-Uniqueness Duality

For anyone familiar with operator theory, what is going on here is a
simple manifestation of the general duality principle that existence for an
equation implies uniqueness for the adjoint equation.
2.1.1. The Basic Duality Result: Let L be the operator defined from
a:RY — Hom(RM;RY) and b : RN — R¥  as in (1.1.8). Before stating
our main result, we will need to have the contents of the following lemma.
LEMMA 2.1.1. Assume that a and b satisfy the condition in (1.1.20), and
let t~u(t) be any continuous solution to (1.1.11) for ¢ € C2(RY;C). Then,

there is a non-decreasing function r € [0,00) — A, € [0,00), depending
only on r and the A in (1.1.20), such that Ao = 0 and

(21.2) / [ (e, dy) < / (1+ [2f27) w(de).

In particular, if [ |z|*" v(dz) < oo, then (1.1.11) continues to hold for any
o € C*(RYN;C) satisfying

o)) + (Ve(2), a(x) V(@) £ + | Le(a)]
sup < 00
zERN L+ |zf?r

PRrROOF: We begin by proving the last statement under the assumption that
t~ [ |y|*" u(t, dy) is bounded on compact intervals. To this end, choose
Y € C°(RY;[0,1]) so that ¢ = 1 on B(0,1) and 1 = 0 off of B(0,2), and
set Yr(z) = Y(R™12) and pr = Yre for R > 1. Clearly, by (1.1.11) and
Lebesgue’s Dominated Convergence Theorem,

{p,u(t)) —{p,v) = lim | (Lo, p(r))dr,
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and so we need only show that the limit on the right equals fot (L, u(7)) dr.
But

Lor(w) = Yr(@)Le + (Vo(z),a(2)Vir(2)) pr + @(@) Lir(2),
and so, again by Lebesgue’s Dominated Convergence Theorem, it suffices
to show that

/O t < / ((W(y), a(y)VYr(Y)) gy + <p(x)L¢R(y)) (T, dy)> dr — 0.

For this purpose, first note that, because a(y) is symmetric and non-
negative definite,

(Vo)) VYr@)) gr |
< (Vo) a(y)Voy)) g (VOR®Y), a(y) VYR(Y)) g -

Because
(Vor(©),a(y)Vr(Y)) gn
Trace(a(y')
< HWHi sup ];2) 1B(0,R)E(ZU),
R<|y'|<2R

we now see that there is a C' < oo such that

|(Ve(), a(y) Vr®))gn | < CO+ [y )1p0,m)c (1)

Similarly, one can show |Lig(y)| is also bounded by a constant, indepen-
dent of R > 1, times (1 + |y[*")15(,g)c(y). Thus, the desired conclusion
follows after yet another application of Lebesgue’s Dominated Convergence
Theorem.

Returning to the proof of (2.1.2), consider the functions

AT Y
Ore(x) = (1 D for r € (0,00) and € € (0,1).
Then 21 ) @)
(1 —€)or.e(x x
Vor,e(z) = 5 d o1 oL
(I+elzP) (1 +[2?)7 1+ [z?)2
and
2r(1 — &)pr.e(v) [ ((7“+1)(1—6) ) TR }
VQ T,€ = ’ I 2 -2 .
o) = T e+ ey |2 15 P EAFE

In particular, the preceding result (applied with the r there equal to 0)
shows that

(res 1i(8)) < (Prest) + A /0 (rer (7)) dr

for some A, < oo which is independent of ¢ and depends only on the A in
(1.1.20). Hence, by Fatou’s Lemma and Gronwall’s inequality,

[+ wPr) uttdy) = imforeonte)) < [+ oy vdn). O
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THEOREM 2.1.3. Assume that a and b satisfy the growth condition in
(1.1.20), and suppose that t € [0,00) — u(t) € My (RY) is a continuous
solution to (1.1.11) for all ¢ € C2(RN;C). If [|z|*" v(dz) < oo for some
r € [0, 00) and if, for some T € (0,00), u € C*2([0, T} x RY; C) is a solution
to O,u = Lu which satisfies
1
[u(t, 2)| + (Vu(t,2), a(2)Vu(t, z)) 2x

sup < 0
te[0,T] xRN 1+ [zf? 7

then
(u(0), W(T)) = (u(T),v).
ProOOF: By Lemma 2.1.1 we know that (2.1.2) holds. Now define ¥, R

> 1, as in the preceding proof, and set ugr = ®¥gru. Then, by Lebesgue’s
Dominated Convergence Theorem,

(u(0), w(T)) = ((T),v) = Jim ({ur(0), u(T)) — (ur(T),1))
T

d
= [Jim : %<UR(T_t)7M(t)>dt
T
= lim | (Lup(T —t) = YrLu(T — 1), u(?)) dt
— 0O 0
T
= lim (w(T = t)Lpr + (Vu(T — 1), aVR) g, (L)) dt.
— 00 0

By the argument used in the preceding proof, both (T — ¢, z) Ly r(x) and
|(Vu(T —t, m),a(x)va(x))RN| are bounded by a constant, independent
of t €[0,7] and R > 1, times (1 + [2[*")15(g g)c(2). Hence, by Lebesgue’s
Dominated Convergence Theorem,

T
Jim (u(T —t)Lpr + (Vu(t),aVg) gy, p(t)) dt = 0. O
2.1.2. Uniqueness of Solutions to Kolmogorov’s Equations: Our
first application of Theorem 2.1.3 shows that the existence of solutions to
Kolmogorov’s forward equation guarantees uniqueness for the solutions of
his backward equation.

COROLLARY 2.1.4. Let a and b be as in Theorem 2.1.3, define L from a
and b by (1.1.8), and assume that (t,x)~P(t,x) is a continuous transition
probability function for which (1.2.5) holds whenever ¢ € C°(RY;R).
Then, for each slowly increasing ¢ € C(RY;C) there is at most one solution
u € C12((0,00) x RY;C) to (2.0.1) which satisfies the growth condition

wp DI+ (Vult.2).o(@)Vutt, 1) ix

t€[0,T] xRN 1+ |z[?

< oo, Te€(0,00),

for some r € [0,00). In fact, u(t,z) = (¢, P(t,x)).
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PROOF: By applying the preceding to (¢, z) € [0, T|xRY +—— u(s+t,2) € C
for0<s<Tand 0 <t<T—s, wesee that u(s +T,z) = (u(s), P(T, z)),
and so the result follows when we let s \,0. O

REMARK 2.1.5. By considering the Markov process whose transition prob-
ability function is (¢,2)~>P(t,z) and using Doob’s Stopping Time The-
orem, one can dispense in the preceding with the growth condition on
(Vu,aVu)gn.

Finally, we apply Theorem 2.1.3 to show that uniqueness for solutions to
(1.1.11) is implied by the existence of solutions to (2.0.1).

COROLLARY 2.1.6. Again let a and b be as in Theorem 2.1.3, and assume
that for each ¢ € C2(RY;R) there is a solution u € C*2((0,00) x RY;R)
to (2.0.1) satisfying

V2ul(t,
wp IV s,
(t,2)€[0,T] xRN 1+ ||

for some r € [0,00) and all T € (0,00). Then, for each v € M;(RY)
with moments of all orders, there is at most one t~u(t) satisfying (1.1.11)
for all ¢ € C?(RM;R). In particular, if t~P(t,z) is the solution with
v = 0, and {P,(t,z) : n > 0} is defined relative to a and b as in §1.2,
then (t,x)~P(t,x) is a continuous probability function and {P, : n > 0}
converges to P in the sense that

(@ns Pr(tn, Tn)) — (@, P(t, 7))

whenever (t,,r,) — (t,x) in [0,00) x RY and {¢, : n >0} C C(RY;C) is
a uniformly slowly increasing sequence which converges to ¢ uniformly on
compacts.

ProoF: Using the same argument as we used in the proof of Corollary
2.1.4, one sees that

(u(T),v) = lim(u(s), u(T)) = (& p(T))-

Thus p(7T) is uniquely determined for each T' € [0,00). To prove the as-
serted convergence result, suppose that (t,,x,) — (t,z), and note that,
starting from (1.1.21), we can use the argument given in the proof of the
last part of Lemma 1.1.19 to check that {P,(t,,z,) : n > 1} is relatively
compact in C([O, 00) x RV; RN ) Thus, since every limit will be a solution
to (1.2.5) and, as we just showed, there is only one such solution, it follows
that {P,(tn,r,) : n > 0} converges in M (R”) to the unique P(t, x) satis-
fying (1.2.5). Hence, we now know P, — P in C([0,00) x RY; M;(R")).
In particular, this means that (¢, 2)~P(t, z) is continuous. To see that it is
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a transition probability function, one can use the remark given in introduc-
tion to §1.2. Alternatively, one can argue by uniqueness. That is, observe
that both

t~~>P(s+t,x) and tW/P(t,y)P(s,x,dy)

satisfy (1.1.11) with v = P(s,z) and therefore, by uniqueness, must be
equal. Finally, to complete the proof, suppose the {¢, : n > 0} and ¢
are as the final assertion. To prove the asserted convergence, note that,
by Lemma 1.3.3, sup,~q [ |y|*" Pu(t,z,dy) < oo for each r > 1. Hence,
exactly the same argument as was used to prove Theorem 1.3.4 applies
here. O

Before moving on, we mention a somewhat technical extension of Corol-

lary 2.1.6, one which is useful in borderline situations.

COROLLARY 2.1.7. In the setting of Corollary 2.1.6, all the conclusions
there continue to hold if, for each p € C°(RY;R) and T > 0, there exists
a sequence {u; : k> 1} € C*2([0,T] x RN : R) with the properties that
uy(0) — ¢ uniformly on compacts, and there exists an rr > 0 such that

|Ovun(t, )| V [Vur(t, 2)| V || V2 (t, 2)[|ms.

sup  sup < 00
E>0 (t,2)€[0,T] 1+ |z[?rr
and 5 _L
— t
lim sup (9 )UJSS )| =0.
k—00 (¢ 2)€[0,T) xRN L+ [z[?rr

PRrROOF: By looking at its proof, one realizes that everything in Corollary
2.1.6 will follow once we prove the uniqueness statement. For this purpose,

choose 1 € C°(B(0,2);[0,1]) so that » =1 on B(0,1), and set vy (¢, ) =
Ykt )ug(t, z), ox = vi(0), and g = (L —0;)vg. Then the argument used
in the proof of Corollary 2.1.4 shows that

(ks ilT)) — (0 (T), v) = / (g0 (T — ), () dt.

At the same time, it is easy to check that

lim sup [or(z) — 9@ V lgi(t2)] _
k—00 (¢ 2)€[0,T) xRN 1+ ‘:1;|2(7‘T+1)

Hence, by (2.1.2) and Lebesgue’s Dominated Convergence Theorem, (¢, (1))
= limg 00 {0k (T),v). O
2.2 Smoothness in the Backward Variable

Let 0 : RY — Hom(RM;RY) and b : RV — R¥ be smooth functions,
and assume that their first derivatives are bounded and that their higher
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order derivatives are slowly increasing. Let (¢,2)~P(t,x) be the corre-
sponding transition probability function constructed in §1.2. In this sec-
tion we will show that z~~{p, P(t,z)) is ¢-times continuously differentiable
whenever ¢ is a function which is ¢-times differentiable with derivatives
that are slowly increasing.

2.2.1. Differentiating the Backward Variable: Let ¢ and b be as
above, and define {P,, : n > 0} accordingly, as in §1.2. That is, P,(0,z) =
0, and, for m27" <t < (m+1)27",

P,(t,x) = /Q(t —m27 " y) P, (m27" x, dy),
where Q(¢, ) is the distribution of
weRM — F(t,z,w) =z + t20(x)w + th(z) € RN
under 7.
Next, set @ = (RM)Z" and T = 7%" . Define X,, : [0, 00) xRN x 2 — RN
so that

X0 (0,z,w) =2 & Xp(t,z,w) = F(t —m27", X, (m2™", w),wm41)

(2.2.1)
for m2™" <t < (m+1)27" and w = (w1, .., Wm,...) € .

Notice that, for t < m2™", w~X,(t,z,w) depends only on (w1,...,wn)
and is therefore independent of o({w; : £ > m + 1}) under T.

LEMMA 2.2.2. For eachn > 0 and (¢,7) € [0,00) x RN, P,(t,z) is the
distribution of w~»X,(t,z,w) under I'. That is, for any slowly increasing
¢ € C(RY;C),

(0, Pt ) = /gpoXn(t,a:,w)F(dw).

ProOOF: Obviously, there is nothing to do when ¢ = 0. Now assume the
result for ¢ € [0,m27 "], and let t = m2™" + 7, where 7 € [0,27"]. Then,
by the preceding remark about independence,

(6 Palt.)) = [(0.Q(r,1) Palm2 ™" 5, d)
= /(@,Q(T,Xn(mQ_",x,w)»I‘(dw)
= / (/@OF(T, X, (m2™", 2, w), Wm1) 'y(dwm+1)) I'(dw)

_ /onn(t,x,w)F(dw).
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Hence, by induction, on m > 0, we are done. [

Before taking the next step, we need to introduce some notation. Given
¢>1and ® € CYRN;RY), we use V'@ to denote the mapping from RV
into Hom ((RV)®4RN") determined by

9" :
‘o @ @& =7——7D|z+ ) t
(2)61 & T ’; K€k

for (¢&1,...,&) € (RV)E. Using the chain rule and induction on ¢, one can
check that if ® € C/(RN;RN') and ¥ € C/(RN;RN"), then

t1=---=t,=0

(2.2.3) ‘(W o ®) Z > o 0 ®) VAL,

k=1BeB(k,t)

where B (k, () = {5 €zt Yk 8 = z}, VD = VAR @ VD,
and the coefficients cg are given by the prescription: ¢z = 1if § € B(1,0) U
B(4,¢) and, for B € Bk, £ +1) with 2 < k < £,

€8 = 08,,1C(Bs,....8041) T Z Ca
a€P(B)

where P(() (the “parents of 3”) is the set of a € B(k, £) with the property
that 8; = 0;; +a;, 1 <j <k, for some 1 <¢ < k.

Using (2.2.1), (2.2.3), and induction on m > 0, one sees that, for each
(t,w) € [m27",(m + 1)27"] x Q, x~X, (¢t,2,w) is £-times continuously
differentiable. In fact, if X! (t,z,w) = VX, (t,z,w) (the differentiation
being with respect to the xz-variables only), then

Xg(t T, w)

(2.2.4) Z Z g VFE (1, Xn(m27", 2, w), wini1) XS (M27", 2, w)
k=1BeB(k,0)

for m2™" <t < (m+1)27" and T =t —m27",

where X2 = X5 ® ... ® X%, In addition, under the conditions we have
imposed on ¢ and b, we know that there exist C' < co and r > 1 for which

[E(r,2,0)| v max [VFF(r,2,0) s, < COU+ Jal)"(1+ o)

when (7,2, w) € [0,1] x RY x R™ | and so one can use (2.2.4) to check that,
foreachne N, r>1,t¢ (O,oo),andR>O7

2r
X (t XFt I'(d .
/s&O (tr. )|V s XK ) lns. ) Td) < oc
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LEMMA 2.2.5. Given a slowly increasing ¢ € C(RY;C), set

Upn(t, T) = /w(y) Py(t,z,dy).

If ¢ is ¢-times differentiable and its derivatives are slowly increasing, then,
for each n > 0 and t € [0,00), uyn(t, ) is {-times continuously differen-
tiable and

Vg n(t, ) Z Z Cﬁ/vk w(t, 2, w)) X320 (t, 2, w) T (dw).

k=1 BeB(k,¢)

PRrROOF: The result is an immediate consequence of (2.2.3) and an applica-
tion of the preceding integrability estimate to justify differentiation under
the integral sign. O

2.2.2. The Distribution of Derivatives: Based on the result in Lemma
2.2.5, we now want to prove that (cf. (2.0.2)) u, (¢, -) is just as smooth as ¢
and the coefficients ¢ and b are. For this purpose, we will use the contents
of §1.3.3 to control what happens when we let n — co in Lemma 2.2.5.
Given ¢ > 1, set E; = Hom((RV)®;RY), E¥) = E; x -+ x Ey, and

1
4 2
[Jlee = (Z ||Jk|12{.s.> and I =J @ @ J"

k=1

for J = (Ji,...,J;) € E® and 3 € (ZT)". Next, define o, : RNV x E®) —;
Hom(RM; E;) and by : RV x E(Y — E, so that

QTJ(U—Z Z 05Vk )J®5

k=15€B (k)

and

Z > cpVb(z)I®P

k=1 BeB (kL)

forz € RN and J = (Ji,...,Je) € E®. Finally, determine o : RN x E(¥)
— Hom(RM™; RN x E®) and b®) : RN x E) — RN x E® by

o(x) ; b(x()]
o (z,3) = wd b0, — | M

ou(z,3) by(z, )
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We next define P\” (t,(z,3)) in terms of o® and b® by the usual
prescription. That is, P,(LZ) (07 (:c,.])) = d(z,3) and

Pw@@JD:/Qm@f%M%TDﬂWMmWMﬂfo%,
where Q) (¢, (z,J)) is the distribution of
W <§> +t200 (2, J)w+tb®(z,J) under 7.

By repeating the argument used to prove Lemma 2.2.2, we see that, for any
slowly increasing ¢ € C(RN x EO; (C),

/go(Xn(t,:c,w),X;(t,x,w), N ,Xe(t,x,w)) I'(dw)

= <<p,P(£)(t, (x,JO))>, where Jg = (7,0,...,0).

(2.2.6)

THEOREM 2.2.7. Assume that o and b are smooth functions whose first
derivatives are bounded and whose higher order derivatives are slowly in-
creasing. Set

Cr = sup ([Vb(@)llfs. + V(@) ),

z€RN

and, for k > 2, take ry, € [0,00) so that

Cp = sup IV*b(@)llfs. + IVFo (@) s

< .
zERN 1+ |‘T|2Tk >

Then, for each £ > 1, there is an r'¥) € [1,00) and a continuous map
r e [1,00) — 9 e (0,00), depending only on £, ||o(0)|ms., |6(0)],
maxi<k<¢ Tk, and maxi<p<e Ck, such that

aup [0+ 13 0) PO (1, 3). a7
n>0
< Cﬁ@)ecy)t(l + |x‘2rr(2) + ||J||%T(ll:§£))

Furthermore, there is a continuous transition probability function (t, (,J ))
~P(t,(2,J)) to which {PT(LZ) : n > 0} converges in C([0,00) x RN x
E®; M, (RN x E(z))). In particular,

/WVUWH%um@wDfoMO

(£) (&) )
< OO (L4 [P 4 3IEE )
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and
<S0n’P’r(LZ) (tnv (xnv']n))> - <303P(Z) (tv (an))>

if (tn, (2, 30)) — (¢, (2,3)) in [0,00) x RN x B and {¢, : n >0} C
C(RN x E®;C) is a uniformly slowly increasing sequence which tends to
o uniformly on compacts. Finally, if o, b, and their derivatives of order
through ¢ are bounded, then, for each r € [0,00), there is a continuous

€ [0,00) — Cy) € (0,00), depending only on the bounds on o, b, and
their derivatives through order £, such that (cf. (2.2.6))

blipo/(ll‘ — x| ||E([>)P () (t, (x,J0), dz’ x dJ’) < C’T(Z)ecy)t

and
/ (|2 = 2" + 13|20 ) PO (8, (2, 3g), da’ x dI') < CLeT,

PROOF: Because, for each k > 1, o is linear as a function of Jj, all but
the final assertion are simple applications of Theorem 1.3.14.

Now assume that o, b, and their derivatives through order ¢ are bounded.
One way to prove the asserted estimates is to trace through the proof given
and check that, under these boundedness conditions, the right-hand side can
be made independent of x. A second way is to begin by observing that these
assumptions are translation invariant. Next, check that, for each z € RY,
PO (t, (x,JO)) is equal to ngé) (t, (O,JO)), where ngé) is defined relative
to the translated coefficients o(z + -) and b(z + -). Hence, the asserted
estimate follows from the previous one applied to ngz) (t, (0, Jo)). 0
COROLLARY 2.2.8.  Refer to the conditions and notation in Theorem
2.2.7. If o € C*(RY; C) satisfies

L k
ap 1@ s

h—0 TERN 1+ |x‘r

for some r € [1,00) and u, is given by (2.0.2), then, for each t > 0,
uy(t) € CHRN;C),

Viu,(t,x) = Z Z cB/v’“ J®ﬁP()( (2,0),dy x dJ),

k=13€B(k,¢)

and so

l
® [V*o(y) llms.
IV up (t, 2)[[1s. < rpe™! (1 + [o]) 0T sup 1 PWILS.
: ;Oye]RN 1+ [y["
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where Cy(p) depends only on £, v, C, ||o(0)|u.s., [6(0)], maxi<g<¢ Ck,
and maxi<k<¢ k. In particular, if { = 2m, where m > 1, then u, €
C™2m([0,00) x RY;C) and 8"u, = L™u,. Finally, if o, b, and their
derivatives through order ¢ are all bounded, then

L
IV g () |u < ree™ > V-
k=0

PrOOF: The differentiability of u, and the formula for Vu,(t,z) follow
immediately from Lemma 2.2.5, (2.2.6), and Theorem 2.2.7. Given the
formula for Vfu,(t,z), the stated estimates follow from the estimates in
Theorem 2.2.7 and Schwarz’s inequality.

Turning to the derivatives of u, with respect to ¢, we can apply the ar-
gument used in the derivation of (2.0.1). Namely, knowing that u,(t, -) is
twice continuously differentiable with slowly increasing second order deriva-
tives, that argument shows that O;u, = Lu,. Assuming the result for m—1,
use the Chapman—Kolmogorov equation to see that

Ot + ) = O / uy(t,y) P(h, x, dy)
:‘/\Lmiluiﬂ(tay) P(h,.f,dy),

and apply the reasoning for (2.0.1), with L™ 'u(¢) replacing ¢, to get the
desired conclusion. [

2.2.3. Uniqueness of Solutions to Kolmogorov’s Equation: By
combining Corollaries 2.1.6 and 2.2.8, we arrive at the following uniqueness
statement for solutions to Kolmogorov’s forward equation. See Theorem
Theorem 2.4.6 below for an important extension.

THEOREM 2.2.9. Let L be given by (1.1.8), where a = 00" and ¢ and
b are twice continuously differentiable functions whose first derivatives are
bounded and whose second derivatives are slowly increasing. Then the hy-
potheses of Corollary 2.1.7 are satisfied and therefore all the conclusions
drawn in Corollary 2.1.6 hold. In particular, there is a unique continu-
ous transition probability function (¢, x)~»P(t, x) satisfying (1.2.5) and, for
each v with moments of all orders, t~u(t) = [ P(t,z)v(dz) is the one and
only solution to (1.1.11).

PROOF: We must construct a sequence {uy : k > 1} of the sort described in
Corollary 2.1.7. To this end, choose p € C°(B(0,1);[0,00)) with integral
1, and set pi(x) = kN p(kx), o) = pr* o, and by, = pj xb. Then, for each k,
ok and by are smooth and have slowly increasing derivatives of all orders.
Moreover,

2 b 2
wup sup N7¥lRs + @I,

k>1 zeRN 1+|£)§"2
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and ) ) ) )
V + ||V=b
sup sup [Vorlfs + |l . k() |l
k>1 zeRN 1+ |.’17| T

< o0

for some 7 > 0. Now let (¢,7)~P¥(t,z) denote the transition probability
function constructed in §1.2 for ap = Jka,: and by, and set ug(t,z) =
(¢, PE(t,z)), where ¢ is a given element of C2°(RY;R). For each k, uy is
a smooth solution to dyu = Liu with u(0) = ¢, where Ly is defined by
(1.1.8) with a = a; and b = b;. Moreover, |uglly < ||¢|lu and, for each
T >0, {Vug(t, ) : k> 1} and {V2u(t, -): k > 1} are uniformly slowly
increasing sequences. Hence, for some r’ > 0,

(0r — Lyup(t, x)| _ [(Lk — L)ug(t, )|
1+ |z|” 1+ |z|”

uniformly for (t,z) € [0,T] x RN. O
2.3 Square Roots

One of the most severe weaknesses of the theory developed in §§1.2 and
2.2 is that it relies on our being able to take a good square root of the
matrix a. Indeed, when a can degenerate and we need its square root to
be smooth, this flaw is fatal: In general, there is simply no way to take a
smooth square root of a, even when a is analytic. Nonetheless, as we are
about to see, there is no problem when «a is non-degenerate and, if all that
one requires is Lipschitz continuity, there is no problem as long as a is twice
differentiable.

2.3.1. The Non-Degenerate Case: In the following, when a is a non-

negative definite and symmetric matrix, a? denotes the non-negative defi-
nite, symmetric square root of a.

LEMMA 2.3.1. Assume that a : RY — Hom(RY; R¥) is an ¢-times contin-
uously differentiable, symmetric, non-negative definite matrix-valued func-
tion for some ¢ > 1. Further, assume that a(x) is strictly positive definite,
and let Ayin(z) denote its smallest eigenvalue. Then a? is (-times contin-
uously differentiable at x and there is a universal constant Cy < oo such
that
Sl gy )
Va2 (@) s, < Codmin(2)* 3 (AHS> ;
=1 min(‘r)

where ||a(2)||{{s. = maxi<i<e [|VFa(2) ..

ProOF: Given R € (1,00), let A(R) be the space of symmetric N x N-
matrices a satisfying R~'] < a < RI, and define &5 : A(R) — A(R?)

by N
®pa) =R* Y (5) (Ra—1)",

m
m=0
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where (i) is the coefficient of £ in the Taylor’s expansion of z~-(1 —&-f)% at

0. By testing its action on the eigenvectors of a, one sees that az = Dr(a).
Hence, by (2.2.3), in order to prove the result, it suffices to check that
there exists a By < oo such that, for any symmetric matrices F1, ..., F; €
HOm(RN;RN) with ||Ek||H.S. = 1,

where X is the smallest eigenvalue of a. But clearly

aé

S < Bz,
O, - O, =2t

Pr(a)

o' RNy
— =Rz 2 (m)
aEl e aE’z R<a) R Z (m> b (a)’

m={

where D(™)(a) is the sum of (ije)! terms, each of which is the product of

m factors: £ being E}’s and the other (m — ¢) being & — I. In particular,

ID™ @), < 14 =1 TLIBdns == )"
k=1

2.3.2. The Degenerate Case: Obviously, Lemma 2.3.1 is very satisfac-
tory as long as a is bounded below by a positive multiple of the identity.
When a can degenerate, the following is essentially the best which one can
say in general.

The basic fact which allows us to deal with degenerate a’s is an elemen-
tary observation about non-negative functions. Namely, if f € C? (R; [0, oo)),
then

(23.2) POl < V2P, tek

To see this, use Taylor’s theorem to write 0 < f(t + h) < f(t) + hf'(t) +

h—;||f”||u for all h € R. Hence |f'(t)] < ™ f(t) + 2|/ f"||u for all A > 0, and
0 (2.3.2) results when one minimizes with respect to h.
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LEMMA 2.3.3. Assume that a : RN — Hom(R™;RY) is a twice contin-
uously differentiable, non-negative definite, symmetric matrix valued func-
tion. If

A =sup{[|0%a(z)||op : © € RN and e € SN 71} < oo,
then . .
||a§(y) - aE(x)HH.S. < NV2A Jy — af.

PROOF: First observe that it suffices to handle a’s which are uniformly
positive definite. Indeed, given the result in that case, we can prove the
result in general by replacing a with a+e€l and then letting € N\, 0. Thus, we
will, from now on, assume that a(z) > eI for some € > 0 and all z € RY.
In particular, by Lemma 2.3.1, this means that a® is twice continuously
differentiable and that the required estimate will follow once we show that

() [0c0% (@) 5, < NV2A

for all z € RY and e € SV 1.

To prove (*), let  be given, and choose an orthonormal basis (e1,...,en)
with respect to which a(x) is diagonal. Then, from a = aza? and Leibniz’s
rule, one obtains

Dettjj = 85a§j(x)<\/aii (z) + \/ajj (x)),

where a;; = (e;, ae;) . Hence, because /a4 /3 > o+ for all o, f >

0,
[Oeaij(z)|
aii(z) + aj;(x)

1
‘ae a’izj ($) | S
To complete the proof of (*), set

fe(t) = (es £ ej,a(x +te)e; £ ej)n >0,

note that
()] = FAO SO R0 517201
4 4
and apply (2.3.2) to get
(2.3.4) e (2)] < /20 (ais(@) + aj;(2)).

which, in conjunction with the preceding, leads first to

902 (z)] < V2A
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and thence to (*). O

As we mentioned earlier, even if a is real analytic as a function of x, it
will not always be possible to find a smooth o such that « = oo . The
reasons for this have their origins in classical algebraic geometry. Indeed,
D. Hilbert showed that it is not possible to express every non-negative
polynomial as a finite sum of squares of polynomials. After combining this
fact with Taylor’s theorem, one realizes that it rules out the existence of a
smooth choice of o. Of course, the problem arises only at the places where
a degenerates: Away from degeneracies, as the proof of Lemma 2.3.1 shows,
the entries of a? are analytic functions of the entries of a.

In spite of the preceding, it should be recognized that, although Lipschitz
continuity is the best one can do in general, there are circumstances in
which one can do better, especially if one is willing to consider square
roots other than the non-negative, symmetric one. For example, consider
a : R — Hom(R?*; R?) given by a(z);; = z;x;. Because a(z)? = |z|?a(x),
a?(z) = |z|~La(z), which is not smooth at the origin. On the other hand,

T

o(x) = is smooth everywhere, and a(z) = o(x)o(z)".

2.4 Oleinik’s Approach

As the preceding section makes clear, basing our theory on properties of
o instead of a creates a serious weakness in degenerate situations. Thus,
it is important to know that there is a way of getting estimates of the sort
in Corollary 2.2.8 without relying on the existence of a smooth o. The key
ideas here are due to O. Oleinik.

2.4.1. The Weak Minimum Principle: In this subsection, a : RY —
Hom(RY;R¥) and b : R¥ — R¥ are bounded, measurable functions; a(z)
is symmetric and non-negative definite for each x € RV; and L is defined
from a and b as in (1.1.8).

LEMMA 2.4.1. Ifu € CH2((0,T] x RY;R) is bounded below and satisfies

(L—0)u<0on (0,T] xRY and lim inf wu(t,z) >0 for R >0,
t\0z€B(0,R)

then u > 0 on (0,7] x RV,

PROOF: We first show that if (L — 9;)u < 0 on (0, 7] x RY | then u cannot
achieve a minimum there. To this end, suppose that u achieved a minimum
at (to,xo). Then, by the first and second derivative tests, dyu(to,zo) <
0, Yu(tg, z0) = 0, and V?u(ty,r9) would be symmetric and non-negative
definite. But this would lead to the contradiction that (L — 0;)u(to, o) >
0, since the product of two symmetric, non-negative matrices has a non-
negative trace.
We now return to the original assumptions. For § > 0 and € > 0, set

ues(t,x) = u(t,z) + 5t + ee|z|?.
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Then
(L — 0p)ucs(t,z) < —6 + ee [—\x|2 + Trace(a(z)) + 2(z, b(x))RN}
< -0+ et [|b(x)\2 + Trace(a(x))] .

Thus, for each § > 0, there exists an €(d) > 0 such that (L — 0;)ues < 0
in (0,7] x RY when ¢ < ¢(6). In addition, for any § > 0 and € > 0,
Ue,5(t,x) — oo uniformly in ¢ € (0,T] as |z| — oco. Hence, if uc 5 were
to become negative somewhere in (0,7] x RY then there would exist a
sequence {(t,,z,) : n > 1} C (0, T]xRY which converges to some (tg, 7o) €
[0,T] x RN and for which

0 > inf{ucs(t,x) : (t,x) € (0,T) x RN} = lim uc5(tn, 2n).

n—oo

Moreover, by the second assumption made about u, tg > 0, and so (tg, zg) €
(0, 7] x RY would be a point at which Ue,s achieves its minimum value. In
particular, because this cannot happen when € < ¢(J), we have now shown
that u.,s > 0 for € < €(d). Now let € \, 0 and then 6 \ 0. O

THEOREM 2.4.2.  Assume that u € C*2((0,T] x RY;R) N Cy([0,T] x
RY; R) satisfies

(L =0 +c(t))u>—g(t) on (0,T]xRY,
where ¢ and g are continuous R-valued functions on [0,T]. Then

t
u(t, @) < u(0, )]l + / g(r)eCO=C) g
0

where C(t) = fot c(r)dr.

PROOF: Set
t
o(t,z) = [u(0, )|l — ut, z)e= O — / g(r)e= €0 dr,
0

and check that (L — d;)v < 0 on (0,7] x RY and lim,. ,inf ey v(t, @) =
0. Hence, by Lemma 2.4.1, v > 0, which is equivalent to the asserted
estimate. [

2.4.2. Oleinik’s Estimate: Let a, b, and L be as in the preceding section.
An important role in Oleinik’s argument is played by the following.

LEMMA 2.4.3. Given any symmetric H € Hom(R™;R™) and e € SV~1,
2
N
Z dea(x)ijHi; | < 4AN?*ATrace(Ha(z)H),

i,j=1

where A = sup{[|0%a(z)|lop : * € RN & e € SV},
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PROOF: Let € RY be given, choose an orthogonal transformation O so
that OTa(z)O is diagonal, and set a(y) = OTa(y)O and H = OTHO.

Then -
Z Geaij (CL‘)HU = Z Ge@ij ((L‘)Hij,

and so, by Schwarz’s inequality and (2.3.4),
2
Z 8eaij (.%‘)HZJ < N? Z(ae@ij (3?))2];’5 < 4N2AZ d(l‘)uﬁfj
ij ij ij

= AN?ATrace(Ha(z)H). O

Recall the notation

la|

for a € NV,

where ||af| = Zf[ a;. In addition, define

A =1 D o FII
llell<e
for £ > 0. Finally, write 8 < a when [ < aj for each 1 <k < N.

THEOREM 2.4.4. Assume that a and b have ¢ > 2 bounded continuous
derivatives, and let ¢ € Cf(R;R) be given. Givenu € C’S’H2([O, TIxRY;R)
with 0%u € C*°([0,T] x RV;R) for each ||a|| < ¢, set

g(t,x) = (8 — L — c)ul(t,z).

Then

M@N@SMWQJW+S&MhJWWW7
T7€|0,

where Ay < 0o and By < 0o can be chosen to depend only on N, ¢, ||aH1(f),
61, and [je].

PRrROOF: For ||af < ¢, set u, = 0%u and g, = 0%g, and use Leibniz’s rule
and induction to check that

N
1 /
Oy = Lug + 52 Z 0k (0, 0 ) O, O upk + Z Ca,BUB = —Gas

k=1 f<a

where Zk/ denotes summation over 1 < k < N with oy > 0; the ¢, g’s are
linear combinations of a, b, ¢ and their derivatives up to order |«||; and,
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when aj, > 0, &* is obtained from a by replacing aj, by aj — 1 and leaving
the other coordinates unchanged. Now remember that Lf? = 2fLf +
(Vf,aV f)r~, and use this to see that if 1 < ¢ < ¢ and wy =37, ¢ u?,
then

N
Oywpr = Lwy + Z ZI Z ke (Oz, Qi) Og, Oz Uk

lall=¢ & i5=1

_ Z (Vua,aVua)RN +2 Z UaGa + Z Ca,BUUS

llell=€ llall=¢ BLa

At first sight, the preceding looks bad: There are (¢ 4 1)st order deriva-
tives appearing in places where they should not be. Oleinik’s crucial obser-
vation is that Lemma 2.4.3 allows us to eliminate them. Namely, set A =
SUD (. ¢)ern xsv—1 |02a(2)]|op, and conclude that

2

N
Z/ Z AU (8z,€a”)8wba% Ugk

k=1
2
2 " 9 S
<uZ Z o, Z Z (O, ij)Or, O ; Ui
k ko \dj=1

< 4(NZ')2AuiZ/Trace(V2u&k aViugar).
k

In particular, this shows that there is a Cy» < co, depending only on N, ¢/,
(2)
and ||a||s”, such that

2

N
Z Z/ Z akua(axkaij)awiaxjudk

lall=¢ &k =1

< ACpwyp Z (VUQ,GVUQ)RN,
llocll =2’

and therefore
, N
Z Z Z pe (0, @) Or, 0 Uk — Z (Vua,aVua)RN < Cprwypr.
lall=¢ &k 4,5=1 laf|=¢’

Using the preceding estimate in the equation for dywy, we arrive at

(L =0+ Cp)wp > —2 Z an7guau5—2 Z UaGa-

lal|=¢" B<e =
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Note that

=

20 Y ) capuaus| <2 > lcasli | we

llal|=€ f<ex llell=lBl=¢

D=

S easll? | e, 1),

a=/
g<t’

whereas
N 2
2] N waga| <we + (gt )%
llexl|=¢

Hence, after adjusting Cy/, we have
’_ 2 / 2
() (L =0+ Coywe > =Co([Jult, ) )" = (gt HIE)"

Given (**), one proceeds by induction on ¢'. By Theorem 2.4.2, we know
that

T€[0,t]

||u(t7 )Hu < eBDt <||u(07 )Hu + sup ||g(7—7 )||u> )

where By = ||c|[|s. Next, one applies Theorem 2.4.2 to (**) to carry out
each inductive step. [

COROLLARY 2.4.5. Under the conditions in Theorem 2.4.4, for each ¢ €
CEL(RN;R) there is a sequence {u, : n > 1} C C1*([0,00) x RN;R) with
the properties that lim,,_, ||u,(0, - ) — ¢|lu = 0 and

sup sup fJun (t, )| < o0

tef0,7] n>1 for all T € (0, 00).
sup ||(L — 3t)un(tv : )”U —0
te[0,T)

Moreover, there exists a unique u,, € Cy(RN;R) to which any such sequence
converges uniformly on [0,T] x RN for each T € (0,00). In particular,
Uy € Cl’e’l([O,oo) X RN;R) and, for each T >0 and 0 < k < £, VFu,, |
[0, T) xRY is bounded and uniformly Lipschitz continuous. Finally, if¢ > 3,
then u, € C*2([0,00) x RY;R) and u, solves (2.0.1).

PROOF: Choose p € C°(B(0,1);[0,00)) with total integral 1; set pj(z) =
kN p(kx); take ap(z) = pi * a(z) + 1, by, = py * b, and @p, = pj, * ¢; and
define Ly, accordingly from aj and by. Because, by Lemma 2.3.1, the posi-
tive definite, symmetric square root oy of ax has bounded derivatives of all
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orders, Corollary 2.1.6 guarantees that Ly, determines a transition probabil-
ity function (¢, )~ P¥(t, ) and Corollary 2.2.8 says that (¢, z)~uy(t,z) =
{¢r, P*(t,x)) is smooth and solves dyu = L,u. Furthermore, because oy,
Ok, b, and their derivatives are all bounded, the last part of Corollary 2.2.8
says that, for each k > 1, sup;¢(o 7y lux(t, -)||Ef) < oo. But, because the
derivatives of ay, by, and ¢y up to order £ are bounded independent of & > 1,

4
”()

Theorem 2.4.4 allows us to say that supy>; sup,eo, 7 [|uk(t, - )|lu” < oo. In

particular, g, = (L — 0;)ux — 0 uniformly on [0,7] x RY. Finally, by
Theorem 2.4.2, for 1 < k1 < ks,

t
\WNJFWMMMSWM—%M+AH%U%ﬂﬂﬂhm

and so there is a u, € Cp,([0,00) x RV;R) to which {uy : k > 1} converges
uniformly on [0, 7] x R¥ for each T € (0,00). O

As an immediate consequence of Corollaries 2.4.5 and 2.1.7, we have the
following.

THEOREM 2.4.6.  Assume that a and b are twice continuously differ-
entiable and that they and their derivatives are bounded. Then all the
conclusions in Theorem 2.4.6 and Corollary 2.1.6 hold.

2.5 The Adjoint Semigroup

Up until now we have not given an operator-theoretic interpretation of
our transition probabilities (t,z)~>P(t,z). However, for the purposes of
this section, it will be important for us to do so now. Thus, define

mwmzjwa@a@>

for Borel measurable ¢ : RY — R which are bounded below. Because
(t, z)~P(t, ) is continuous, it is clear that (¢, z)~~P¢p is Borel measurable
and that it is continuous when ¢ € Cy,(RY;R). In fact, because P(t,z) is a
probability measure, ¢ > 0 = Pp >0, P;1 =1, and so ||P:¢|lu < ||¢]lu-
Moreover, the Chapman—Kolmogorov equation for (¢, )~ P(t,z) becomes
the semigroup property Psyy = Py o Py for the P,’s. Because it preserves
non-negativity and the constant function 1, the family {P; : ¢ > 0} is said
to be a Markov semigroup.

We now want to examine the P,’s as operators on L2(RY;R). In par-
ticular, we want to work under conditions which guarantee that P; is a
bounded operator there and to describe its adjoint P, . Namely, we will
assume that o : RV — Hom(R™;RY) and b : RV — RY are bounded
smooth functions with bounded derivatives of all orders and will take L to
be the operator given by (1.1.8) with @ = oo . Then the formal adjoint
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LT of L is the operator

N N

1

LTQO = 5 Z axlaxj (aij@) - Zaﬂ% (bz(ﬁ)

(2.5.1) w -

1 Y

= 5 Z aijawiaij + sz—ra%(p + VTSO’
i,j=1 i=1

where

N N N
1
(252) b;r =—b; + E @cjaij and VI = B E 8$i3xjaij - E 8x1b1

j=1 i,j=1

That is, for ¢, € C?(RY;C), one can easily check that

(2.5.3) (va‘p)LZ(RN) (LT‘P w)LQ(]RN)

if either ¢ or ¢ has compact support. Next, referring to §1.3.2, let (¢,x)
~~PT(t,z) be the transition function associated with L. Our main goal

is to show that the adjoint P} of P; as an operator on L2(R¥;R) is given
by

(2.5.4) P/ (y) /1/; YPT(t,y,dx).
2.5.1. The Adjoint Transition Function: Proceeding as in §1.3.2, we

now define (¢, (y,£)) € [0,00) x (RY x R) — P, (¢, (y,£)) € Mi(RY)
relative to (cf. (2.5.2))

o= (7)) e = ().

If (t,y) € [0,00) x RN +—— PT(t,y) € M(RY) is given by
(2.5.5) PT(t,y,I) = / e" P (t, (y,€),dx x dn),
I'xR

where PT (t, (y,g)) = lim,, o P, ( (y, 5)), then
e_t”(VT)7”u < PT(t,yJRN) < et|\(VT)+H",

(2.5.6) PT(s+t2) =/PT(t,y)PT(s,x,dy), and

(W, PT(t,2)) — b(y) = / (LT, P (r,2)) dr

0
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for ¢» € C?(RY;C) with bound second order derivatives. Furthermore, if
Y € CR(RY;C) and

uy (t,y) = (¥, PT(t,y)),
then u;}: € 01’2([0,00) X RN;(C), 8tu;£ = LTU;L and, for each T" > 0,
uy, 1[0, T] xRN € C&’z([o, T] x RN; C). To check these last assertions, first

note that
u¢( ) <¢> ( ( 7))%
where 9(y, £) = €1 (y), remember (cf. (1.3.5))
PT(t, (y,0),RY x [V [|u, ]V " [u]C) = 0,

and apply Theorem 2.2.7 to check the required smoothness properties.
Then, use (2.5.6) to justify

ol (t,y) = Jim 1 /LT v (1), PT(r,y)) dr = LTul (t,y).

There is one more matter with which we must deal before we can prove
(2.5.4). Indeed, as yet, we have not discussed the integrability properties
of either Py or Pv. For this purpose, we will use the following simple
lemma.

LEMMA 2.5.7. For each q € (0,00) there exists a Cy < oo such that
/(1 + |y — x| )% P(t,z,dy) Vv /(1 + |y — x\z)% P (t,x,dy) < Cyet.
In particular, if p, ¢ € Co(RY;R), then

|z]— o0

lim (14 ]z]?) sup |Pro(2)| Vv [Ply(x)] =0
T€[0,t]

for all t € [0,00) and q € (0,00).
PRrROOF: For any q € R, set

wy(t) = sup /(1+ ly — x| )% P(t,z,dy).

zERN

Obviously, w,(t) < 1 when ¢ € (—o0,0]. Moreover, because

;?/@+W—zng P(t,z,dy)
_ / {q(q —2)(y — 2,a(y)(y — ) pn

2(1+ |y — =?)

+ gTrace (a(y))

+q(bly),y — ) | (1+ly — )2 P(t, 2, dy),
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we can find a C' < 0o, depending only on the bounds on a and b, such that

we(t) <1+ C(1+ QQ)/O (wq_l(T) + wq_g(T)) dr.

Thus, proceeding by induction on m € N, one gets the required estimate
on P(t,z) for m < ¢ < (m + 1). Essentially the same argument works for
PT(t,x). The only change is that one picks up an extra factor of etV Il
Given the preceding, the second part follows easily. Namely, if ¢ vanishes

outside of B(0, R), then, for ¢ € (0,00) and |z| > R,
Pest)] < 1A [y~ aft Pt ),
(] — R)

and similarly for [P ¢|. O

THEOREM 2.5.8. If (t,x)~PT (t,z) is given by (2.5.5) and P, denotes
the adjoint of P, as an operator on L?(R™;R), then (2.5.4) holds. In
particular, for any q € [1, 00),

1Vl

”Pt(pHL‘I(RN;R) <ed HCPHLq(RN;R).

ProOOF: To prove the first assertion, let ¢, 1 € C(RY;R) be given, and
set u(t) = Pyp and v(t) = P/ 9. Then, by Lemma 2.5.7 and the last part
of Corollary 2.2.8, we know that, for any ¢ > 0 and ¢ € [1, c0),

sup [(1 + \x|)q(|u(T,x)| Vv o(r, x)|)] V| Vu(r, )| < co.
(r,2)€[0,] xRN

Now choose n € C2°(B(0,2);[0,1]) so that n = 1 on B(0,1), and set
nr(x) = n(R~'z). Then, by (2.5.3), for any R > 0,

d

e Nr(z)u(r,z)v(t — 7,€) do

= /nR(x)v(t —7)Lu(T,z) dx — /nR(x)u(T, m)LTv(t —7,2)dx
= —/v(t -7, m)((VnR(x), a(x)Vu(r, x))RN + u(r, x)LnR(x)) dx,

and the above estimates on u and v are more than sufficient to show that, as
R — o0, the right-hand side tends to 0 uniformly in 7 € [0, ¢] and therefore
that

(ng), SD) L2(RN;R) - (1/), Pt@) L2(RN;R) =0

first for ¢, 1 € C°(RY;R), and then, after mollifying and taking limits, for
¢ € C.(RM;R). Hence, once we prove the estimate in the second assertion,
we will be done.
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To prove the second assertion, let ¢ € C; (RN ;R) be given. Then, by
Jensen’s inequality, |P:p|? < P¢|p|?, and so, for each R > 0,

/ 0 ()| Pro(a)|” dx < / (@) [Prlgl?] (2), de

T+
— [ Plan@le@)rde < M gl . O

2.6 Historical Notes and Commentary

Except for those in §2.4, the techniques in this chapter, like the ones in
Chapter 1, are natural stochastic analogs of techniques which are familiar in
the theory of ordinary differential equations. Basically, they simply confirm
the principle, well known in the analysis of flows, that the dependence of the
solution on its initial value will be as smooth as the vector field generating
the flow. As such, they entirely miss possible smoothing provided by ellip-
ticity when it is present. Thus, from the standpoint of aficionados in elliptic
equations, the results in this chapter look rather pale, even though most
experts in elliptic theory would be hard put to prove them. The idea of
differentiating It&’s representation with respect to the starting point seems
to have been introduced first by I.I. Gikhman (cf. [20]), although the first
time I encountered it was in H.P. McKean’s [39].

Besides their inability to produce elliptic regularity results, the tech-
niques in §2.2 suffer from their dependence on It6’s representation of so-
lutions to Kolmogorov’s forward equation. Specifically, his theory requires
one to take the square root of the diffusion matrix. As was pointed out in
§2.3, taking the square root of a non-negative function which can vanish
is a dicey business, one which will, in general, destroy regularity properties
possessed by the original function. For this reason, the contents of §2.4,
which are taken from [46], are significant and may come as a surprise to
practitioners of It6’s art. Indeed, I know no way to prove them using only
1t0’s theory.



CHAPTER 3

Preliminary Elliptic Regularity Results

So far, all our results depend only on the smoothness properties of the
coefficients a and b. As a consequence, the regularity results which we
obtained in Chapter 2 are modest: They simply say that the heat flow
“does no harm.” That is, if a, b, and ¢ are all sufficiently smooth, then
the u, in (2.0.2) is smooth as well. They do not say that the heat flow
“Improves” data in the sense that u, (¢, -) for ¢ > 0 is smoother than ¢. Of
course, seeing as uy(t, ) = p(z +t§) when a = 0 and b = £, we should not
have expected any such improvement in the absence of further conditions
on a.

The canonical example of a heat flow which is smoothing is the classic
heat flow, when a = I and b = 0, in which case

ly—a|?

ug(t,z) = (2nt)~ ¥ / e o(y) dy.

Thus, one should suspect that the additional condition needed on a is a
non-degeneracy assumption. More important, one can guess the role that
non-degeneracy should play. Indeed, we already know (cf. Corollary 2.2.8)
that

Vauy(t,z) = /ch(y)JP(l)(t, (x,1),dy x dJ).

In order to use this formula to show that wu,(t, -) may be differentiable
even when ¢ itself is not, one has to remove the derivatives of ¢ from the
right-hand side, and the only way to do so is to move them, via integration
by parts, to P(1) (t, (z,I)). But before integrating by parts, we must check
that P(l)(t, (x,1),dy x dJ) can be differentiated as a function of y, and
the only reason why this might be possible is that P(¢, ) is built out of
the smooth measure 7. In other words, we are hoping to show that P(¢,x)
inherits the smoothness of v. But v enters P(t, x) only after multiplication
by o = a%, and so, when a is degenerate the smoothness of v might not get
transferred. The purpose of this chapter is to show that the smoothness of
~ does get transferred to P(t,z) when a is non-degenerate.

53
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3.1 Integration by Parts

As we just said, the basic tool which will allow us to capitalize on the
non-degeneracy of a is integration by parts. In this section, we will develop
the requisite integration by parts formulas on which our analysis will rest.

3.1.1. Gaussian Integration by Parts: We return to the notation in-
troduced in §2.2.1. Thus, Q@ = (RM)Z" and (cf. (1.1.14)) T = 4%, Given a
Hilbert space E, we use C§°(€); E) to denote the space of smooth, E-valued
functions ® on €2 which depend on only a finite number of coordinates and
write D,,,® to denote the gradient of ® with respect to the mth coordinate.
Given an h = (hy, ..., hy,...) : Q@ — Q, we will say that h is adapted
function if h; is constant and, for m > 2, w~>h,,(w) is a measurable func-
tion of (w1,...,wm—1). Finally, given & € C§°(; E) and a measurable
h:Q — Q, define DL®: ) — FE by

o0

D, ®(w) = d%d)(w + gh)ygzoz Z (D ® (), B (@) ) g vt -

m=1

LEMMA 3.1.1. Let ® € C3°(; E), and assume that D,,® = 0 for m >
me. Next, let h : Q) — € be an adapted function. Finally, assume that

/ (i (| D ®(w)[* + |hm(w)2)> I'(dw) < oc.

m=1

Then

/thb(w)l“(dw)/(Z(hm,wm)ﬂw> ®(w) T'(dw).

m=1

ProoOF: Clearly, it suffices for us to prove that, for each 1 < m < mg,

() [ (D) i) s D) = [ (), 00 o D) ().

Moreover, by an obvious approximation argument, while proving (*) we
may and will assume that ®, D,,®, and h,, are all bounded. Proceeding
under these conditions, first note that the left-hand side of (*) equals

/(/(Dm‘I’(w)vhm(w))RM v(dwm)> I'(dw).

Next, remember that h,, does not depend on w,,, and use integration by
parts to check that

/ (D (@), i (@) s (o) = / (o (), 60m) 0 () ().
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Finally, observe that the right-hand side of (*) equals
J ([ 0@ o) @) 1) Pl 0

3.1.2. A General Formula: Assume that o : RY — Hom(RM;R") and
b:RY — RY are smooth, slowly increasing functions; define X, : [0, 00) x
RY x Q — RY accordingly, as in (2.2.1); set X} (t,z,w) = VX, (¢, z,w);
and assume that, for each r € [1,00) and T € (0, 00), there exists a C,. < 0o
such that

sup sup / (Xt 2,0)? + [ XA (82, ) B ) T(dew)
(3.1.2) n>0te[0,T)

< Cr(L+ |2*).

Next, referring to § 1.2 and §2.2.1, define (¢, z) € [0, 00) xRN +—— P, (t,z) €
M, (RY) and (¢, (z, J)) € [0,00) x (RN x Ey) — PV (¢, (,J)) € M, (RN x
Ey), as we did there. In particular, P,(¢,2) and piM (t,(x,1)) are the dis-
tributions of, respectively, w~>X,, (¢, z,w) and w~> (Xn(t7 r,w), X} (t, w))
under I'. We will assume that the P,gl) ’s converge to a continuous (t7 (x,J ))
~PWM (¢, (z,J))) in the sense that

(n: P (tn, Tny J)) — (0, P (¢, (2, )))

if (tn,Tn,Jn) — (t,z,J) in [0,00) x RY x By and {¢, : n > 0} C
C(RY x Ey; C) is a uniformly slowly increasing sequence which converges to
¢ uniformly on compacts. Finally, set P(t,z, A) = PU (¢, (z,1),Ax Ey) =
limy, o0 Pp(t, z, A).

THEOREM 3.1.3. Suppose that &€ € S¥~! has the property that (£,b)gn =
0, and let o € C*(R™; C) be a function whose derivatives are slowly increas-
ing. If (§,2)gny = 0, then

[ (J([ et s,

(3.1.4) x PW(t -7, (2, T),da" x dJ"))P(T, x,dx')) dr
— [ ew(E ey Plt.a.dy)

where a = oo | .
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PrOOF: First note that it suffices to prove (3.1.4) for a dense set of t €
(0,00). Hence, from now on, we will assume that 2"t € Z* for some
ng € N. Next, let n > ng be given, and define h,, : 2 — Q so that

hm(w) = 2_%U(Xn((m — 1)2_",x,w))—r§ for m € Z+.

Obviously, h,, is adapted. In order to compute Dy X, (¢, z,w), first note
that
Xn(tz,w) =X, (t —m27", X, (m2™", z,w), Smw),

where S™ : 0 — ) is the shift map defined by
Sm(wl,...,wj,...): (wm+1,...,wm+j,...).
Thus,

Dy X, (t, 2, w)
= 2*%X,11 (t —m27" X, (m27" z, w), Smw)U(Xn((m — 127" x, w)),

and so

Dh”(,D(Xn<t,al‘,w))
2"t
=9 n Z (ng(Xn(t,l‘,w)),X,}L (t — m27",Xn(m27”,x,w), Smw)

m=1
X a(Xa((m = 127" 2, w))e) .

Next observe that our integrability assumptions are more than enough to
guarantee that the difference between the right-hand side of the preced-
ing and the same expression with a(Xn((m - 1)2_",x,w)) replaced by
a(X,(m2™", z,w)) goes to 0 in L*(I'; Hom(RY;RY)) as n — oo. At the
same time, because X, (t,z,w) = X, (t — m2™", X,,(m2™", z,w, S"w)),

/(ch(Xn(t, x, w)),XTlL (t —m27" X, (m27" z,w), Smw)

X a(X,(m2", z,w))g)RN I'(dw)

_ /(/(W(x“),J“a(Xn(m"7%“’))5)]@

x PO (t —m27", (X, (m2™", z,w), I),da" x dJ”)>I‘(dw)

- / (/(Vg@(m”), J"a(a:')f)RN Pr(bl)(t —m27 ", (2, I),dx" x dJ"))
X P,(m2™", x,dz").
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Hence, we have now proved that

/Dhngp(Xn(t,a:,w)) T(dw)

tends to the left-hand side of (3.1.4).
To complete the proof, we apply Lemma 3.1.1 to see that

/ Dy, o(Xo(t, 7,w)) T(dw)

_ /<p(Xn(t,x,w)) S (B (@), @) g T(dw),
m=1

In addition, because (b,&)gy =0 and (z,&)gy =0,

2"t
Z (hm(w)awm)]RN = (§,Xn(t,w,w))RN.
Thus,

/ D, (X, (t, ,w)) T(dw) = / o) (€. 4) o Pult.z.dy),

and this tends to the right-hand side of (3.1.4). O
3.2 Application to the Backward Variable

By combining Corollary 2.2.8 and Theorem 3.1.3, in this section we will
derive our first elliptic regularity result. Namely, we will show that when a
and b are bounded and have bounded derivatives, and, in addition, a is uni-
formly elliptic (i.e., uniformly positive definite), derivatives of (cf. (2.0.2))
uy(t, -) for t > 0 can be estimated in terms of [|¢||,. Thus, throughout this
section we will be assuming that a, b and all their derivatives are bounded
and that

(3:2.1) (& al@)€)gn 2 elé®,  (2.6) e RN x RY,

for some € > 0. Also, we will take o to be the non-negative definite,
symmetric square root of a, and therefore M = N. By Lemma 2.3.1, we
know that o is also smooth and has bounded derivatives of all orders.

3.2.1. A Formula of Bismut Type: Before attempting to handle higher
order derivatives, we will examine the gradient of w,(¢, -), which turns
out to admit a particularly pleasing expression, discovered originally, in a
different setting, by J.-M. Bismut.

In order to state and prove the result, we need to make a few prepara-
tions. Recall (cf. §2.2.2) that, because M = N here, E; = Hom(R"; RNW)
and EO) = Hf;zl E}, and define (z,J) € RY x E®) — PO(¢,(2,3)) €
M, (RN x E()) accordingly, as in Theorem 2.2.7.
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LemMma 3.2.2. P (¢, (2, J)) is the distribution of (2, J')~(a', J'J) un-
der P(l)(t7 (z,1)). Next, suppose that T € C?(RY x Ey;Hom(RY;RY))
has bounded first order derivatives, set

o() N b(x)
()= | Vo(z)J and b(Z)= | Vb(z)J
7(Z) 0

for & = (m,if, X) € RY x By x RN, and define (t,sE)WP(t,:fc) and (t, T, j)w
P (t,(z,J)) accordingly. If

. {(11) ‘@12) J:(13)
(3.2.3) J=1Jay Jez Jes
Jia1) Js2) Jis3)

with the blocks corresponding to RN x E; x RN then
I:’(l)(t, (z,J,x, 1), {J j(’ij) =0for1<i<j<3&J = j(’ll)J}) =1,

and the distribution of

x/

- J’ - -
~1 gl T ~ ~ (1)
@, J X )~ J~(’11) {(’12) under P (t, (x7]7XaI))
Ty Jiaz)
is the same as that of

.T/

!
(a, Jy, J5)~ J! 7 0 under PP (t, (z,1)).
1
< Jy Sl )
PRroOF: To prove the first assertion, it suffices to first observe (cf. (2.2.1)
and (2.2.4)) that pY (t,(z,J)) is the distribution of

Xn(t, z,w)
W~ (X%(t,x,w)J) under T,

and then to pass to the limit as n — oo.
To verify the second assertion, note that the distribution of

jlw(j(/n)vj(/12)7j(/13)aj(/23)) under P(l)(tv (%I,Xj))
is the limit as n — oo of the distribution under I" of
W~ (V$Xn(t, z,w), Vi Xn(tz,w), Vi X, (t z,w), VXX,ll(t, z, w))

= (Xp(t, z,w),0,0,0).

n
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Turning to the final assertion, begin with the observation that, when
X, (t, (z,J,x), w) is defined from & and b by the prescription in (2.2.1), its
first and second components are, respectively, X,, (¢, r,w) and X} (¢, 7, w)J.
Thus, since

X2(t,z,w) =V, X} (t,z,w) and X)(t,z,w)®I=V;(X}(tz,w)]),

the distribution of

3,/_I

J/

1T ~ ~ p(1) T
@, J,x' I~ ('{(/11) {{12)> under P (t, (x7Lx,I))
J! J!
(21)  Y(22)

is the limit as n — oo of the distribution of

Xn(t7 :1:7 w)

1
W~ X1t o i(;n(t,x,w) 0 under T,
(Xg(tﬂc,w) Xt v, w) ® I)
and this latter limit is the distribution of
xl
!
(', J7, J§)~ 7 J 0 under P(2)(t7 (z,1,0)). O
(Jg Ji® I>

Now define & : RN x E; x RN — Hom(RV;RN x E; x RN) and b :
RY x E1 x RY — RN x E; x RN by

o(x) ~ b(z)
oz, J;x)=| Vo(x)J and b(z, J,x) = | Vb(z)J |,
Jo(x)t 0

and let (t, (2, J,x))~P(t, (z,J,x)) be defined for & and basin §1.2. By
Theorem 2.2.7, all the conditions in § 3.1 are satisfied, and so Theorem 3.1.3
applies.

THEOREM 3.2.4. Let ¢ € C,(RY;C) be given, and define u,, as in (2.0.2).
Then, for each t > 0, u,(t, -) € CL(RY;C) and

Vuy(t, z) = til/ga(x')x’p(t, (2,1,0),dz" x dJ" x dx").

In particular, there is a constant C; < oo, depending only on the bounds
on the first derivatives of a and b, such that (cf. (3.2.1))

Cy
Vuu(t,z)| < ——— u-
Vuolt, )] < el
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PRrROOF: By an obvious approximation argument, it suffices for us to treat
©’s which are smooth and have bounded derivatives of all orders. Thus, we
will make this assumption about ¢ throughout.

The proof of the initial statement is mostly a matter of bookkeeping.
Given ¢ € RV, use Corollary 2.2.8 with £ = 1 to write

(& Vuy(t,2)) pw = /(w(x’)7 J'E) g PO (t, (2, 1),da’ x dJ'),

where (¢, (z,J)) € (0,00) x (RN x By) — PW(t,(z,J)) € My (RN x E)
is defined relative to o and b. In order to see how Theorem 3.1.3 applies,
take ¢(Z) = p(z) when & = (z, J, x), and note that V@(Z) = (Ve(x),0,0)
and

N a(T)a) a(@)az) al@)as
(3.25) (@) = Y _(6(3)ex) @ (5(2)ex) = d(a?)Ezl; &(53)222; d(j)izsi ,
k=1 d(i‘)(gl) d(f)(gg) Zl(i‘)(;gg)
where
N
a(Z) 11y = Za(x)ek ® o(z)er = a(x),
kN1
(%) (12) = Y _(o()er) @ (V(o(2)er) ),
k=1
N

@)@z = > (S o(@) ™) = I Ta(z) "L,
k=1

{er, : 1 <k < N} is an orthonormal basis in RY, and the block structure
0
corresponds to RN x E; x RY. Hence, if 5 =1 0 |, then, Lemma 3.2.2,

13
/ (Ve (@), J"a(2")E) gy o P (8, (2, 77,0,1),dE" x dJ")
= / (Ve(a"), " T€) yn PO, (), da” x d.J")

= / (Ve(x"), 7€) gn PO (8, (2, J'), da’" x dJ").
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Thus, by the Chapman-Kolmogorov equation for P() and Corollary 2.2.8
with £/ =1,

| | (/ (/ (V") "8V g g e PO (¢ =7 (&', 1,0, D), d" df”))
0

x PW (7, (2,1,0,1),da’ x dJ' x dy x dj’)>d7
=t / (Veo(a'), J'€) g PU (1 (2, 1), da’ x dJ') = t(€, Vg (t,2))

and therefore the first assertion follows from Theorem 3.1.3.
To complete the proof, first note that it suffices to handle ¢ € (0,1].
Indeed, if t > 1, then, by the Chapman—Kolmogorov equation,

up(t,z) = /uw(t —1,2') P(1,z,dz"),

and [Juy(t — 1, -)||u < |l@|lu- Thus, all that we have to show is that
Cut
€ )

/|X’\2]5(t, (z,1),dz’ x dJ' x dy') < t € (0,1].

To this end, note that
/Ix’|2 P(t,(2,1,0),dz’ x d.J' x dy')

t
= [ ([ 1) s, PO o1 ) )

0

and apply the final estimate in Theorem 2.2.7 with £ = 1, remembering that

the first derivatives of o are bounded by €2 times the first derivatives of
a. O

3.2.2. Higher Order Derivatives: Although expressions of the sort in
Theorem 3.2.4 can be developed for higher derivatives of u, they become
increasingly unwieldy and less useful. For this reason, we will use an in-
ductive procedure which gives us estimates but not formulas. Specifically,
we are going to use induction on ¢ > 1 to prove the following statement.

THEOREM 3.2.6. For each £ > 1 there exists a constant K, < oo, depend-
ing only on the € > 0 in (3.2.1) and the bounds on the derivatives of a and
b up through order {, such that

K,
LAts

IV up(t ) s, < lell  for ¢ € Cp(RY;C).
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In particular, u, € C*((0,00) x RY;C), for each m > 1, 9"u, = L™u,,
and so, for all o € NV there exists a K, o < o0, depending only on € and
the derivatives of a and b up through order 2m + ||a||, such that

Km,a

|8§”8§‘u¢(t,x)| < TH&MH@Hu
IANt—=2

PRrOOF: Using the Chapman—Kolmogorov equation as we did at the end
of the proof of Theorem 3.2.4, we can reduce to the case when ¢ € (0, 1].
Thus, t € (0,1] in what follows.

First note that, by Theorem 3.2.4, there is nothing to do when ¢ = 1.
Next, assume the estimate holds for derivatives of order & < ¢ — 1, where
¢ > 2. To prove that it holds for ¢, we begin with the formula

Vu,(t,z) Z > cﬁ/v ug (L2 )3 PO (L (2,30),dz’ x dI'),
k=1pBeB(k,l)

which follows after one combines the result in Corollary 2.2.8 with the Chap-
man-Kolmogorov equation. By the induction hypothesis and our estimates
in the last part of Theorem 2.2.7, the terms

/Vkuy, (2,237 PO (L, (2,30),da’ x dI')

for 1 < k < { are dominated by a constant, having the required depen-

_k
dence, times (£) 2 [|¢[l,. Hence, all that remains is to handle the term
corresponding to k = ¢, which we can write as

/vfu@(t NIEEPD (L (2,1),d2’ x dJ').

The entries in this matrix are finite sums of the form

ZZ (0, 0n, (5.5

=1 J1

x J e J s PO (2, 1),da’ x dJ').

igja ieje

Thus, we will be done once we show that, for any 1 € CL(RM;C) and
gesit,

/<v¢( ) J g)RN i2j2 JZ/#]/ P(l) (t7 (LL', I), d.T/ X dJ/)

% |l

1
t2

can be dominated by a constant with the required dependence times

For this purpose, set

V(&) = (@) Jigjy -+ Jiyj, for &= (x,J,x) €RY x By x RV,
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Referring to the notation introduced in the preceding section and applying
Theorem 3.1.3, we see that

[ (J([ @536 g
x PM(t — 7, (&, 1),di" x df’))P(T, (z,1,0), d:ﬁ’))dT
= [ 3 Pt (2. 1.0).d),

where £ € RN x By x RY is chosen, as it was in the proof of Theorem 3.2.4,
so that its first two components are 0 and its final component is §. Finally,
splitting the components of Vl/) into two groups, those corresponding to
derivatives with respect to x and the other corresponding to derivatives
with respect to the coordinates of J, we can use the same reasoning as we
did in the proof of Theorem 3.2.4 to see that

J (5678 s g, e
x P (t—7, (&, I),dz" x dj”))ﬁ(r, (z,1,0),dz"))
can be written as the finite sum of
/ (V(a'), J'€) g Tl -+ Jiyj, PO (¢, (, 1), da’ x dJ),

which is the quantity we want to estimate, terms of type T1(7) (cf. (3.2.5)
and (3.2.3)) given by

J (o)t Tt o))

x PM(t —7,(a/,1,0,1),dz" x dJ”)) P(r,(2,1,0),dz’ x d.J' x dx'),
and those of type To(7) given by
J (o0t s Do) ) Vo a6

x PW(t —7,(2/,1,0,1),dz" x dj”)> P(r,(2,1,0),dz’ x dJ' x dy').
Hence,

/(W( NI an Tty Thyy PO (@, 1),da’ x dJ')
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equals

¢! /qp(x’)Ji’ljl i, () g P(t,(x,1,0),d2’ x dJ' x dx')

minus a finite sum of terms of the form

t t
til/ Ty(r)dr or til/ Ty (7) dr.
0 0

By the estimates in Theorem 2.2.7 and the reasoning used at the end of the
proof of Theorem 3.2.4, the first of these is dominated by a constant of the
required sort times ¢~ |[¢)|[y. To handle the terms containing Ty () and
Ty(7), one can apply Lemma 3.2.2 to see that both these can be bounded
by of ||¢||u times P® (¢t — 7, (2/,1,0)) moments of [|J”||.s., which, by the
second estimate in Theorem 2.2.7, means that they are bounded, indepen-
dent of 7 € [0,¢], by constants with the required dependence times ||9)||,.
Thus, these terms cause no problems.

To complete the proof, let ¢ > 0 be given and set ¢ = uw(%, -). Then,
Y € C°(RY; C) and so, using induction on m, we see that

O (t,) = " / wy (4.9) P(b.2.dy) = 2 ™ upmy (4, ),

which shows that u,, is smooth in (¢, z). Finally, knowing that u, is smooth
as a function of (¢,z), we can use induction on m to check that 9] u, =
L™ 0u, = L™u,. Hence

|07 08w, (t, 2)| = |020] uy(t, x)| = |02 L™ u|
2m+||o|
S Cm Z ||vkutp(tax)”H87

k=1

where C,,, < oo depends only on the bounds on the derivatives of a and b
through order 2m + |laf|. O

3.3 Application to the Forward Variable

We continue in the setting of §3.2. In particular, a satisfies (3.2.1) and
o =a? is the non-negative definite, symmetric square root of a.

In this section, we will use the results in §3.1 to study regularity prop-
erties of the transition probability function P(t,z,dy) as a function of the
forward variable y. Specifically, we will show that there is a continuous
function (t,z,y) € (0,00) x RY x RN +— p(t,z,y) € [0,00) which, for
each (t,z), is the density of P(t,z,dy) with respect Lebesgue measure.
That is, P(t,x,dy) = p(t, x,y) dy. Moreover, we will show that, for each y,
(t, z)~p(t,z,y) is a smooth solution to the backward equation dyu = Lu.
Thus, since P(t,z, - ) — 0, as ¢ \, 0, this will show that (¢, z,y)~p(t, z,y)
is a fundamental solution to the backward equation.
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3.3.1. A Criterion for Absolute Continuity: In order to carry out our
program, we will need to have a criterion for recognizing when a probability
measure admits a density. The one which we will use is the following
Sobolev type embedding theorem.

LEMMA 3.3.1. Let p € M;(RY) and assume that, for some r € (N, ),
there is a constant C' < oo for which

\/w u(dy) ] < Cllolr guny @ € CLEN:R),

where r’ =
formly continuous, bounded f : RN — [0,00) such that u(dy) = f(y) dy.
Moreover, both the bound on f and its modulus of continuity can be esti-
mated in terms of r and C.

PROOF: First observe that, by elementary functional analysis, the condi-
tion given guarantees the existence of a ¥ € L"(y; RY) with the properties
that H\IJ‘ L7 (u;RN) S C' and

/ Vo(y) u(dy) = / (Y)Y (y) u(dy).

Hence, the hypothesis can be restated in the language of Schwartz distri-
butions as the statement that Vi = —Wpu. Thinking in terms of Schwartz
tempered distributions (cf. §7.1.1), one has that

N N
() p=Rx(u—Ap)=Rxp+Y RixOp=Rrp+Y Rix(ip),

i=1 i=1

where
R(y) = / e tg(2t,y)dt, with g(t,y) = (27rt)_%e B dt,
0

is the kernel for the resolvent operator (I — A)~!

Riw) =0 ) =~ [ e Begtaty)

and 1; is the ith coordinate of ¥. By Minkowski’s inequality,

.
7

A= R g S/ e’ (/g(2t,y)” dy> dt
0

L
7

= /e_tt_% dt (/g(2,y)T/ dy) "< 00,
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and similarly

1
7

1 N ! _ry? v
BEHRZ’HLW(R)S§/O et dt (/Iyll e s dy) <00

since r > N. In particular, this means that the right-hand side of (*)
determines an f € L™ (RN;R), and so u(dy) = f(y)dy. Clearly, f can be
chosen to be non-negative, and [ f(y)dy = 1.

Next set ¢ = f #. We want to check that, as a tempered distribution,
Vo = —%(p\I'. For this purpose, take .5 = (pe *x f + 5)%, where p €
C2°(B(0,1);[0,00)) has integral 1 and pe(z) = e ¥ p(e~1x). Then, as € \,
0, Pes — (f+6)% as tempered distributions, and so Vi, s — V(f—i—é)%
as tempered distributions. But, as € \ 0,

1, 51 1 14
Voes =—3905 pex (f¥) — —2(f+6)7 fU,
and so V(f + 6)7
result.
Knowing that Vo = —%ap\IJ, we have that

=-1(f+ §)*~1fW. Finally, after 6 \, 0, this gives the

N
p=Rrp+ 1Y Rix(Wip).

i=1
Because o] 1r®r) = 1 and [[¢50| r@;r) = [[%illL7 (), this shows that ¢

is a bounded, uniformly continuous function. In fact,

B N
lolla = A+ — > il e umy
=1

and
lo(y +h) = e(y)] <IIR(- + 1) = Rl| 1 gy

N
1
=S IR 4+ B) = Rill o gy Il s,
i=1

and so we know that both ||¢]|y and the modulus of continuity of ¢ can be
estimated in terms of r and || W1, (,zr). Obviously, since f = ¢, these
conclusions transfer to f. [

3.3.2. The Inverse of the Jacobian: In view of Lemma 3.3.1, what we
need to prove is an estimate of the form [(V, P(t,2))| < C|l¢| L (P(t2)R)>
and the result in Theorem 3.2.4 seems to provide a starting place. Namely,
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by combining the formula there with the one in Corollary 2.2.8 (with £ = 1),
it says that

/V(p(y)JP(l)(l, (x,1),dy x dJ) = /gp(y)x P(l, (x,0),dy x dx).

Since the right-hand side can be estimated by

1
r

(/|X|’”15(1,(x,0),dy>< dX)) 12l L (p(t,2):)

it should be clear that the only problem is that of removing the J from the
left-hand side, and for this purpose we have to investigate the distribution
of J=1, the inverse of J, under PM (1, (z,1)).

With this goal in mind, remember that the distribution of J under
P (1, (2,1)) is the limit as n — oo of the distribution of (cf. (2.2.4)) w €
Q+—— X! (1,7,w) under T, where X! (¢,2,w) = VX, (t,2,w). In the case
when o =0, X,,(t,x) = X, (¢, z,w) is independent of w and X,, (¢, x) tends
to the solution of X (t,z) = b(X (t,2)) with X (0,2) = z. Since one can eas-
ily check that X'(t,z)~" is the solution to Y (t,z) = Y (t,2)Vb(X(t, x))
with Y (0,2) = I, one might be tempted to guess that the distribution of
the inverse of J should be the limit of the distributions of Y,, (¢, z,w), where
Y,(0,z,w) =TI and Y,,(¢t,z,w) — Y,,(m2™", x,w) equals

—(t—mQ_")%Yn(mQ‘"7 2w)Vo (X, (m27™", 2, w))wm41
— (t—=m2™")Y,(m2™", 2, w)Vb(X,(m2™", z,w))

for m2™" <t < (m+ 1)27". However, if one makes this guess and tries to
show that ||Y,(t, 2, w) X, (t,x,w) — I||n.s. tends to zero, one realizes that,
due to the presence of the square root on (t —m2~"), this guess is wrong.
The reason is that there will be approximately 2™ terms of order 27", and,
although they contain random factors, these random factors will not have
mean value 0. Thus, in order to handle these terms, one has to center their
random factors by introducing what practitioners of stochastic integration
would call their “It6 correction.”

For the reason just given, the preceding guess has to be replaced by
Y, (0,z,w) = I and

Yo ((m+1)27" z,w) = Y, (m2™",z,w
=-2"2Y,(m2"",z,w)(V(ownt1

+ 27", (m27", 2, w) (—Vb +

)

)) (Xn(m27”,:1:,w))
(V0)?) (Xn(m2 ™", 2,0)) ),
where

(V(Jek))Q.

q
2
I
] =
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o (tere)

corresponds to the coefficients

Clearly,

2 o(x) ) z ( b(x) )
z,J)~ . and (z,J)~ | ; ,
= (ot @D\ J9b@) + (0)2()

with initial condition (z,T), and so, for each r € [1,00) there exists an

A, < 00, depending only on the bounds on o, b, and their first derivatives,
such that

sup/||Y Lz, w)||[is T(dw) <
Next, set A, (m,w) =Y, (m2™", z,w)X}(m2™", x,w) — I. Then

An(m + 17"‘") - An(m7w)

N
= —2”Yn(m2",x,w)< Z Sn(m,w)erX, (m,w)eg
K,k =1

X [(ekawm-‘rl)RN (ek’a wm-{-l)RN - 6k,k’})X71L(m2_n7 z, w)

3n

—272Y,(m27", 7, w) ( [En(my W)Wm 1, Bn(m, w)]
+ S (M, W)wim41(Vo)* (Xn(m27", 2, w)))Xi(mQ‘”, z,w)
—47"Y,(m27", 1, w) By (m, w) [(Bn(m, w)
+ (Vo)* (Xn(m2™", z,w)) | Xp (m27", 2,w),
where [A1, Ay] = Aj Ay—Ag Ay is the commutator of Ay, Ay € Hom(RY;RM),

Yn(m,w)é = (V(Uf)) (Xn(m2*",x,w)),
and By, (m,w) = Vb(X,(m2™", z,w)).

Because (ek,me)RN (ek/,me)RN — Ok, has mean value 0 and wy,41
is independent of X,,(m2™", z,w), Y, (m2™ ", z,w), X}(m2™",z,w), and
A, (m,w), we see that

J180Gm 4 L)lfis D) < [ 180 0m,w) s, Dide) + €17
for some C' < co. Hence, if A, (w) = A, (2", w) = Yo (1, z,w) X, (¢, 2, w)—1,

then
185 T(dw) < c27
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Now set B, = {w : [|[Ap(w)|lus. > 2}. Off B, I + Ay(w) is in-
vertible and its inverse is given by the Newman series anozo(fAn(w))m,
which has Hilbert—Schmidt norm less than or equal to 2. Moreover, from
Yo(l,z,w) X (1,2,w) = I+ A, (w), it is clear that X, (1, z,w) is invertible
when w ¢ B, and that X, (1,z,w)"! = (I + An(w))len(l,x,w) there.
In particular, this means that

|det(Xn(17x,w))| < 2|det (Y, (1,2, w))| < 2NV, (1,2 W)Y g

for w ¢ B,. Finally, define f. : Hom(R™;RY) — (0,00) by f.(J) =
(e + |det(J)|)_1. Then, by the preceding, for any ¢ € [1, 00),

/fe (1, 2,0)) " T(dw)
:/ F (XL, 2, w))? (dw)+/ fe(Xa(1,2,0)) " T(dw)
N7 [ 1¥(1, 2 w) 5 Tdw) + 2 [ [Anw)lrs D),
and so
/ydet(J)|‘qP<1>(1, (,1),dy x dJ) = li{%/fe(J) PWO(1,(x,1),dy x dJ)

(2N1)? sup/HY (1,z,w)n% T(dw).
n>0

As a consequence, P(l)(l, (z,1 ))—almost surely, J is invertible. Further-
more, since ||J Y |ms. < Nldet(J)| || J||§ 5, we also know that, for each
€ [1,00), there is an A, < oo such that

(3:32) J 17 s POy x ) < 4,

3.3.3. The Fundamental Solution: We now have all the machinery
that we need to prove the following result.

LEMMA 3.3.3. For each x € RY there is a uniformly continuous y €
RN +—— p(1,2,y) € [0,00) such that P(1,z,dy) = p(1,z,y) dy. Moreover,
llp(1,z, -)||u as well as the modulus of continuity of y~p(1,z,y) can be
estimated, independent of x, in terms of the € in (3.2.1) and the bounds on
a and b and their first derivatives.

PROOF: In view of Lemma 3.3.1, it suffices for us to prove that, for some
€ (N, ), there is a constant C', with the required dependence, such that

‘/W(y)P(L%dy) < Clell o (p1,z)m)-
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To this end, take & and b as in Theorem 3.2.4, and apply Theorem 3.1.3 with
0

Gre(Z) = o(x)r,e(J), where ¢y o(J) = (ek,J_leg)RN and & = | 0 |,
€k
to obtain

/go(x')wk’g(J’)(X',ek)RNP(l, (z,1,0),dz’ x dJ' x dy')

_ /0 1 ( / ( [ (F6(a. 38 e,

X p(l) (1 -7, (;f/,f),dj// X dj/,))p(Ty (xvlv O)’dj/)>d7

= /(Vsﬂ(xl)Jlek)RN (ex, (J))e) g PV (1, (2, 1),d2’ x dJ')

N /0 1 < / < / D) (Vb (T, T"6(E Vet g gy

x PW(1 — 7, (&,1),d" x dj”)) P(r, (x,1,0), dfc’))dr.
Thus, after summing over 1 < k < N, we find that
/(Vw(y),ee)RN P(1,z,dy)
is the sum of N terms of the form
/go(:r’)@[}k’g(J’)(X’,ek)RNP(L (z,1,0),dz’ x dJ' x dy')

minus the sum of N terms of the form

/01 (/ (/ P (@) (Vbr,e(J"), T"@(F")er) g o oy s

x PO (1 =7, (&, 1),d&" x dj"))P(T, (z,1, 0),d§:’)>dr.

Finally, given any r € (1,00), apply Holder’s inequality to see that terms
of the first sort are dominated by

3=

</ |X/|r|¢k,€(‘]/)|r ]5(1, (I’,I,O),dl‘/ x dJ' x dX/)) HQDHLT'(P(t,w);]R)'

1 Strictly speaking, we should use an approximation procedure here since we only know
that J~1 exists off a set of measure 0. However, we have ignored this technicality and
leave the concerned reader to fill in the details for himself.
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As for terms of the second sort, Holder’s inequality allows one to dominate
each of them by

/01 (/ (/| (Vepr,e(J"), j//d(j//)eé)]RNXElxRN "

x PO(1 =7, (&, 1),d3" x dj“)> P(r, (x.1,0), d:z’))dT
times

1
v

/01 (/ (/ ()" P(1 -7, x’,dm”)) ' P(T,x,dx')> dr

1

1 s
</ ( / ( / w(x")’"’P<1—m',dz">>P<r,z,dx'>) a7 = 2l pir.m)-
0

Because of (3.2.5) and the estimates in Theorem 2.2.7 and (3.3.2), it remains
only to note that Vg ¢(J) = —((J 1) Ter) ® ((J71) Ter). O

We now use Lemma 3.3.3 to produce the fundamental solution advertised
in the introduction to this section.

It should be clear that the argument used to get p(1,z, -) could have
been used to produce a bounded, uniformly continuous p(t, z, - ) such that
P(t,z,dy) = p(t,z,y) dy for all (t,z) € (0,00) x RV, However, the estimate
which we would have gotten on p(t,z, -) as a function of ¢ > 0 would have
been far from optimal as ¢ \, 0. For this reason, we will take a different
tack, one which is based on elementary scaling considerations.

Given A € (0,00), set ay(z) = a(Azz) and by(z) = Azb(Azz), and let
(t, )~ Py(t, z) be the associated transition probability function. We want
to show that

(*) /cp(y) P(t, , dy) :/so(/\%y) P\ A 2, dy).

For this purpose, fix z € RY and define g, x € M;(RY) so that (¢, us,») is
given by the right-hand side of (*). Then

d .
%«p,um) = (Lp, pue,n) and  @(x) = }{g(%m,m

for all o € C°(RY;C). Hence, by Corollary 2.1.6, u1; » = P(t,z), which is
to say that (*) holds.
Now set

pt e, y) =t Fp, (1,17 32,17 2y),
where y~>p:(1, x,y) is the density for P\(1,z) with A = ¢t. Then, from (*),
it is easy to check that

(3.3.4) P(t,x,dy) = p(t,z,y) dy.
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Moreover, because, for t € (0,1], a¢, b, and their derivatives are bounded
by the corresponding quantities for a and b, the last part of Lemma 3.3.1
says that
N
sup t2|p(t, , - )||u < 00
(t,z)€(0,1] xRN
and N
lim sup t2|p(t,z,y + h) — p(t,z,y)| = 0.
[BINO (2,2,5)€(0,1] xRN xRN
We next want to show that (¢, z,y)~p(¢,z,y) is continuous and smooth
as a function of (¢,z). To this end, first note that, by the Chapman—
Kolmogorov equation,

pls +t,2,y) = / p(s, 2’ y) P(t, 2, dz’).

Combined with the results in Theorem 3.2.6, this proves that (¢, z)~p(t, z,y)
is smooth and that, for each m € N and o € NV there is a K, o < 00,
with the dependence described in that theorem, such that

K
(3.3.5) 070 p(t,2.9)| < —— e
In particular, by putting this together with the final part of Lemma 3.3.3,
one sees that (t,x,y)~p(t,z,y) is continuous on (0,00) x RV x RN, At
the same time, one sees that (¢, z)~p(t, x,y) solves the backward equation.
Hence, for each y € RY,

530) Aip(t,w,y) = [Lp(t, -,y)](z) on (0,00) x RN
e d li t, - =9

an tl\n%p( ;oY) =6y,
which is to say that p(t,z,y) is the fundamental solution to Kolmogorov’s
backward equation (2.0.1). Finally, observe that the Chapman—Kolmogorov
relation above can be rewritten as

(33.7) p(s +t,2,y) = / pls,z, 2" )plt, o', y) da’,

which is the Chapman—Kolmogorov equation for the density of the transition
probability function (t,x)~P(t,x).

3.3.4. Smoothness in the Forward Variable: It is possible to prove
the smoothness of y~»p(t,z,y) by reasoning analogous to that in §3.3.3
applied to higher derivatives. However, the expressions which one gets are
very cumbersome, and so we will use a different approach. Namely, by
combining (3.3.4) with Theorem 2.5.8, we see that

(3.3.8) PT(t,y,dz) = p(t,y, ) dx.
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Thus, we can prove the smoothness of p(t, z,y) as a function of its forward
variable y by treating y as the backward variable for the adjoint transition
function PT(,y).

To be more precise, define 5 : RN x R x B} x RN — Hom(RN;RN X
Rx By xR¥) and b: RN xR x By x RY — RN x R x E; x RV by (cf.
(2.5.2)),

oW ol
Jlo(y)™! 0

for § = (y,n,J,x). Then, taking u (t,z) = (¢, P'(t,x)) and proceeding
in exactly the same way as we did in the derivation of Lemma 3.3.3, only
now taking account the presence of e” in equation (2.5.5) for P"(t,y) in
terms of P(t, (z,0)) by defining O(§) = Y(y)e for § = (y,n,J,x), we find
that

tVu, (t,y) :/e”'d)(y’)x’fs(t, (y,0,1,0),dy’ x dn’ x dJ' x dx')

t
[ st 50 @ 71007
0

x P(r,(y,0,1,0), dg’))dT.

From this expression, we see that there is a K, , depending only on e and
the bounds on the first derivatives of a, b", and V' T, such that |Vu1;r (t,y)| <

K[t 2|9, for (t,y) € (0,1] x RN, Hence, because

uy (s +t,y) = /UZ(t,y’)PT(s,y,dy’),

we can use the same reasoning as we used in § 3.2.2, especially the proof of
Theorem 3.2.6, to arrive at

* e, T Kzret”vT”“
) IVt g)ls. < ZE— ol
for a KZ— < 00 which depends only on € and the bounds on the a, b", and
VT and their derivatives through order £ + 1.

Our interest in the preceding is that it allows us to prove that, for each
n > 1, there exists a A, < 0o, depending only on the € in (3.2.1) and the
bounds on the derivatives of a, b, b", and VT of orders through n + 1, such
that

AVl
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To see this, note that
0" 07 p(2t,x,y) = /3?3§‘p(t,w7y')p(t,y'7y) dy' = uj(t,y),

where ¢ = 9"0%p(t,x, -). Hence, (3.3.9) follows when one combines (*)
with (3.3.5).
Knowing that p(t¢, x, - ) is smooth and using

d

4 [Py = [ Lot) Ptody), o€ CHRY:R)

to see that (t,y)~p(t, z,y) is a solution of Kolmogorov’s forward equation

3.3.5. Gaussian Estimates: We will complete this preliminary discus-
sion of the fundamental solution by proving the following statement.

THEOREM 3.3.11. There exists an Ay < oo, depending only on the € in
(3.2.1), the bounds on a, b, and (cf. (2.5.2)) b" and V', and their first

derivatives, such that?
Ao ly ==\
exp | — | Aot — .
iaex P ( < 0 Aot

Moreover, for eachn > 1, there exists an A,, < 0o, depending only on € and
the bounds on a, b, b", V', and their derivatives through order (n + 1),
such that

p(t,z,y) <

A, ly — x>\~
m aa a3 < - — -
|07 050, p(t, x,y)| < 1A eXp( (A"t Ant

when 2m + ||a|| + || 8] = n

The proof of the first estimate is an application of Theorem 2.2.7, the
Chapman-Kolmogorov, the estimates we already have on p(t,z,y), and
the following lemma. In the computations which follow, it is helpful to
remember (1.3.1).

LEMMA 3.3.12. If A = ||Trace(a)| and B = |[b]y, then

ly—=2 = /2
/64<A+B>t P(t,z,dy) < KeB' where K = Z ( n) 27" < o0,
n=0 n

2 We use £~ = —(£ A 0) to denote the negative part of £ € R.
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and so

) _
P(t,x,B(x,R)C) < Kexp ((Bt — M) ) .

PRrROOF: Given z € RV, set
up(t) = / ly — x> P(t,x,dy) and wv,(t) = e Blu,(t).

Then, applying (1.1.3) and using (1.3.1), one sees that

in(t) = [ (2000 = Dly = 2 (0 = ). )y~ 2)) s
+nly — x> [Trace(a(y)) +2(y — =, b(y))RNDP(t, x,dy)

< An(2n — V)un1(8) + 2Bn/ ly — 221 P(t, 2, dy),
and so
o (t) < e Bt (An(2n — Dup—1(¢)
+ B/(%Iy —a|— |y —z*)|y - w2(”‘”>P(t, x, dy)

< (An(2n — 1) + Bn®)v,_1(t) < (A4 B)n(2n — 1)v,_1(t)

for n > 1. Hence, since vo(t) < 1, we can use induction on n to get

un(t) < (A+ Bt ”nf_[l (2m — 1) (2:> (M“;mt)n,

from which the desired conclusion is an easy step since, by Stirling’s for-
mula, (277) ~ ;ﬁ. O

Now set R = 2 v=2l and use the Chapman-Kolmogorov equation to write

p(2t,2,y) = / p(t, 2,2 )p(t, ' y) do’
< / p(t, 7,2 )p(t, @', ) da’ + / p(t, 2,2 )p(t, o, y) da’
B(z,R)C

B(y,R)C

By (3.3.5) with m = 0 and a = 0, there exists a C' < co, with the required
dependence, such that the right-hand side is dominated by

c
o (P(t.2, B, RIB) + P (4, B(y, R)L) )
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Finally, by the estimate in Lemma 3.3.12, the P(t,x,B(z,R)U) is domi-

2

nated by Cexp (Ct — %) for another C' < oo depending only on bounds

on a and b. At the same time, (cf. the notation in §2.5),

PT (.. B(y, R)E) = / e P71, (4,0), dy’ x d)
B(y,R)C

< ! VTINPT (£, (y,0), B(y, R)C x R),

and another application of Lemma 3.3.12, this time to 66 ' and b', com-
pletes the proof of the first estimate in Theorem 3.3.11.

To prove the estimates for derivatives of p(t,z,y), we will use a simple,
but rather crude, interpolation argument.

LEMMA 3.3.13. Let n > 1, and suppose that F : RN — R is an (n+1)-
times continuously differentiable function. Given a closed cube @ in RN of
side length 2 and an a with ||a|| = n,

O*F <9|F|I?, max ||9°F|1 2"
10%Flu,q < 9Flq Hﬁr‘llaggﬂll g

where || - |lu,o denotes the uniform norm on Q.

PRrOOF: We begin with the case when n = N = 1. Given z € [-1,0],
Taylor’s Theorem says that, for h € (0, 1],

F(x+h) = F(m)—i—hF'(x)—i—%ZF”(ac—i—Q(x, h)) for some 6(z,h) € [z, z+h].

Hence,
/ 2 h /!
P < 2| Fluq + 21 g forall e (0.1]
In particular, by taking h? = %, we see that

Nl=

1
[F" ()] < BIIFII2 o (IF u@ V 1 F"lnq) *-

The same argument, with h € [—1,0), applies to z € [0, 1], and, by working
with one coordinate at a time, one sees that, for any N,

1 1
* max ||0“F < 3||F||2 , max ||0°F|2 .
¢ i 0 Fllug < 3171 g ma 077

To complete the proof, we work by induction on n > 1. Thus, assume
the result holds for n, let ||8|| = n, and suppose « is obtained from 5 by
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adding 1 to precisely one of its coordinates. Then, by (*) applied to 9°F
and the induction hypothesis, we know that

/ 1

2 < 3||0°F max ||8° F||2

10°Fllu < 810°FEq  max (19 ||u,Q
<9IFZg"" max [0V FILZT. O

18" |<n+2

Returning to the proof of Theorem 3.3.11, let (¢, z,y) € [1,00) x RV x RY
be given, and set R = |y — x|. Then we can choose cubes @1 and @2, each
of side length 2, so that * € Qq, y € @2, and |2’ — /| > R for all ' € @
and ¥’ € Q2. Hence, by Lemma 3.3.13, we know that

llal / el
050y p(t,z,y)| < 910 p(t, -, 9|7 q max (185 9)p(t, -, y)llg
o< e[ +1
=1l / 1—og—llal=18l
<8Up(t, - 9 Quxq. . max  [020)p(t, - ) Gixa,
o’ [|<le|+1
18 1<lBl+1

which, together with (3.3.9) and the estimate already proved for p(t, z,y),
gives the required result when ¢t > 1 and m = 0. Next let ¢t € (0, 1], and
remember (cf. the scaling argument in §3.3.3) that

pt,x,y) =t~ Fp, (1,6 2a, ¢~ 2y).

Hence, because t < 1 and therefore the coeflicients determining p; as well
as their derivatives are bounded by the corresponding quantities for p, the
result is proved for all (¢, z,y) when m = 0. Finally, to handle m # 0, recall

3.4 Hypoellipticity

In this subsection we will show how our results thus far, and particularly
Theorem 3.3.11, lead to a proof that L is hypoelliptic. That is, we are going
to show that if u is a distribution (in the sense of L. Schwartz) and Lu is
smooth on an open set W, then u is smooth on W. In fact, after proving
that L itself is hypoelliptic, we will show that the associated heat operator
L + 0 is also hypoelliptic.

3.4.1. Hypoellipticity of L: After an elementary translation and rescal-
ing, one sees that it suffices to prove that if u is a distribution and Lu |
B(0,5) = f € Cg°(B(0,5);R), then w | B(0,1) € C*°(B(0,1);R). With
this in mind, choose n € C$°(B(0,4);[0,1]) so that n = 1 on B(0,3), and
set @ = nu. Obviously, it suffices for us to show that @ [ B(0,1) is smooth.
To this end, define ig(z) = (p(0, =, -),a) for (§,x) € (0,1] x RN. Because
@ has compact support and p(6,z, -) € C(RY;R), there is no question
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that g is well defined. In fact, because (6, z,y)~p(d, x,y) is smooth, one
can easily check that (0, x)~tg(x) is smooth and that (cf. (3.3.10))

= (L (p(0,x, -)),a) = (p(0,x, ), La).

Now, write Li = f + @, where f = nf. Clearly, ¥ is a distribution with
compact support in the open annular region A = B(0,4) \ B(0,2), and

*) dio ) = @y — /0 upE, ) de - /9 () d,

where 0¢ = (p(§,x, -),0). The first term on the right-hand side of (*) is
smooth, and, because f € C2°(RY;R), we know (cf. Corollary 2.2.8) that
the second term is also smooth and has derivatives which can be bounded
independent of § € (0,1]. To handle the third term on the right of (*),
notice that

8;‘179(1:) = (82‘]5(0@, ')7’D>a

where p(0, z,y) = 7(y)p(0, z,y) with an 7 € C° (A; [0, 1]) which is 1 on an
open neighborhood of supp(?9). Since, by Theorem 3.3.11, all derivatives of
(2,y) € B(0,1) x RN +— p(0, z,y) are bounded independent of § € (0, 1],
it follows that all derivatives of the third term are bounded independent of
6 € (0,1]. Thus, we have now shown that, for every a € NV,

sup  sup [0S7g(x)| < cc.
0€(0,1) zeB(0,1)

With the preceding result at hand, all that remains is to check that
up tends, in the sense of distributions, to w as 8 \, 0. For this pur-
pose, let o € C°(RY;R) be given, and set ul(t,y) = (¢, P (t,y)). Then
(p,ug) = (u; (0, -),a), and so (remember that 4 has compact support) we
will be done once we show that u (0, -) — ¢ in C*(R";R). But, using
(2.5.5) and applying Corollary 2.2.8 to the transition probability function
(t,7)~PT(t,7), this is easily verified.

3.4.2. Hypoellipicity of L 4+ 0;: In this section we will prove that the
heat operator L + 0; is also hypoelliptic. The basic idea is essentially the
same as in §3.5.1, although the details are slightly more intricate.

THEOREM 3.4.1. Let W be a non-empty, open subset of RY; assume
that a : W — Hom(R™;RY) and b : W — R are smooth functions
with the property that, for each x € W, a(x) is symmetric and strictly
positive definite; and define the operator L accordingly, as in (1.1.8), on
C?(W;R). If, for some open interval J # () and distribution u on J x W,
(L+0)u=feC>®(JxW;R), thenu e C>*(J x W;R).
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Proor: Without loss of generality, we will assume that a and b are defined
and smooth on all of RY; that a, b, and all their derivatives are bounded;
and that, for each z € RY, a(z) is symmetric and, for some € > 0, a(z) >
el. Further, after translation and scaling, we may and will assume that
J =(-5,5) and W = B(0,5). What we have to show is that u is smooth
n (—1,1) x B(0,1).
We begin by choosing n € C°((—4,4) x B(0,4);[0,1]) so that n = 1
n [—3,3] x B(0,3) and setting @ = nu, f = nf, and o = f — (L + 8;).
Clearly7 o has compact support in A = [(—4,4) x B(0,4)]\ [[-2,2]x B(0, 2) }
Next, choose p € C2°((1,2);[0,00)) with total integral 1, and set pg( ) =
0~ 1p(0~1t) for 0 € (0,1). Finally, set

g(t,x) = (po(- — t)p(- — t,,%),a),

where the notation is meant to indicate that, for a fixed (¢, x), the action
of @ is on the function (7,y)~pe(T — t)p(7 — t,x,y). In order to compute
L iig(t, ), observe that

d . _ _
2P0 () = —ve(t),  where ¥(t) = tp(t) and 9y (t) = 0 L0 1).

, dflgue(t x) equals

*<6 (7/}9 ! —t)p(~ 715,1’, *))aﬁ>+<7/}0( 7t)Ljp(' 7t’xa*)7ﬂ>
<¢9( _t) ( _taxa*)af>+<¢9(' _t)p( —t,.’[,*),’ﬁ>,

Hence

and so

1

%w@=ammw—/<%0—wm-—t%ﬂfﬁ%—éth@%7
where @9 (t, ) = (Yo(- — t)p(- —t,x,%),0).

Just as before, the first and second terms on the right have derivatives
of all orders which are bounded independent of # € (0,1). As for the
third term, ¥y poses no problems as long as 6 € [%,1). Thus, suppose
that 6 € (0,3), and consider (t,z) € (-1,1) x B(0,1). Next, choose
neCcx (A; [0, 1]) so that 7 = 1 on an open neighborhood of supp(?), set
Po(t,x; 7, y) = 7(t,y)pe(T — t)p(T — t,2,y), and note that Ty(t, x) is equal
to (po(t,x; -, ), ). The key to controlling derivatives of this quantity is
the observation that pg(t,x;7,y) = 0 unless |y — x| > 1. Indeed, because
|| <1, ly—z] <1 = |y| < 2. Thus, if |y — 2| < 1 and |7]| < 2, then
7i(,y) = 0. On the other hand, if |7| > 2, then, because |¢| < 1 and 6 < 1,
po(T —t) = 0. Knowing that pg(¢, 2’7, y) = 0 unless |y — x| > 1, we can now
use Theorem 3.3.11 to check that all derivatives of

(t.257y) € (-1,1) x B(0,1)) x (R x RY) — py(t,z;7,y) €R
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are bounded independent of 6 € (0, %], the point being that although
derivatives of py(¢,x; 7,y) produce factors which are reciprocal powers of 6
and 7 —t € (0,26), such factors are canceled by the exponential factor in
the estimates from Theorem 3.3.11.

Given the preceding, it remains to check that uy — @ in the sense of
Schwartz distributions, and this is done by the same line of reasoning for
the analogous result earlier. [

REMARK 3.4.2. There are two remarks worth making about the preceding.
The first is that the same reasoning allows one to conclude that if L is as
in Theorem 3.4.1 and ¢ € C°°(W;R), then the same conclusion holds when
L + 9y is replaced by L + ¢+ 0;. The idea is that, by the technique with
which we handled the Oth order term VT of LT in §3.3.4, one can produce
a kernel which plays the same role for L + ¢ as p(t,z,y) plays for L. The
second remark is of a less practical nature. Namely, it is interesting to note
that the estimates in Theorem 3.3.11 do not, by themselves, seem sufficient
to conclude hypoellipticity. Indeed, at least our proof requires that one also
knows the “do no harm” sort of results contained in Chapter 2.

3.5 Historical Notes and Commentary

As far as I know, elliptic regularity theory began with H. Weyl’s paper
[57], in which he proved that weak (in the sense of L?) solutions to Laplace’s
equations are classical solutions, thereby laying the groundwork for a rig-
orous treatment of Hodge theory. Since Weyl, a small industry devoted to
extensions and refinements of his result has grown and flourished. Indeed,
these extensions have become essential ingredients in the work of geometers
as well as traditional analysts. For example, the Index Theorem of Atiyah
and Singer and its descendants make heavy use of them.

In this chapter, the approach I have adopted makes minimal use of the
powerful techniques (some of which are explained in Chapter 7) which an-
alysts have developed. Instead, in keeping with the contents of Chapters 1
and 2, I have based the treatment on It6’s representation of solutions, to
which I have applied a technique which, a long time ago, I dubbed “Malli-
avin’s calculus.” In fact, just as Chapter 1 is a poor man’s version of It6’s
theory, the present chapter is an equally poor man’s version of Malliavin’s.
Malliavin’s seminal idea in [37] was that It6’s representation provides a ve-
hicle for transferring smoothness properties of Gaussian measures to the
distribution of a diffusion process. If one is doing true Malliavin calculus,
implementation of his idea requires one to come to terms with all sorts of
technical difficulties® which arise when doing analysis in infinite dimensions.
In this chapter I have avoided those difficulties by doing all the analysis on

3 All these come down to the uncomfortable fact that, in infinite dimensions, Sobolev’s
embedding theorems are false. Specifically, although the solution to an It6 stochas-
tic integral equation is infinitely smooth in the sense of Sobolev, it need not be even
continuous in a classical sense.
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the approximating quantities, which are finite dimensional. A similar, but
somewhat different, approach was taken by D. Bell in [7].

The treatment of hypoellipticity in § 3.4 is taken from [32]. In that it is
potential theoretic, it bears greater resemblance to Weyl’s [57] than most
modern, analytic approaches, like the one described in Chapter 7.



CHAPTER 4

Nash Theory

In this chapter we will develop a theory which, at least from the proba-
bilistic perspective underlying our thinking up to now, gives results which
are surprising. On the other hand, since, from the outset, the reasoning
here has minimal probabilistic input, maybe the surprise should not be too
great.

Although, as explained in §1.1, (1.1.8) was the probabilistically natural
way for Kolmogorov to write his operators, there are good physical as well
as mathematical reasons (cf. Remark 4.3.10 below) for thinking that it is
preferable to write our operator in divergence form, that is, to write

N
1
(4.0.1) Lo =1V-(aVyp) = 3 Z Oz, (01502, 0).

1,j=1

This is the form in which the operator arises when one is thinking about
conservation laws in physics or about Euler-Legrange equations when doing
variational calculus, and, from a purely mathematical standpoint, it has the
obvious advantage of being formally self-adjoint. In fact, under mild decay
conditions on ¢ and 1,

(402) (SD7 Lw) L2(RN;R) = _% <v907 avw) L2(RN;RNY)?

which is the crucial fact on which everything else in this chapter turns.

Under the assumption that a is symmetric and satisfies (3.2.1), we will
show how to systematically exploit the advantages of writing L in diver-
gence form. The most important conclusion which we will draw is that
our upper bound in Theorem 3.3.11 on the fundamental solution can be
complemented with a commensurate lower bound. Of secondary, but con-
siderable, interest will be the freedom of our conclusions from regularity
properties of a. Namely, all our estimates will depend only on N and the
upper and lower bounds on a.

Once we have dealt with operators of the form in (4.0.1), we will show
how to deal with operators containing lower order terms.

82
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4.1 The Upper Bound

Let L be the operator in (4.0.1). Besides (3.2.1), we will be assuming that
a is smooth and has bounded derivatives of all orders. Thus, by the results
in §3.3, we know that there is a smooth (t,z,y) € (0,00) x RY x RN +—
p(t,x,y) € [0,00) which is a fundamental solution to the heat equation
Oyu = Lu.

Our first application of (4.0.2) is to check that

(4.1.1) p(t,z,y) = p(t,y,x) for all (t,2,y) € (0,00) x RN x RV,

One way to check (4.1.1) is to note that LT = L and therefore, by (3.3.8),
§3.3.4) that PT(t,x) = P(t,x). Alternatively, for o, € C’E(RN R), one
can use the estimates in Theorem 3.3.11 and (4.0.2) to justify (cf. (2.0.2))

d
ds (“w(t —5), uw(s))LZ(RN;R)
_(Lutp(t - 8)7 uw(s))LQ(RN;R) + (utp(t - 8)7 Lu¢(8))L2(RN;R)

= (Vucp(t — s)7aVuw(s))L2(RN;RN) — (Vuw(t — s),aVud,(s))B(RN;RN) =0,

which means that
[ ettt u)it) dody = (6.0 0) e
(w’ u¢( L2(RN;R) //w p(t, y, z)p(z) dedy.

As in §2.5, it is best to employ operator notation here. Thus, we will
write

Pip(z) = up(t,x) = /tp(y)P(t,x,dy) = /sa(y)p(t,rc,y) dy.

Because L = LT, and therefore VT = 0, Theorem 2.5.8 tells us that,
for each r € [1,00], P; determines a contraction on L"(R™;R), which, by
(4.1.1), is self-adjoint on L?(R™;R). In particular, these facts have the
consequences that

(412) ”th”LT(RN) < ”QO”L“"(RN) and (waPt@)[g(RN;R) = (@thw)LQ(RN;R)

extend to all ¢ € L"(RV;R) and ¢ € L™ (RN;R) when 7/ is the Holder
conjugate of r € [1,00).

4.1.1. Nash’s Inequality: As we have just seen, P; is a contraction
on L"(RY;R) for each r € [1,00]. However, an examination of our proof
reveals that this property relies only on L = LT and has nothing to do
with ellipticity. To bring ellipticity into play, we exploit (4.0.2), and the
following Sobolev type result is the one which will enable us to do so.
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LEMMA 4.1.3. If ¢ € CL(RY;R) N LY(RY;R) and V¢ € L2(RN;RY),
then
2+% < C 2 %
||¢‘|L2(RN;R) = NHVQOHL?(]RN;RN)”‘»OHLl(]RN)a
where C'y < 0o Is universal.

ProoOF: Without loss of generality, we may and will assume that ¢ €
C>(RY;R).

There are several ways to prove the asserted inequality. One of them is
to use Parseval’s identity and |@(§)| = |¢]|&(€)] to write, for each R > 0,

e el = [ lp@Pa+ [ jporas
B(0,R) B(0,R)C
< QNRN”SO”QLI(RN) + (QW)NR_QHV‘PHiZ(RN;RN)v

and to then minimize the right-hand side with respect to R. A second and,
in view of the context, perhaps more revealing proof is to set ¢(t) = g(t)*¢,

where g(t, ) = (2mt)” % exp (—%) is the standard heat kernel, and write

1 t
(907 @(t))[g(RN;R) = ||<pH%2(]RN;]R) + 5 /0 (503 ASD(T))LQ(]RN;]R) dr.

Note that, because all the operations are translation invariant and therefore
commute with one another,

|(§07 A‘)D(T))Lz(RN;R)‘ = |(V<P7 v‘P(T))Lz(]RN;RN)‘
< IVell 2@y l9(T) * Vol L2 @y myy < HVSDHQL?(RN;RN)?

where, in the final step, we have used the fact that, since [|g(7)|| 11~y = 1,
convolution with g(7) is a contraction in L?(RY;RY). At the same time,

_N
(@»@(t))Lz(RN;R) < el @ylle@) |l poe @ny < (27t) 2 ||S0||2L1(RN)~

Hence,

_xN
lollZ2@n.my < 27t)” 2 @l i@y + 51VelT2 @y gy

for all £ > 0. Now minimize with respect to t. O

To give an immediate demonstration of the power of Lemma 4.1.3, let
¢ € C(RY;R) with [l¢|| 1@~y < 1 be given, and set u,(t) = Pyp. Since
ue @l @yy < 1,
d 2
% ||u</7(t) ||L2 (RN;R) = Q(USZJ (t)7 LuCP (t))LQ(RN;R) = - (vugm GV’U;LP (t))L2(]RN;]RN)

€
< _6||vu<ﬂ||2L2(RN;RN) < _CiNHUw( )||L2 RN;R)
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Hence, |[ug ()] 2@y m) < (M) g t=%, and so we have shown that the
operator norm ||P;||;_2 of P; as a mapping from L'(R™;R) to L?(RV;R)

satisfies Y
NCy\* _
Pilia < (520) ¢

[N+

2¢

Working by duality, this also shows that, as a mapping from L*(R™;R) to
L% (RY;R), the norm ||Py||2_o of P; satisfies the same estimate. That is,
by (4.1.2) and Schwarz’s inequality,

|(¢’Pt¢)L2(RN;R)| = |(Pt¢v‘p)L2(RN;R)|
<Pl 2@y imy el 2@y vy < [IPelli—2ll¥ll 2 @myllell 2 @y my s
and so [Pyl Loy k) < [Pilli-2/l¢l L2y g)- Finally, because Py =Py o
P ., this means that the norm || Py||1—o of Py as a mapping from L' (R"; R)

to L (RN R) satisfies || Py[1—oc < An(et)™ 2 for some universal Ay < co.
Equivalently,

_N
J[ ettt .00 dady] < Anet) Flpls oo sl ¥l viny

from which, because p(t,x,y) is continuous, it is an easy step to the con-
clusion that

(4.1.4) p(t,z,y) <

An

()

REMARK 4.1.5. Although (4.1.4) looks like a deficient version of the es-
timate in Theorem 3.3.11, there is a significant difference. Namely, the
estimate in (4.1.4) is independent of the smoothness of a. To understand
why this is important, remember the scaling argument which we used in
§3.3.3. Applying it to an operator in divergence form, we see that

(4.1.6) p(t,x,y) = )\_%pA()\_lt,)\_%x,)\_%y),

where py is the density corresponding to ay(z) = a(A2z). When our esti-
mates depended on smoothness properties, we could not afford to take A
large, and that is why our estimates in Chapter 3 were actually estimates
for t € (0,1]. However, when smoothness does not enter we can take any
A € (0,00). Thus, for example, scaling allows us to derive (4.1.4) for all

€ (0,00) from (4.1.4) for ¢t = 1.

A second remark is that (4.1.4) is an estimate for p(t, z, y) on the diagonal
y = z. To see this, use the Chapman—Kolmogorov equation and (4.1.1) to
write

p(tx,y) = /p(%,x,é)p(%,y@) d¢

< (/p(é,sc,é)Qd§>é (/p(é,zﬁ§)2ci§>é = p(t,z,2)2p(t,y, y)*.

Thus, when L is in divergence form, sup, , p(t,z,y) = sup,, p(t, z, ).

Nl
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4.1.2. Off-Diagonal Upper Bound: We will next show how to replace
(4.1.4) with an off-diagonal estimate like the one in Theorem 3.3.11, only
now the estimate will be sharper and not depend on the smoothness of a.

Given a 1 € C*°(RY;R) having bounded, continuous first derivatives,
set

pY(t,2,y) = e " @p(t, . y)e? ),

and define the operator Pf’ by

Py p(r) = / oWp® (1,2, ) dy

for p € C,(RY;R). Because of the estimate in Theorem 3.3.11, there are no
integrability problems in the definition of Pf’. In addition, one can easily
check that PY,, = P¥ o P! and

d
%ngo LYPYy,  where LYo = e Y L(e%y).

What we want to do is apply the technique in §4.1.1 to get an estimate
on ||PY|lao. However, there is a problem here which we did not have
there. Namely, we must find out how to avoid the use which we made there
of Pt]- =1.

LEMMA 4.1.7. Set

(4.1.8) D(¢) = sup \/ (Vi (x (m)Vw(x))RN

zERN
There is a K < oo, depending only on N, such that

Ky a+oip@)?
e 2

P/ llaoo <
e e e

for every § € (0,1].

PROOF: Let ¢ € CZ(R™;[0,00)) \ {0} be given, and set u(t) = P/ and
vp(t) = ||u(t )HLT(RN) for r € [1,00). Because

HP%(pllLl(RN) = (e—w’ Pt(eww))LQ(RN R) (Pte ’ w‘p)LQ(RN;R) >0,
it is clear that v,(t) > 0 for all  and ¢. Next,

1'}27‘(75) = U27'(t)172r (u(t)Zrilv qu(t))LQ(RN;Ry
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and!
(w®)* ™Y LYu(t) o oy = _% (V(B_w“%_l(ﬂ)v“v(ewu(t)))m(RN;RN)
= L V() aVu(0) v g
— (= D (P Tu(8). 0V ey + 5 (U0 T.0T8) v
< =5 (w2 IVU(), V(D)) g oy + 5 (UOT VLAV o)
< ST Py + 2

At the same time, by Lemma 4.1.3 applied to u(t)",

24 &
lw(®)" |2 @, )2+
ON V() |22y vy = L2®NE) _ Var(t)

4 ar )
HU(t)rHEl(RN;R) vr(t)™
and so we can now say that
Vo, ()N rD(1)2
(*) 1.12r(t) <— € 2 ( ) + ('l/]) 'UQr(t).

2CNT v, (H)F 2

Applying (*) when r = 1 and ignoring the first term on the right, one

sees that vs(t) < etD(;p) ¢l L2~ r)- Before applying (*) when r > 2, set

wy(t) = sup T%(T72)’L}T(T).
T€[0,t]

1D(1/;

Then, ws(t) < e ¢l L2 m~r) and (*) can be replaced by

€ 1T 20, ()TN N TD(w)zvgr(t).

Do (t) < — r
2r(t) < 20N w,.()F 2

After elementary manipulation, the preceding can be rewritten as

ar

d _ trD(y)? TN 2¢ r—9 t2r2 D ()2
— | e 2 Ugr(t) > - 4r t € N
dt NCyw, (1) %

7

1 Here and elsewhere, we make frequent, and occasionally creative, use of the quadratic
inequality |(&, an)pn| < %(E, a) + %(777 an)gn for any symmetric, non-negative definite
a € Hom(RYV;RN), ¢, n € RN, and § > 0.
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and therefore, for any ¢ € (0, 1],

t
t2r2 D ()2 ar 2¢ 5 r2r2D(9)?
e N 'UQT(t> N Z S E—— TT 26 N dr
NCNwi ()~ Ja-25)e
T

1

2¢ t2r2D(w)?  _ t26D(y)?

> 747,157"716 N e N T2 dr.
NCnw,(t) ™ 1_ 5

2

Hence, since

L 1 s\ 5
r—2 _ _ _ >
/1—LT dr — 1 (1 7’2> et

2

for r > 2, we can say first that

N
NCyr2\ % 5D ()2
N ¢ar (=) o= wy. (1),

V() < <65

and then that

&2

5D ()2

N 2
CNT) e 2 wp(t), r>2.

way (1) < < =5

Working by induction on n > 2, we arrive at

w2n (t) S 4

N Nt NC T2 (1—21=")15 D ()2
T 2-m N U-2" toDw)”
1 Zm:lm ( ) e 2 'LUZ(t)»

€

and so, after letting n — oo and using our estimate on wsy(t), we get

N
NCN> T 140 pw)?
e

)
Yl < (25 2 vy O

Because the adjoint of Pz) is P, ¥ we can use duality and the result in
Lemma 4.1.7 to get the same estimate for |P¥||;_2, and therefore, since
Pl (P))"

PV 1 < Q%K?VBM
P e ¥ '
Equivalently,
2% K2 1 D()2
plta,y) < N exp (¢(x)_¢(y>+t< +9) <w>>
(edt)= 2
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Obviously, what we want to do now is minimize the right-hand side of the
preceding with respect to 1 and to interpret what that minimization yields.
For this purpose, recall that the Riemannian distance from x to y relative

to the Riemann metric a~?! is

d(z,y) = inf ) () un dT
(4.1.9) i \/A ) )»

where m € C*([0, 1]; RY).
LEMMA 4.1.10. For each o > 0,

d(z,y)?
200

aD(y)?
2

sup {0(s) - (o) - e @R} =

PROOF: Set
D(z,y) = sup{[v(y) — ¥(z)| : ¥ € C®(RY;R) & D(¥) < 1}.

Then, after replacing ¥ by Ay and minimizing over A, one sees that

sup { () —vle) - ALy e o> m¥im |

- { ((y) — ()"

D(z,y)*

2

20 D(0)? : wECl(RN;R)}:

Hence, we will be done once we show that d(z,y) = D(z,y). To this end,
first suppose that ¢ € C*®°(RY;R) with D(z)) < 1, and note that for any
7€ C'([0,1;RY) with 7(0) = z and 7(1) =y,

1

[¥(y) —v(@)| =
/ww )lfa(a(r) H(r)| dr

< \/~/0 (7%(7)7a(7r(7))7 ’fT(T))]RN dr.

Hence, after minimizing with respect to 7, we see that D(z,y) <
To get the opposite inequality, we must check first that D( )

()| for any v satisfying the Lipschitz condition [¢(n) —(€)|
all £, € RN . For this purpose, we begin by showing that if ¢ €
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and [1(n) — (&) < Cd(€,m), then D(b) < C. Indeed, given § € SN~1, set
m(7) = & 4 tra(z)20. Then

(¢ (2 + ta(z)26) — (z))* < C%d(w,x + ta(x)?6)”

< C? /01 (ﬁt(T),a(wt(T))ilﬁt(T)) dr

RN
= CQtz/o (a(m)%G,a(m(T))_la(a:)%9>RN dr,
and so
(a()2V(x),0)5y = lim t72(¢(z + ta(z)30) — () < C2,

£\,0

from which it is clear that D(v)) < C. Next, let ¢ be any function satisfying
[¥(n)—(&)| < d(&,n) for all €, € RY be given. We want to show that 1) =
limsw o 95, where {15 : s € (0,1]} C C°°(RY;R) satisfies lims o D(5) <
1. For this purpose, choose p € C® (B(O, 1); [0, oo)) with integral 1, and set
Vs = ps*1, where ps(€) = s~V p(s71E). Then each 1, is smooth, g — 1)
uniformly on compacts as s\, 0, and

(1) — 1 (€)] < / pe(Q)d(E — ¢ — C)dC.

Hence, since
[ o0t = 6n = 0 ¢ < Cuate )

where
Co = sup{Ja(¢’ = ) 1a(®)]],, : € €RY & <sp N1,
we have that lims o D(1)s) < 1. Finally, this means that
D(z,y) > lim D)
Now take ¥(§) = d(z,€). By the triangle inequality, |¥(n) — ¥(&)| <

d(&,n), and so, by the preceding, D(x,y) > |¥(y) — ¥(x)| = d(z,y). O ;
By combining Lemma 4.1.10 with the estimate which we already have on
p(t,x,y), we get the following upper bounds.

> [¢(y) — ()]

THEOREM 4.1.11.  Assume that L is given by (4.0.1), where a : RY —
Hom(RY; RY) is a smooth function which, along with each of its derivatives,
is bounded. Further, assume that, for all v € RN, a(x) is symmetric and
satisfies a(x) > el for some € > 0. Then, for each ¢ € (0,1],

Ky d(%y)Z
< R S —
Pt y) < ¥ P ( 21+ 6)t)°
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where K < oo is a universal constant depending only on N and d(z,y) Is
the Riemannian distance described in (4.1.9). In particular,

d(z,y)?

lim ¢1 t < —
lim ogp(t,z,y) <

and

Ky |y—:v|2
t < —
p(7x’y)_(et)% exp( 4AL )

where A = sup,cpn ||a(z)||op-

PROOF: The first assertion is exactly what we just finished proving, and
the second assertion is an immediate consequence of the first. Finally, to
prove the last assertion, all that one needs to do is take 6 = 1 and note
that d(x,y)? > A~!|y — z|?>. This last fact is perhaps most easily checked
by using the equality d(z,y) = D(z,y), which was established in the proof
of Lemma 4.1.10, and taking test functions of the form ¢ (x) = (6, 2)g~ to
estimate D(z,y). O

4.2 The Lower Bound

In this section we will do our best to develop a lower bound for p(t, z,y)
which complements the upper bound in Theorem 4.1.11. Before getting
down to business, it may help to recognize that the upper bound immedi-
ately gives a lower bound at the diagonal. Namely, from the last estimate
in Theorem 4.1.11, we know that

w|z

AT A
/Iy —z’p(t,z,y) dy < 2Ky (>

€

Hence, because p(t, x, - ) has integral 1,

/ . pltx,y)dy >
B(z,tZR)

N
47 AN\ 4
. .
In particular, if we use |T'| to denote the Lebesgue measure of ' € Bgw,
then

|~

(4.2.1)

Nl=

where R = R (£) = (4Ky)

p(2t,w,w)=/p(t7x,y)2dy2/ . plta,y)dy
B(z,t2 R)

v|Z

2
1 1
R e t,z,y)d > ¢t~
~ |B(z,t2R)| </B(z,t%mp( v) y) 4O RN
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That is, there is an ay € (0, 1], depending only on N, such that

(t,z,2) > ( ‘ )42 5
,T,x) > an | — .
p N7

The simplicity with which one gets the preceding estimate is deceptive
because it avoids the real issue. The real problem is to get away from
the diagonal, and the solution to this problem requires us to prove a local
“ergodic” result. That is, we must show that, by time ¢, the diffusion with
transition density p(¢, z,y) has had time to spread more or less evenly over
a ball centered at x of radius proportional to t3.
4.2.1. A Poincaré Inequality: The ergodic result on which our proof

relies is the Poincaré inequality for the Gauss distribution . More precisely,
we will need to know that

(4.2.2) e = {2 M2 rm) = (0% 7) — (0,72 < IVel32(mmy

for ¢ € C1(RY;R) with slowly increasing derivatives.
There are many ways to prove (4.2.2). Among the most elementary is to
use the Mehler kernel,

ly|2

m(t,x,y) = (27r)gg(1 —e Py —etz)e 2

—(1- 672:5)—% exp e e = 27 (@, y)ry +e” Myl 7
21— e 20)

_l=I?

where, as usual, g(t,z) = (2rt)" 2 e~ 2r is the heat kernel for 1A, Next
define

M,p(z /m (t,z,y)e(y) v(dy) = /9(1 —e Ly —ez)p(y) dy.

Notice that, because m(t, z,y) is symmetric and, for each (¢, x), is a prob-
ability density with respect to v, we can repeat the argument given at the
beginning of §4.1 to see that M, is a self-adjoint contraction on L?(7;R).
Next, assuming that ¢ € C(RY;R) is slowly increasing, one can easily
check that (¢,z)~~M;p(z) is a smooth function on (0,00) x RY with, for
each ¢t > 0, slowly increasing derivatives, and that

d

Mip(@) = (A =z V)Mp(x) =

)(@).

Hence, if p € C1(RY;R) has slowly increasing derivatives, then

d
d (907 MtSD) L2(v) (V% VMtQD) L2(y;RN)"
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At the same time, VM, = e *M; V. Thus, because M; is a contraction
on L*(y;RN),

d _ _
_£(@7Mt@)L2(7) =é€ t(V<P7MtV<P)L2(,Y;RN) <e tHv90||2L2('y;RN)'

Finally, it is easy to check that
lim My = and  lim Myp = (©,7)

in L?(y;R), and so (4.2.2) follows when we integrate the preceding over
t € (0,00).

4.2.2. Nash’s Other Inequality: In this section we will prove the esti-
mates on which our lower bounds will be based. Again, the first of these
was found by Nash.

LEMMA 4.2.3. Forf € [O, %}, set pg(t,z,y) = (1 — 0)p(t,z,y) + 6. There
is a non-decreasing k : [1,00) — (0, 00) with the property that

/logpg(l,y +&,y)v(d€) > —k(A) for ally € RN and 6 € (0, 1]

whenever I < a(z) < Al for all z € RV,

Proor: By an obvious translation argument, we may and will assume that
y=0.

Given 0 € (0,%], set ug(t,&) = (1-0)p(t,£,0)+6 and wy(t) = (logug(t),),
and note that, by Jensen’s inequality and (4.1.1),

N
2

wy(t) < log((ug(t),7)) <log((1—6)(2m)~= +6) <0.

Next,

2y (1) = /g(l,f)w d

= /(g,a(f)Vlogue(t,E))RN v(d€)
—|—/(VlogUQ(t,§)7a(g)VIOguﬁ’(tag))RN V(df)
> =5 [(60©)an 08)

+3 [ (108 u0(t,8),a(€)V 08 u0(1,6)) e ()

AN 1 2
> -2+ §’|V10guﬂ(t)||L2('y;RN)

AN

> / (log g (£, €) — wa(t))* 4(de),
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where, at the final step, we have used (4.2.2).
Remembering that wy < 0, we see that

wg(t)2
2

(logug(t,f) — U)g(t))2 > — (10g7 ug(t,é))2.

Hence, for any A > 0 and 6 € (O, %],

[ 0B ua(t,&) = wal0)*2(d) = =3+ ({€: p(t.6,0) = 2 Pua(0)®

Now take R as in (4.2.1) with e = 1. Then, for ¢t € [3,1],

1
35 ) Pbe0dEs [ pine0de

B(0,R)
<20NRNe™ + 25 Ky|{€ € B(0,R) : p(t,£,0) > 272},

where we have used the last inequality in Theorem 4.1.11 with e = 1. Hence,
if we take A = log (SQNRN), we get

’y({f s p(t,€,0) > 26_>‘}) > 7({5 € B(0,R) : p(t,£,0) > 26_>‘})

RrR2
e 'z

-y _n? ) —A
> (2m)"2e = [{¢ € B(0,R) : p(t,£,0) > 2e *}| > P g

Thus, we have now shown that

CAN+X e .

. > 2 1 1
we(t) - 2 2N+37T%KNw0(t) fOI' all (9715) € (0 ] X [2’ 1]'

’ 2

In particular, if wg(t)? < 2N+37T%KN€R72(AN +2)?) for some t € [3,1],
then

_AN+)\2
4

On the other hand, if the opposite inequality holds for all ¢ € [%, 1], then

we(1) > - \/2N+37T%KN6RT2(AN + A2).

R2

e 2 1

we(t) > we(t)?, te[3,1],

e
2N+47T7KN

2
and so wy(1) > —2N 7% Kye's . Therefore, in either case, we have that
there is a r(A) € [1,00) such that wy(1) > —r(A) forall § € (0,1]. O
In addition to the preceding, we will need the following variation on the
same line of reasoning. In the statement below, p € CZ(RY;[0,00)) has
integral 1 and

_ [19OP



4.2 The Lower Bound 95

For example, one can take p = f?, where f € C*(RN;R) with || f|| 2z~ .r) =
Land ||V f| p2@vry) < 00, in which case H(p) = 4||Vf||2L2(RN;RN). Given
such a p and a continuously differentiable path 7 : [0,#] — R, set

(4.2.4) E,(t,7) = /Ot (ﬁ(T),p*a_l(ﬂ(T))iT(T)) dr.

RN
LEMMA 4.2.5. Let py(t,x,y) be as in Lemma 4.2.3. Then, for all (t,y) €
(0,00) x RN, 7€ (0,00), 8 € (0,3], 6 € (0,1], and m € C([0,t]; RY) with
m(0) =y,

/p(g)lo po(t+7,7(t) + &, y)

CAH(p)t (14 8)E,(t,7)
pO(T,y+€7y) .

26 2

d§ >

PROOF: We begin by observing that, by (2.3.2), |[Vp| < Cp2, where C' < 0o
depends only on the bounds on the second derivatives of p. Hence, it is
an easy matter to check that we need only prove the result when p > 0
everywhere, and so we will make this assumption here.

Now, without loss of generality, assume that y = 0, and set ug(s,&) =
Do (s +71,&+7(s), 0). Clearly, it suffices for us to show that

o [ o€ oguats, e > -0 — 120 (i) pxa(as)

1#(5))

RN

But if a(s, &) = a(§+7r(s)), then the left-hand side of the preceding is equal
to

1 p .
-5 (VUG(S),a(s)Vu9(5)>L2(RN;R) + (7(s), Vlog u9(8))L2(RN;R)

1 1 1
-1 [(mwogue(s),a(s)p?vlogu9<s>)L2(RN;R>

+ 2<péa(5)17'r(5) - V—'Z, a(s)p%VIOgu‘g(s)>

2p2 L2(RN ;Rj

1 1 1. Vp 3 —1; Ve
> _2<[p2 a(s) ﬂ'(s) - 2p%}7a(8) [02 a(S) 71'(8) - 2p§i|>L2(RN;R)
= —3(7(5), pa(s)7'7(5)) 2 ny T 3 (7(9): V) 2w o)
—5(Vp, Pila(S)Vp)H(RN;RN)
> *1;5 (#(s).pra™ (x()(s))  — Agfa(p)' -

4.2.3. Proof of the Lower Bound: We at last have all the ingredients
needed to prove our lower bound on p(¢, z,y), and we begin with a prelim-
inary version of our final result. For now, and until further notice, we will
be assuming that I < a(z) < Al
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Let , y € RY be given, and set z = % Then, by Lemma 4.2.5, with
p=g(,-),7=6=1,t=1%, and 7(s) =y + s(z — ),

AN —xz|?
[1owp0(3.6 4 20) 100 > [ togpa(t €+ gt - A - L
since H (g(l)) = N. Similarly, by symmetry,

AN — z|?
J1oemn(3az+ €209 > [1ogm(tn e+ a)atag) - 5 - Lo

Hence, by the Chapman—Kolmogorov equation, Fatou’s Lemma, Jensen’s
inequality, and Lemma 4.2.3,

logp(3,z,y) = log (/p(g,w,ﬁ)p(g,y,é) d£>
= log (/p(ﬁ,w,z +&p(3,2+&y) dé)

> (@)log (/pg(‘;’,x,z +8po(2,2+ & y) ’Y(df))

> g@ Vlogpa(g,x,ZJr&) 7(d£)+/1ogpe(%,z+§,y) v(dﬁ)]

AN
> —2k(A) - -5 - ly —zf?,

and so
p(3,2,y) > e 2N el

Because this estimate depends only on A, we can use scaling (cf. (4.1.6)),
as we have before, to obtain the somewhat crude lower bound

A o2
(4.2.6)  plt,a,y) > “t(ﬂ)e—“”z = (t,z,y) € (0,00) x RN x RV,

where a(A4) = 3% ¢~ 20— 4"

To improve on (4.2.6), choose p as in Lemma 4.2.5, and note that, because
of (4.2.6), we can now use that lemma to say that, for any (¢,z) € (0,00) x
RY, m e C([0,¢]; RY) with 7(0) = =, and 6 € (0, 1],

/ p(©)log p((1+ 6)t, 2, € + (1)) dé

3AS(p)  AH(p)t (1+9)E,(t, )
st 26 2 ’

*)

N
> loga(A) — ) log ot —
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€)d¢. Next, let x,y € RN be given, and choose

where S(p) = [[¢)?
;RY) sothatﬁ ) = z and 7(t) = y. Then, by (*) with ¢

S C’l(
replaced by 5

/ p(€)log p((1+0) L2, € + =) de

N dt 6AS AH(p)t (1+8E,(L,7)
> logay(4) - 5 log 5 — &(p)_ 4((Sp)_ 2p(Q ’

and

/p(f) log p((1+6)5,£+ 2,9)) dé

N ot  6AS AH (p)t 146 t o=
ZIOgOéN(A)—EIOgE— &(p)_ 4((5p) ( )2 o (35 )’

where z = 7(%) and #(s) = 7(t —s). Proceeding as before via the
Chapman—-Kolmogorov equation, and noting that Ep(%,ﬂ') + E,,(%,ir) =

E,(t,m), one can pass from these to

log p((1+6)t,z,y)

1 L X z 1 z
>1°g<||p|u [ o@p(+ 08,6+ p(0 + 9k +9) dg)

o0t 12AS(p)

2t
AH(p)t (14 9)E,(t,m)

20 2 '

> —log||p|lu + 2log an (A) — N log

Now choose and fix a p with compact support in B(0, 1), and set p:(§) =
t=% p(t~2¢). Then

H(p)

(4.2.7) loille =t~ llpllus S(pr) = tS(p), and H(pr) = .

Hence, after replacing p by p; in the preceding, we find that

N 2 245(p P
(44) b0+ 0)tay) = 2N g o (LD (7))

Nlpllut=

for every m € C*([0,t]; RY) with 7(0) = x and 7(t) = y.
Before stating our final result, set

(4.2.8) dip(z,y) = inf{ E,1,m): 7(0) =z & n(l) = y} )
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and note that, because
inf {E,(t,7): 7(0) =z & n(t) =y}
=t 'inf {E,(1,7): 7(0) =z & 7(1) = y},
one can replace (**) by

2% an(A)? _xna
p(t,z,y) > —————F—€ 7 exp (—
SNl pllut =

(1 + 5)2dt,p(xa y)2>
2t ’

where x(p) = 125(p) + 2 H(p).

THEOREM 4.2.9. Assume that eI < a(x) < (eA)I, x € RY, where ¢ > 0
and A € [1,00). There is a universal By : [1,00) — (0,1) such that

2r(p)A
By (A)e” 5 ( (1+0)des p(x,y)Q)
plt,z,y) > ——————exp| — ’
o) 2 e F 2t
for all 6 € (0,1]. In particular,
. d(z,y)?

4.2.1 lim ¢1 -
(4.2.10) Jim ¢ og p(t,z,y) 5

and, when k = k(g(1)) = 28,

O (A)e A <2|y502> _

e
ex
@x P

PROOF: In view of the preceding, the first assertion follows from (**) and

the observation that if pe(¢,z,y) is the transition probability density for

e ta, then p(t,z,y) = pc(et,z,y). As for the second assertion, we already
d(z,y)*

know (cf. Theorem 4.1.11) that limy o t log p(t, z,y) < — =%, and clearly

the estimate just proved gives hﬂt\o tlogp(t,z,y) > _M- Finally, the

p(t,z,y) >

last estimate comes from taking p = g(1), § = 1, and using dy ,(x,y)* <
ety—z> O

4.3 Conservative Perturbations

As yet, the results in this chapter apply only to uniformly elliptic op-
erators which are in divergence form (cf. (4.0.1)). Our goal now is to see
what can be said about operators which are perturbations of operators in
divergence form, and we begin with perturbations by vector fields which
preserve the basic properties of the unperturbed operator.

Let U € C2°(RY;R) be given, and consider the operator L whose action
is
(4.3.1) Ly = %V- (ano) + (VU, aV<p)

RN?
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where a is as in the preceding sections. Our goal here is to obtain upper
and lower bounds on the associated p(¢, z,y) and to show that these can be
made to depend only on
(4.3.2) 5(U) = sup U(z) — inf U(x)
z€RN zERN

in addition to the upper and lower bounds on a.

The observation on which our argument rests is that the operator L is
formally self-adjoint in L2(AY;R), where \V(dz) = €*V dx. To see this,
notice that

and conclude that

(4.3.3) (@, L¢) L2(AU;R) — _% (v@’ avw) L2(AU;R)

for all o, € C?>(RYN;R) N L2(AY;R) with L1, |V|, |Vep| € L?(RY;R).
Starting from (4.3.3), one can proceed, as in the derivation of (4 1.2), to see
that, for each ¢ > 0, the operator P, given by Pyp(x) = [ ¢(y)p(t, z,y) dy
is symmetric in L? ()\U,R) and is therefore a contractlon in LT ()\U;R) for
each r € [1,00]. Notice that this symmetry statement is equivalent to

(4.3.4) 2V @p(t, 2, y) = 2V Wp(t,y, x).

Knowing the preceding, we base our proof of an upper bound on precisely
the same line of reasoning as we used in §4.1. Namely, begin with the
observation that, just as in the proof of Lemma 4.1.7, (4.3.3) leads to

d
*||P7£Z}SD||L2T(,\U;R)
rD(1))?

< _7HP 90||1L?T2(T)\U;R)|‘V(P:5p(p)THL2(>\U;RN) + ||P1p<PHL2T(AU;R)~

Next, observe that Lemma 4.1.3 implies

24+ & *
el 73 o ) < ONIVRIE2 00 ) 11 a0y

where Cn (U) < Cye 7 Hence,
€ HP 99||L2r()\u R) rD(1)?

- [P llor o .
2On (O vl £ T

d
@HPf}SDHLW(,\U) <
(AYiR)

At this point, one can repeat the argument used after

(*) in the proof of
Lemma 4.1.7 and thereby conclude that, for every 6 € (0,1

Al
Ky (U) 6t<1+6>2D<w>2
(ebt) ’

1P} |l2—c0 <
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where we are now thinking of P¥ as a mapping from L2(AU; R) to L= (AV; R)
N

and Ky(U) = 4¥(NCn(U))*. Because P; ¥ is the adjoint of PY in

L2(A\U:R), we also have that |P¥|_. satisfies the same estimate and

therefore that o
22 Ky(U)? . £(1+6) D(w)?
(ebt) %

as an operator from L'(AY;R) to L>®(AY;R). Equivalently,

1P @ll1 o0 <

] [ @ @t et da:dy‘

25 NKn(U)? rasnpew?
= @Te : lerllroo i lerllzi ey,
and so
2095 N K ()2 H1 + 8)D(1)?
p(t,,y) < EvU) ep ('1/)(:r) —(y) + ()W’)) .
(edt)2 9

Finally, just as in the analogous step at the end of §4.1.2, we arrive at the
existence of a new Ky (U), depending only on N and §(U), such that

Kn(U) d(z,y)?
(4.3.5) plt,z,y) < @n¥ P <_2(1+5)t)’

where d(x,y) is the Riemannian distance in (4.1.9). In particular,

Ky (U) ly —zf?
(4.3.6) p(t,x,y) < (et)% exp (— A ) ,

where A is the upper bound on ||al|op.

Our proof of the lower bound is a little more challenging and leads to
a result which complements (4.3.6) but not (4.3.5). As in §4.2.3, we will
begin with the case when I < a(z) < AT and, at the end, will rescale time to
reduce the general case to this one. In addition, because nothing is changed
when we add a constant to U, we will assume that sup,cp~ U(z) = 0 and
therefore that U < 0 and 6(U) = ||U|..

Given z € RV set Z(2) = [ €2V 4(d¢). Clearly, 1 > Z(z) > e 20(U),
Next, set v(z,d¢) = Z(2)"1e2VE+0 ~(d¢). Our replacement for Lemma
4.2.3 will be

/logpe(Lz +&9)7(z,d§) = —k(A,U)
(4.3.7) for |x — 2| V |y — 2| <1,

/ log po(1,, 2 + €) (2, &) > —r(A, U)
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where k(A4,U) < oo depends only on A and 6(U). Without loss in general-
ity, we will assume that z = 0 and |z| V |y| < 1. Finally, observe that we
need only prove the first line in (4.3.7), since, by (4.3.4),

[1ogpal1.2.99(0.4¢)
- / log [V (9 =24) (1 — 0)p(1, €, 2) + 0] 7(0, de)
> [tog[e @ pa(1,.6)] 7(0.4¢)
— [togpa1,.2)5(0,d¢) - 20(0).

To prove the first line of (4.3.7), we want to use the same reasoning
as we did in the proof of Lemma 4.2.3. Thus, set ug(¢,&) = po(t,&,y),
wp(t) = [logug(t,€)~(0,dE), and proceed as we did there to get

. 1 1 2
w9(t) > _5 /(yv a(y)y)RN 7(O7dy) + §||VIOg u‘g(t)HL?('y(O);R)'
Clearly,
il < —< .
5 /(y,a(y)y)RN (0, dy) < 27(0) = ANe

In order to handle the other term, we need the Poincaré inequality

| - <<p77(0)>Hi/2('y(0);]R) < 626(U)Hv9"Hi2(~y(o),RN)’

which can be derived from Lemma (4.2.2) as follows:

2 2
||‘/’ - <‘/’77(0)>||L2(7(0);R) = ||‘P - <¢77>||L2(7(0);R)
S Z(O)_lusa - <SO’,Y>H12(')/;R) S Z(O)_lnv‘PH%Z(q;Rl\’)

< e® Vo220 Ny

With this and the preceding, we now have

. sy L e PO) )
wy(t) > —ANe + THIqu@(t) - 'IUQHLZ(’Y(O);R).

From here, the rest of the argument is essentially the same as the one given
at the end of the proof of Lemma 4.2.3. However, there are two points
which require our attention. First, we cannot guarantee that wg(t) < 0,
but this causes no real problem since, if wg(t) > 0 for some ¢ € (0,1], then
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the preceding says that wy(1) > —ANe?*(U). Thus, we may assume that
wy(t) < 0 for all ¢t € (0, 1], in which case

oz ua(t) — wo (D)2 = ol ({e - Dt € 0)(1,) = 267) —

for any A > 0 and 6 € (0, ]. If we can find A > 0 and o € (0, 1], depending
only on A and §(U) so that

Y{€: p(t & (1€ ) =27 ) 2o, te[§1],

then we can repeat the argument used at end of the proof of Lemma 4.2.3
to conclude that wy(1) is bounded below by a finite, negative constant
depending only on A and 6(U). To this end, first note that, by (4.3.4),

/ (& y) g = V) / e 2V Op(t, y, ) dg > e,

Thus, for any R > 0,

e—20(U) S/ p(t, &, y) d§+/ p(t, &, y) d§
B(0,R) B(0,R)C

R2
e

<QnRYe ™ +[Ipt, - Y)|le—x
e

t,€,y) dE.
+/B(O7R)Cp( & y)d§

Remembering that |y| < 1 and using the estimate in (4.3.6), we can first
choose R so that the last term is less than or equal ie’%(m forall ¢ € (0,1]
and then choose A > 0 so that QyRNe ™ < %e_‘s(U), where both R and A
depend only A and §(U). Finally, another application of (4.3.6) shows that
SUP; (L 1] llp(t, -, y)|lu is bounded by a constant depending only on A and

v({€: plt. & y) = 2e7})

0(U), and this gives us our a.

At this point, one should be looking for the analog of Lemma 4.2.5. How-
ever, that does not seem to be available unless one is willing to allow ones
estimates to depend on ||VU||,, in which case one is in the situation dealt
with in the next section. Thus, we must take another, and less delicate,
tack.

Let z, y € RN with |y — x| < 2 be given, and set z = ‘%y By the
Chapman—Kolmogorov equation, Jensen’s inequality, and (4.3.7), we have

> }@)log (/pe(lvx,z +E)po(l, 2 + &y)v(z,df)) —25(U)
“2k(A,U) — 26(U),
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and therefore that there exists an a € (0,1), depending only on A and
d(U), such that p(2,z,y) > o whenever |y — x| < 2. Next, note that (4.1.6)
holds when py(t,z,y) corresponds to the operator with coefficients a(\-)
and U(X-). Hence, from the preceding, we conclude that

p(t,z,y) > ﬂN when |y — z|* < t,
tz

where 3 = 2% a.
To get further away from the diagonal, we will use a chaining argument,
which, for future reference, we give as a lemma.

LEMMA 4.3.8. Assume that q: (0,00) x RN x RN — [0, 00) is a contin-
uous function which satisfies the Chapman—Kolmogorov equation

o(s + L, y) = / a(s, 7, E)q(t, £, y) dE.

If, for some 3 > 0, q(t,z,y) > ﬂt*% whenever |y — x|> < t, then

1 _ Mly—=z|?
t

e
Mt>

q(t,z,y) >

)

where M € [1,00) depends only on N and (. If, on the other hand,

q(t,z,y) > Bt~ only for |y — x> <t <1, then
1 —Mt— Mly—x|?
t,r,y) > e t
a(t.z.y) = o

for an M € [1,00) with the same dependence as before.

ly—z|?

PROOF: In the first case, note that there is nothing to do unless “=—— >

2
1. Thus assume that @ > 1, and take n to be the smallest integer

dominating . Next, set 7 = £, r = %, Zm =« + L(‘Z—x), and

By, = B(zpm,7) for 0 <m < n. If £ € By, and & € B,,41, then [¢' — €2 <
2
1672 = 74‘y7:21| < L =7, and so, by hypothesis, ¢(7,&,¢') > fr~%. Thus,

by the Chapman-Kolmogorov equation,

Alz—y|?

alt,z,y) = / / A2, 60)q(r, 0. 62) -+ a(rsEnr, ) dE -~ Ay
- - cg(T, €, y) dE - dEn
2/31 /Bnlq<, (T 1.62) - (T Enrry) dEs -y

- n N\ n—1
O (o (5))

T2 T T2
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Since |y — 2| > 2/(n — 1)t and n >4, 5+ > 1 and so

T

N

(S

t2 t2

where A = — log(4*N,BQN). Clearly, this completes the proof of the first
case.

Turning to the second case, note that the argument just given works
when either ¢ € (0,1] or |z — y| > ¢ > 1. That is, we know that

1 _ Mly—=z|?
t

e
Mt¥

q(t,x,y) > when either t <1 or |y — x| > t.

Now assume that ¢t > |z — y| V 1, and take n to be the smallest integer
dominating t, T = £, r :17'%, Zm =+ 2(y — ), and B, = B(zm,7).
Then 7 < 1, |¢ = ¢ <372 if £ € By, and & € By, 11, and so, proceeding
as we did before, we find that

e—IM N\ ™ ne1 nTe M Qe dMN\T!
t,x,y) > Qnr = ,
q( y) = (MTZ;]) ( N ) Mty < M )

and therefore, after making a minor adjustment in M, one arrives at the
desired result. [

THEOREM 4.3.9. Let a : RY — Hom(RY;R") be a smooth, symmetric
matrix valued function satisfying eI < a(z) < (eA)I for some ¢ > 0 and
A € [1,00). Further, assume that U : RN — R is a bounded, smooth
function, and define 6(U) by (4.3.2). Finally, let (t,z,y) € (0,00) x RY x
RN +— p(t,z,y) € [0,00) be the transition probability density associated
with the operator L in (4.3.1). Then there exists a constant M € [1,00),
depending only on A and 6(U), such that

1 _M\y;m@ <l ) < M _\y}\;mﬁ
76 et ~ p ,x7y ~ e et .
M(et)= (et)>

PRrROOF: In view of (4.3.6) and the first part of Lemma 4.3.8 plus the es-
timate which precedes it, there is nothing to do when ¢ = 1. To handle
general €’s, consider (¢,x,y)~p(e~'t,z,y), and argue as we did in proof of
Theorem 4.2.9. 0O

REMARK 4.3.10. There are two good reasons why the results in this sec-
tion may be confusing to people whose primary training is in probability
theory. One of these reasons is terminology. Namely, when L is presented
in the form given in (1.1.8), probabilists call a the diffusion coefficient and
b the drift coefficient. This terminology undoubtedly derives from the fact
it makes perfectly good sense from the probabilistic “path property” per-
spective: a governs the martingale part of the path and b the absolutely
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continuous part. However, this terminology is misleading if one wants the
presence or absence of a drift to be reflected in the absence or presence of
diffusive behavior. To be more precise, say that L has diffusive behavior if
the associated diffusion spreads like t7 in the sense that, for each 6 € (0,1),
there exists an R € (0, 00) such that

/ . pt,r,y)dy >0 for all (t,x) € (0,00) x RV
B(z,t2R)

By Lemma 3.3.12, when L is given by (1.1.8), this property holds if “there
is no drift” in the sense that b = 0. On the other hand, we now know
that it also holds when L is given by (4.3.1) with @ > eI and U bounded.
Thus, at least when dealing with operators L given by L = %V < (aV) +
b -V with a > el, diffusivity seems to have more to do with whether
b = aVU for some bounded U. Hence, in this setting, there is reason
for thinking that the “drift” component of L is the difference between b
and its “projection” onto the space {aVU : U € CL(RM;R)}. Of course,
before this can be made precise, one has to decide exactly how one is going
to take this projection. Nonetheless, without ambiguity, one can say that
there is no drift present when b = aVU for some bounded U. Moreover, this
definition has the enormous advantage that it is invariant under coordinate
changes by diffeomorphisms whose Jacobians are uniformly bounded and
non-degenerate. Namely, if one adopts it, then the set of operators which
will be “driftless” are precisely those of the form given by (4.3.1), and,
as distinguished from those in (1.1.8) with b = 0, this set of operators is
the same in all coordinate systems. To verify their coordinate invariance,
use (4.3.3) to describe L and note that a change of coordinates results in
a getting replaced by J'aJ and U by U — %log |det(J)|, where J is the
Jacobian matrix of the coordinate transformation.

The second probabilistically confusing aspect will bother only aficionados
of Brownian motion. Namely, because probabilists like to think of local time
at 0 as the indefinite integral of dg along a (one-dimensional) Brownian path,
Tanaka’s formula (cf. (6.1.7) in [55]) for reflected Brownian motion indicates
that the generator of reflected Brownian motion is the operator %8% +000,.
Since one seems to get this same operator when one takes U = 1jg
in the theory here, and, because our estimates depend only on the size
of U, as opposed to U’, the fact that reflected Brownian motion never
leaves the right half-line would seem to contradict the lower bound given
in the preceding theorem. Of course, the contradiction is a consequence of
being too casual about ones interpretation of the operator %5)3 + 900, for
which there are at least two rigorous interpretations. The interpretation
which leads to reflected Brownian motion is that the associated heat flow
{P, : t > 0} satisfies

4 V() da

il =5 | V@@

t=0 2 [0,00)
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for all ¢, € C“([O,oo);]R) with compact support. The interpretation
which corresponds to the heat flow in Theorem 4.3.9 is that

/w )P o(x)eto. ) (Z) d:c - /1/} )e?to. ) (@) do

for all p, ¢ € C°(R;R).
4.4 General Perturbations of Divergence Form Operators

In this section we want to extend the results in §§ 4.1 and 4.2 to operators
L given by

(4.4.1) Lo =3V - (aVe) + (b,aVe)gn,

where a € C° (RN; Hom(RY; RN)), be C(RY;RY), and a is symmetric
and uniformly positive definite. However, because our technique relies on
duality, we are forced to consider a more general class of operators, a class
which is closed under formal adjoints. Thus, in order to get our estimates,
we will have to consider operators given by

(4.4.2) Lo =3V - (aV) + (b,aVe)pn — V - (pab) + cp,

where b € C°(RN; RY) and ¢ € O2°(RN;R). Notice that the formal adjoint
LT of such an L is the operator obtained by interchanging b and b. Also,
observe that an L of this sort can be rewritten in the form

| XN N
=5 > 002,00, + Y bi0a, +V,
i,j=1 i=1
where b € CP(RY;RN) and V € C(RN;RN). Thus (cf. § 2.5 and the
reasoning used in § 5.3.4), there exists a smooth (t,z,y) € (0,00) x RN —
q(t,z,y) € [0,00) with the properties that

etV < /q(t,x,y) dy < Vol gnd
dls+tey) = [ alt.€ v)als, 2, dg
and, for all ¢ € C,(RY;R),

(t,z,y) € (0,00) x RY — Quop(z) = /@(y)q(t,x,y) dy

is a smooth solution to Oyu = Lu with limy o u(t, -) = ¢. Furthermore, by
the same sort of argument which we used to prove Theorem 2.5.8, we can
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identify the adjoint Q] of Q; in L2(R™;R) as the operator associated with
LT, and, of course this means that

Q) = / (L y)by) de where ¢ (t,2,y) = q(t, . @).

Finally, until further notice, we will be assuming that
I <a(x) < AI and that ||b||, + ||b]l. < B.

4.4.1. The Upper Bound: With these preliminaries, we are ready to
derive the upper bound for q(t,x,y). Thus, let ¢ € C°(RN;[0,00)) \ {0}
be given, and set u(t, ) = Qup and v.(t) = |[u(t)|| L@~y for r € [0,00).
By the remarks above,

/Qﬂp(w) da = /w(y) (/q(t,:ﬁ,y) dw) dy > e*t”VT”“/w(y) dy >0,

where VT is Oth order term in the operator LT when it is expressed in the
form in (1.1.8). Hence, v,.(t) > 0. Proceeding as we did in the proof of
Lemma 4.1.7, we find that

iy -1, ., ) )
V2 Ly, = _7702742 (Vu",aVu )LQ(RN;RN) + (u"by,aVu )LQ(RN;RN)
+ (e “2T)L2(RN;R)
r—1 , , ,
=- 2r2 (V' aVu )L“’(RN;RN) +r(eru? )L2(RN;R)’

where b 1
. c
by= -+ (2= )b and ¢, = — + 5 (br,aby) g

In particular, by taking r = 1, we get 03 < ||c1||wv2 and therefore that
(143) 0s(t) < 19 2 oy

At the same time, when r > 2, Lemma 4.1.8 allows us to say that

1+4
. < T 1 Var Y
Vor < _ZCNT'Q ’07% +7"||CTHU'U2T,

and so, by the same reasoning that we used in the proof of Lemma 4.1.7,
for each 6 € (0,1],

INCyr?\
way(t) < ((SNT) ew?”u wy(t)  when

wy(t) = sup T%(lf%)vr(T).
T€0,t]

(4.4.4)
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Rather than applying (4.4.8) and (4.4.4) to get a “diagonal” estimate
for q(t,x,y), we develop the corresponding estimate for

g (t,z,y) = e Vgt z,y)e? W,
where 1) is a smooth function with bounded derivatives. But q¥(t,x,y) is
the heat kernel corresponding to LY, where LY@ = e~V L(e¥y), and, after

an elementary calculation, one sees that LY is the operator in (4.4.2) when
b, b, and c are replaced, respectively, by

b =b+iVe, BY =b—3Ve, and ¥ = c+(b—b,aVp) gy +3 (Vih,aVeh) . -

Hence, if Qg =e YQu(e?p) and

Lr(rNy and w¥(t) = sup T%(lf%)vw(ﬂ,
T€[0,t]

ol (1) = QY ¢l

then (4.4.8) and (4.4.4) say that, for every 6 € (0,1],

27N

o2 "0l Huwg{n (t).

4N
W (1) < Ml and wl (1) < <CN)

)
Notice that, for any 6 € (0,1] (cf. (4.1.8)),

AB?2 1496
+——D(®)*

Vi<
et [l < lleflu + 5 >

and, form > 1,
”Cg)" lu < lleflu + 5AB% + 4D(¢))2'

Thus, applying induction and passing to the limit as n — oo, we find that

et<2uauu;r6AB2) (155) D ()
t(1456) D (
1QYelle < Kn————€ 2 [loll2@yir),
(6t)

for some universal Ky < oo, and therefore, since (Q;p)T satisfies the same
estimate, we can repeat the argument following Lemma 4.1.7 to get

N t2|lelu+6AB2)
5

27 Kye d(xay)2
(4.4.5) q(t,x,y) < onx xPp (_ 2(1+ 56)15) '

THEOREM 4.4.6. If p(t,z,y) is the transition probability corresponding
to the operator L given in (4.4.1), where

el <a(x) <Al and |b|l, <B



4.4 General Perturbations of Divergence Form Operators 109

for some 0 < € < A, then, for each § € (0,1] and all t € (0, c0),

K AB? 2
p(t,z,y) < — eXp(30 t_ dy) )

(e6t) = 5 2(1+ )t
where K < oo is universal. In particular,
K

p(t7$7y) < 7Nﬂ exp <3OABQt —
(e(tn1))?

ly — x|
1At

A (30AB2)> .

PROOF: First observe that b = 0 and ¢ = 0. Second, note that p(e~'¢, z, %)
corresponds to the operator e 'L, which is the operator obtained by re-
placing @ by € 'a. Hence, the initial estimate follows from the above. In
particular, by taking § = 1 and using d(z,y)? > A~y — z|?, one gets

Ky 2 |3/*»"U|2
t < AB?*t — 2 1)
p(t,z,y) < % exp (30 1Az

On the other hand, because [ p(t,z,y)dy =1, when ¢ > 1

p(t,z,y) = /p(t —1,z,8p(1,&,y)d¢ < Kijfv\’e:aomgi’7
€72

and so the second estimate follows when one puts this together with the
preceding. [J

REMARK 4.4.7. Although when ¢ € (0,1] the estimates in Lemma 4.4.6
resemble our earlier results, readers may be wondering why the estimate
for large t’s is so different. Specifically, they may be wondering whether
p(t,x,y) tends to 0 as ¢ — oo. In order to see that it may not, take
N =1,a=1, and b € C°(R;R), and assume that feQU(“”) dx = 1 for
some indefinite integral U of b. Because Ly = e 2V9(e2V0yp), we can
repeat the reasoning in §4.3 to check that P; is symmetric in L2(AY;R),
where AV (dz) = €2V(®) dz. Equivalently, 2V @ p(t,z,y) = e2V®p(t, z,v).
In particular, (Pyp, \V) = (p, \U) and Py is a contraction on L?(A\U;R).
Now let » € C,(RY;R) be given. Then

t~(p, Pryp) = HPgS@”ZLZ(Av;R)

is non-increasing and so lim;_. o (<p, Ptcp) exists. But, for s <,

L2(AU:R)
[Prp — PS‘:DH%Z()\U;]R)
= (SD, PQtSD) L2(A\U;R) - 2(807 Ps+t80) L2(A\U;R) + (SD, PQSSD) L2(AU;R)
< 2(@7 PQS()D) L2(AUR) 2(§07 Ps-‘rt(p) L2(AU;R)’
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and therefore ¢ = lim;_, o Py exists in L2(AY;R). Clearly, ¢ = P, for
all t > 0, and so, since we know that P; maps L?(A\Y;R) into Cy,(R;R) and
Cp(R;R) into C°(R;R), ¢ € Cp°(R;R). Furthermore, from ¢ = Py, it is
clear that Ly = 0, and therefore that

@(z) = A/ eV de+ B
0
for some A, B € R. But, because fe2U($) dx < oo and therefore

x
/ e 2V () d¢ — +o0o  as x — to0,
0

A must be 0. That is, @ is constant, and, since (P, \V) = lim;_ o (Pyp, AY)
= {p,\Y), we conclude first that Py — (p, A\U) in L2(AY;R), and then
that

Jim [[Prp — (0, A7) lu < [P1fla—oc Jim [Pr_1p = (0, A"} [ r2 a0 ) = 0.
—00 t—oo
Finally, take ¢(x) = p(1,x,y). Then the preceding says that

tll,rgop(t’ Z, y) = tlig.lo [Pt—lp(lv : 7y)] (Jf)

_ / AU p(1, 2, y) do = AU / p(1,y, ) dz = 2V

uniformly for € R. In particular, p(¢,x,y) does not tend to 0. For the
reader who is concerned that this conclusion contradicts (4.3.5), notice that
the U here is not bounded and therefore (4.3.5) does not apply.

4.4.2. The Lower Bound: Throughout this subsection we will be assum-
ing that L has the form in (4.4.2) with ¢ = 0, and, until further notice,
that I < a(x) < AT and ||b||u + ||b]|u < B.

The proof of our lower bound for q(t,z,y) will follow the same general
strategy that we used in §§ 4.2.2 and 4.2.3. However, there is one nasty
issue here which did not arise there. Namely, in the proof of Lemma 4.2.3,
we made essential use of the fact that [ p(t,z,y)dy =1= [p(t,z,y)dz. In
fact, one might say that this was the property from which all the positivity of
p(t,x,y) derived, but it is a property which q(t,x,y) does not share. Thus,
to get a lower bound on the x and y integrals of q(t,x,y) which does not
rely on the smoothness properties of the coefficients, we must give a separate
argument.

Set n(€) = (14 [€]%)2 + K, where ki is chosen so that [ e~ %) dx =1,
and define

Gs(t,y) = /6_"(5)61(t,y+§,y)5 d¢ & Gg(t,z) = /6_"(5>q(t,w,x+§)6 d¢
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for 8 € (0,1]. We want to show that there is an o = (A, B) > 0 such
that Gy (t,y) AG1(t, ) > o for all (t,z,y) € (0,1] xRN xRN and, because
Gi(t,z) is the same as G1(t,x) for LT, we need only deal with Gy(t,y).
In fact, by translation, it suffices to handle G1(t,0). Thus, set ug(t,£) =
(1 —0)q(t,£,0) + 0, v(d¢) = e O dE, and wpe(t) = (up(t)?,v). When
B €(0,1), wge(t) equals B times

1 ; ﬂ(vua( t), auy > (t)Vug t ))LZ(”;RN)

+ (b + (B —1)by + %Vn,ue(t)ﬁ_laVue(t))

L2(v;RN)
- (V?], Uy (t)ﬁaj)g) L2(v;RN)

1- 2A(B +1)2
> 1 p (Vue(t)aue(t)ﬁ*ZaVug(t))LQ(y;RN) — %_;)wg,g(t),

where by = %B. At the same time, for any 8 € (0,1) and t € (0,1],

’Lb179(t) = (b -+ %VT], aVue(t))

> —w (Vug (t)7 Ug (t)B_Q(IVUe (t))
1 . . 1
- gy (0 BOm?ato + 1)

- (vna Ug (t)a’lv)g) L2(V;RN)

L2(RN) — (VTL u@(t)alvw)Lz(y;RN)
L2(vsRN)

L2(v;RN)

_AB+1)? 1= 02
S (KN (A BT ()

where, in the passage to the last line, we have used the arithmetic-geometric
mean inequality, (4.4. 5) with 6 = 1, and taken Kn(A, B) = 2% KneAB”,
Now, taking 8 =1 — 5% and adding 1, (t) to 11 (t), we obtain

dci (wp,o(t) + wi,p(t))

> —4AN(B +1)?(1+ Kn (A, B)2¥ 1) (wp o(t) + w1 0(t))

for t € (0,1]. Hence, since lim,\ jw16(t) = e 17RN and, by Jensen’s
inequality, wg.o(t) < wy ¢(t)?, we can conclude that wy ¢(t) is bounded below
by an «(A, B) > 0 which depends only on N, A, and B, and, in view of
our earlier comments, this means that

(/ e gty +&,y) dé) A (/ e "Oq(t, z,z +¢) df) > a(A, B)
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for all t € (0,1]. Finally, by again applying the second estimate in Lemma
4.4.6, one can use this to find an R = R(A, B) < oo and an slightly different
a = a(A, B) > 0 such that

(4.4.8) /q(t,y+£,y)d§ A /q(t,x,x+£)d§ >«

B(0,R) B(0,R)

fort € (0,1].

Given (4.4.8), we can more or less repeat the argument in §8§ 4.2.2 and
4.8, and we begin with the analog of Lemma 4.2.8. Set q9 = (1 —0)q + 6.
We want to show that there is a k = k(A, B) < oo for which

(4.4.9) ( / logqg(l,y+s,y>v<dé)) A ( / logqe(t,x,x+€)’v(d€)> >k,

and, for the usual reasons, it suffices to handle the first integral and to do so
when y = 0. Thus, take ug(t,&) = qo(t,£,0) and set wy(t) = (logug(t),7)
for 6 e (O 1]. Then

12
g (t) = 3 (Vlogug(t),aVlog ug(t))LQ(W;RN)
+ (3¢ +b—bg,aVlog ug(t))LZ(%RN) — (&, GBB)LQ(WRN)
%(V log ug(t),aV log u‘g(t))LQ(%RN)
— (36 +0=bp,a(3E+0=00)) gy = (§:D) 2 e,
> ;lllogug(t) — wo(t)l|72 () — C,

Y

where again by = %b, C = C(A,B) < oo, and, at the last step, we
have used Lemma (4.2.2). From here one proceeds in exactly the same
way as we did at the analogous place in the derivation of (4.3.7). Namely,
if we(t) > 0 for some t € (0,1], then wy(l) > —C. If we(t) < 0 for
all t € (0,1], then one can use (4.4.8) to conclude that, apart from an
additive constant, for t € [1,1], ||logug(t) — wg(t)H%g(%R) dominates a
strictly positive constant times wg(t)? and that both these constants depend
only on A and B. Once one knows this, the existence of k comes from
exactly the same line of reasoning that we used earlier.

The next step is to prove the analog of Lemma 4.2.5, and this is easy.
In fact, set ug(t,€) = qo(t,& + w(t),0), a(t,§) = a(& + n(t)), b(t, &) =
b(& + (1)), and b(t, &) = b(& + n(t)), and using the notation in Lemma
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4.2.5, check that?

d

o [ PO tous(t.©) e

1
= 5 (v IOg Ug (t)a pa(t)v IOg Ug (t)) L2(RN;R)

n ((a(t)*lﬁ(t) +b(t) — b(t)g — 3V log p), pa(t)V log u‘g(t)>L2(RN;R)

> —5((a(t)*17-r(t) +b(t) = b(t)g — 3V 1og p),

x pa(t) (a(t) " #(t) + b(t) — b(t)y — 1V logp) )

N - ; 6< (), pa(t)” 17:r(t>)L2(RN;1R)
_ %((b(t) —b(t)g — 1V logp), pa(t)(b(t) — b(t)y — —v1ogp))
1+6 3A(H(p) + B?)

o 2 - s

L2(RN;R)

L?(RN;R)

( (t) pa(t) 17%(t))L2(RN;RN) -

where b(t)g = “L?u b(t). Hence, just as in Lemma 4.2.5, we find that (cf.
(4.2.4))

(f 0w are ™)

q(r+t,z, &+ 7(t))
(4.4.10) A ( [ eterog o d&)

1+6 3A(H(p) + B?)t
z oy Blem -

whenever, in the first case, m(0) =y and, in the second, w(0) = x. Start-
ing from here and using (4.4.9), the same argument that we used at the
beginning of § 4.2.3 leads to

(3,2,y) > ef2an(3N+Bg)fA|y7w\2'
Neat, because q(t,z,y) = A3 q(A~ 1t,)\*%x,)\’%y), where gy corresponds
to the coefficients a(A2 ), A\2b(A\2 -), and A2b(A2 -), this gives

N
2

q(t, z,y) > (?) o~ 2n—A(BN+tB?) - 2Alel fort € (0,3].

2 Just as in the proof of Lemma 4.2.5, it is easy to reduce to the case when p > 0
everywhere, and so we will implicitly assume that p > 0 in the following calculation.
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Now, applying (4.4.10) in the same way as we did in the discussion preced-
ing Theorem 4.2.9, we arrive at (cf. (4.2.8))

HAD) (A 5BY _ (1 Dol

(4.4.11) q(t,z,y) > FOE _

0 2t

for t € (0,3], where B(A,B) € (0,1] depends only on N, A, and B and
k(p) =125(p) + 5H (p).

THEOREM 4.4.12. Let L be given by (4.4.1), and assume that eI < a(x) <
(eA)I for some € > 0 and A € [1,00) and that ||b]|, < B. Then there exists
a 8 € (0,1], depending only on A and B, such that, for each ¢ € (0, 1] and
all't € (0,1] (cf. (4.2.8)),

p(t,x,y) 2 exp <—A(K(p)6+ °B ) (1 + 5)d;;l)(xay)2> ’

(e62t) %
where k(p) = 125(p) + 3H(p). In particular,

d(z,y)?
2

lim ¢ log p(t =—
lim ogp(t,z,y)

continues to hold, and, if ' = 66*2/‘(15]\”52), then

/ _ 22
( tﬁ)N e TS forte (0,1].
€r) 2

pt,z,y) >

Finally, there exists an M, depending only on €, A, and B, such that

M|y — x|?
¢

1
p(t,z,y) > s exp (Mt - fort € (1,00).
2

PROOF: The first estimate follows from rescaling to take € into account and
applying (4.4.11). Given the first estimate here and the one in Theorem
4.4.6, the logarithmic limit is obvious. Also, the second estimate is an easy
application of the first. Finally, to prove the last assertion, start with the
second estimate and apply the second part of Lemma 4.3.8. [

REMARK 4.4.13. Again the reader might be wondering about the precision
of the preceding estimate when ¢ is large. To see that it is correct, at
least qualitatively, one need only consider the constant coefficient operator
L=1L1A+4b-V, for which

2

ly—tb|? lyl?

p(t,0,y) = (2mt) " Te 2~ < (2mt)" Te M5 when (y, b)ga < 0.
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4.5 Historical Notes and Commentary

The theory presented in this section has its origins in the famous paper
[43] by J. Nash. Prior to Nash, no one suspected that one could prove
estimates which depended only on ellipticity and bounds on the coefficients,
and it is still surprising that one can. For analysts, the importance of such
estimates is that they provide a starting point for the analysis of non-linear
equations.

The history of this topic can be summarized as follows. The goal of
Nash’s paper was the proof of an a priori continuity result (cf. §5.3.4 be-
low) for the solutions of elliptic and parabolic equations. Shortly after
Nash’s paper appeared, E. Di Georgi [11] proved a Harnack principle (cf.
§5.3.5 below) for non-negative solutions to Lu = 0, again getting esti-
mates which depend only on the ellipticity and bounds on the coefficients.
Following Di Georgi’s work, J. Moser published [41], in which he reproved
Nash’s and Di Georgi’s results in a spectacularly original and powerful way.
In fact, Moser’s method, now known as the Moser iteration scheme, has
become a basic tool in the analysis of elliptic and parabolic partial differen-
tial equations, where it has been used in a myriad of applications. A little
later, in [42], Moser extended his results to the parabolic setting. In recent
years, Moser’s methodology has been honed and abstracted. See [51] for a
particularly elegant treatment of these developments.

Definitive applications of Moser’s theory to estimates on the fundamen-
tal solution appeared for the first time in D. Aronson’s paper [4]. What
Aronson proved is that p(t,z,y) can be bounded above and below by ap-
propriate Gaussians. Many years later, E. Fabes and I realized that Nash’s
paper contains techniques which lead directly to Aronson’s estimates and
that, given Aronson’s estimates, the results of Nash, Di Georgi, and Moser
are relatively easy corollaries. The treatment given in this chapter as well
as that in §§5.3.4 and 5.3.5 below are derived from the article [16].

The sharpening of Aronson’s estimates to give estimates in which Eu-
clidean distance is replaced by Riemannian distance began with an article
[10] by E.B. Davies, who introduced the idea of looking at (cf. §4.1.2)
p¥(t,2,y) in order to get off-diagonal upper bounds. Somewhat later, J.
Norris and I introduced in [45] the method used here to get the comple-
mentary lower bound in terms of Riemannian distance.

As is pointed out in Theorem 4.2.9 and again in Theorem 4.4.12, these
sharpened upper and lower bounds can be combined to prove S.R.S. Varad-
han’s result,

d(z,y)?

}%tlogp(t,w,y) = —%7
which appears in [56] and is the starting place for his derivation of the
large deviation theory for diffusions in short time. In this connection, it
should be mentioned that one cannot take § = 0 in the exponential term
of the estimates in Theorems 4.2.9 and 4.4.12. The reason for this is best
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understood from a geometric standpoint. To be precise, consider of the L in
(4.3.1) with U = —log(deta). Then L is the Laplacian for the Riemannian

metric a~!. A famous theorem of Pleijel shows that, as t N\, 0, p(t,z,vy)
d(x,y)?

is asymptotic to ((27rt)Ndeta(x))7%e’T as long as y is not in the cut
locus of x. However, when y is in the cut locus of x, the asymptotics
change. The interested reader might want to consult Molchanov’s article
[40] or my article [33] with S. Kusuoka. What Varadhan’s result shows
is that these changes are sub-exponential and therefore invisible after one
takes logarithms.

In this chapter we have assumed that L is presented with its second
order part in divergence form. Of course, as long as the coefficients are
once continuously differentiable, this is simply a matter of notation, since
then one can transform L’s given by (1.1.8) into ones given by (4.4.1) and
vice verse. However, when the coefficients are less than differentiable, the
distinction between the properties of those in (1.1.8) and (4.4.1) can be
profound. Using (cf. §1.4) Levi’s parametrix method, Pogorzelski [48] and
Aronson [3] showed that a Holder continuous fundamental solution satisfy-
ing Gaussian upper bounds exists for operators L given by (1.1.8) when a
is uniformly elliptic and all the coefficients are uniformly Holder continuous
and bounded. An alternative, and in some ways more powerful, approach
to studying such operators is based on (cf. [31]) Schauder estimates. Be
that as it may, as far as I know, none of the existing approaches yields
lower bounds comparable to the ones which we have obtained here for L’s
with divergence form second order parts. Worse, when L is given by (1.1.8)
with a uniformly elliptic and a and b bounded but merely continuous, the
fundamental solution need not be even bounded, much less continuous, at
positive times, although it will be integrable to all orders. Such operators
are handled using perturbative techniques in which estimates coming from
the theory of singular integral operators play the role which Schauder esti-
mates play in the Holder continuous case. See, for example, E. Fabes and
N. Riviere [15]. Finally, when the continuity hypothesis is dropped, matters
are much more complicated. For example, although there is a fundamental
solution, it will not be integrable to all orders. Essentially everything that
is known in this case derives from a beautiful idea in convex analysis of
A.D. Alexandrov [2], whose idea was ingeniously developed by N. Krylov.
For applications specifically to the fundamental solution, see [17].



CHAPTER 5

Localization

Thus far, all our results have been about parabolic equations in the whole
of Euclidean space, and, particularly in Chapter 4, we took consistent ad-
vantage of that fact. However, in many applications it is important to have
localized versions of these results, and the purpose of this chapter is to
develop some of them.

Because probability theory provides an elegant and ubiquitous localiza-
tion procedure, we will begin by summarizing a few of the well-known
facts about the Markov process determined by an operator L. We will
then use that process to obtain a very useful perturbation formula, known
as Duhamel’s formal. Armed with Duhamel’s formula, it will be relatively
easy to get localized statements of the global results which we already have,
and we will then apply these to prove Nash’s Continuity Theorem and the
Harnack principle of Di Georgi and Moser.

5.1 Diffusion Processes on RY

Throughout, we will be assuming that a and b are smooth functions with
bounded derivatives of all orders and that a > el for some € > 0. Given
such a and b, L will be one of the associated operators given by (1.1.8),
(4.4.1), or, when appropriate (4.3.1). Of course, under the hypotheses
made about a and b, the choice between using (1.1.8) or (4.4.1) is a simple
matter of notation, whereas the ability to write it as in (4.3.1) imposes
special conditions of the relationship between b and a.

There are a lot of ways to pass from an operator of the form in (1.1.8)
to the associated Markov family {P, : x € RV} of Borel probability mea-
sures on the path space Q = Q(RY) = C([O,oo);RN). One approach is
to start with Brownian motion and use It6’s stochastic integral equations
to transform the Brownian paths into the paths of the desired diffusion.
A second approach is to follow Kolmogorov and start with the transition
probability function (¢,z)~P(t,x) determined by L and use it to give a
direct construction of the P,’s. Whichever method one chooses, one will
end up with a measure P,, € M;(Q2) which solves the martingale problem
for L starting at x. That is,

(5.1.1) (gp(w(t)) —o(z) — /Ot L<p(w(7')) dr, BhIP’I)

117
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will be a mean-zero martingale for every ¢ € C2°(RY;C), where we have
introduced the notation B; to denote the o-algebra o({w(r) : 7 € [0,t]})
which is generated by the path w | [0,¢]. Indeed, when thinking a la 1td, this
is just the observation that the stochastic integral term in It6’s formula is
a martingale. When following Kolmogorov, it is an encoding of his forward
equation. Namely, for Kolmogorov, P, is determined by

P, (w(tm) € Ty, for 0 <m < n)

=1p(z / / (ti,z,dy1)P(ta —t1,y1,dy2) -+ P(tn — tn—1,Yn—1,dYn)

forn>1,0=ty < -+ <ty,and Iy,..., I}, € Brw~, or, equivalently,

Py(w(0)=2) =1 and

*
) Py (w(s+1t) €| B,) = P(t,w(s),I') (as.,Py).

To see that this description of P, leads to a solution of the martingale
problem, let ¢ € C°(RY;C), and verify that

Eg [go(w(s + t)) — go(w(s)) | Bs]: <<,0, P(t,w(s))> — go(w(s)))
= A <L¢,P(T,w(s))>dr = EP- [/: Lg@(w(T)) dr Bs} ,

which is tantamount to the required martingale property.

It will be useful to know that, under the assumptions we have made about
a and b, the measure P, is uniquely determined by the martingale problem
which it solves. To see this, suppose that P € M;(Q2) and that (5.1.1)
holds when P, = P. We want to show that P must be obtainable from
(t,z)~P(t, z) by Kolmogorov’s prescription. That P(w(0) = z) = 1 is triv-
ial, since (5.1.1) implies that EF [¢(w(0))] = ¢(z) for all ¢ € C(RY;C).
In order to check the second line of (*), we first need to extend the class of
functions for which the martingale property holds. Specifically, we need to
know that if u € C’tl)’Q([O,T} X RN;(C), then

tAT
(5.1.2) <u(t/\T,w(t/\T)) 7/ (0- + Lyu(r,w(7)) dr, Bt,IF’>
0

is a martingale. When w is smooth and has compact support, this comes
down to the observation that (5.1.1) for IP implies

gIEH”[ (s+tw(s+1), Al =EF[(0, + L)u(s + t,w(s + t)), A]

dt
for s € [0,T), 0 <t < T —3s, and A € Bs. One can extend this first
to u € CH2([0,T] x RY;C) by an obvious mollification procedure and can
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then complete the extension by using bump functions. Knowing (5.1.2), the
proof of (*) is easy. Given ¢ € CZ(R";C), take u, as in (2.0.2), and apply
(5.1.2) with u(t,y) = u,(T —t,y). Because (9; + L)u = 0, one concludes
that

(5.1.3) (uw(T—tAT,w(tAT)),Bt,P)
is a martingale, and so, by taking T = s + ¢, we see that
Ef[p(w(s +t)) | Bs] = uy(t,w(s)) = (@, P(t,w(s))) (as.,P),

which, together with P(w(0) = x) = 1, leads quickly to (*).

Finally, recall that the Markov property for {P, : = € R"} is best
expressed in terms of the time shift maps ¥s : Q@ — Q determined by
[Es(w)](t) = w(s +t). Namely, for a Borel measurable ® on  which is
bounded below,

(5.1.4) E™ [® 0%, | B](w) = E*©[®] (as.,Py).

5.2 Duhamel’s Formula

Let G be a connected open subset of RV, take (¢ (w) = inf{t > 0: w(t) ¢
G} to be the first time that w leaves G, note that (¢ is a stopping time
relative to {B; : t > 0},! and define the operator P by

(5.2.1) PFo(x) = E™ [p(w(t)), Glw) > 1]

for Br~-measurable ’s which are bounded below. As an application of
(5.1.4), we see that

PE, (@) = B [p(Suw(t)), (% o Zy(w) > t & (P (w) > 3]
= E™ [P{o(w(s)), (°(w) > s] = P o P{p(a).

That is, {PF : ¢ > 0} has the semigroup property P%,, = PS¢ o P{.
In addition, it is obvious that P{ is dominated by P; in the sense that
PtGap < Pyp when ¢ > 0. In particular, since, by Lemma 3.3.3, we know
that P(t,z,dy) = p(t, x,y) dy, we now know that

Pﬂ@ZL#W%wﬂww

where 0 < p%(t,x,y) < 1g(y)p(t,z,y)dy. Finally, note that, by Doob’s
Stopping Time Theorem (cf. Theorem 7.1.6 in [53]),

tACY (w)
Pip(x) — p(z) =E™ V Lo(w(T)) dT] ,
0

1 Recall that a stopping time relative to {B; : ¢ > 0} is a function ¢ : Q2 — [0, oo] with
the property that {¢ <t} € By for all ¢ > 0
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and therefore

(5.2.2) PCo(x) — p(z) = /0 PCLo(x)dr, (t,z)€ (0,00) x G,

for p € C?(G;R).
5.2.1. The Basic Formula: The goal of this subsection is to develop
another expression for pG(t,x, -), one which will allow us to transfer to
pY(t,x, -) properties that we already know p(t,x, -) possesses. For this
purpose, let ¢ € CZ(RY;R) be given, and set u,(t,z) = Pyp(z). By
(5.1.3) and Doob’s Stopping Time Theorem, we know that

Pio(z) = uy(t,x) = EF= [uw(t—t/\CG( w(tACY) )]

=E* [p(w(t)), ¢°(w) > t] + EF [uw(t—
)+

“(w),w(¢Y)), Calw) < 1]
=P{o(z) +E [Pt (W), Cw) <

) w
t].
Thus, for all Borel measurable ¢’s which are bounded below,

(5.2.3) Pup(a) = P{o(2) + E™ [Py _cop(w(¢)). (¢ < 1],

which is the starting point for everything that follows.
Our first application of (5.2.3) is to the following crude version of the
reflection principle.

LEMMA 5.2.4. There is a C' < oo, depending only on the bounds on ||al|op
and b, such that

P,(C% <t) < Cexp (Ct — M_C,(t;EQ> for (t,z) € (0,00) x G.

PROOF: Given z € G, set R = 1|z — GC|, By = B(z,R), and By =
B(z,2R). Clearly, P,(¢¢ < t) < P,(¢P? < t). Now take ¢ = 1 in
(5.2.3), and conclude that

P(t,z, BC) > E™ [P(t — (P> (w),w(¢??), BiC), (2 (w) < 1]

> <( £ inf PE(vavBIE)) ]PI(CG < t)'

€(0,t]x B0
By the second estimate in Lemma 3.3.12, P(t,z, B;C) < CeCt=% and
2
P(1,§,B0) > P(1,¢,B(§,R)) =1— P(1,§, B(§, R)C) > 1 - CeCt—E7

for (1,€) € [0,t] x BsC, where C has the required dependence. The desired
conclusion is easy from these plus P,(¢¢ <t¢) <1. O
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Our second application of (5.2.3) is to the derivation of Duhamel’s for-
mula in the form

pG(tv '7;7y) = p(t, ac,y) - EPI [p(t - CG(w)vw(CG)7y)7 CG(W) < t]

(5.2.5)
for (t,x,y) € (0,00) x G x G,

and again this is an essentially immediate. Namely, for any ¢ € C.(G;R),
(5.2.3) says that P& p(z) is equal to

/ o(W)p(t, 7, y) dy — EP- [ / o)t — (O (@), w(C%).y) dy, (C(w) < 1|,
G G

where the replacement of (¢ < t by (¢ < t is justified by the observation
that P,_cc e (w(Ce)) = ¢(w(¢%)) = 0if ¢¢ = t. Hence, the right-hand
side of (5.2.5) is indeed a kernel for the operator P{.

Starting from (5.2.5), it is easy to check that, for each (¢,z) € (0,00) X G,
y € G — pY(t,z,y) is smooth and that, for each y € G, (t,7) € (0,00) x
G —— p%(t,x,y) is Borel measurable. The only concern comes from the
fact that t — (%(w) can be arbitrarily small. However, since y € G and
w(¢Y) € OG, the estimates in Theorem 3.3.11 shows that there is nothing
to worry about. Hence, (,7,y) € (0,00) x G x G+ p%(t,z,y) is Borel
measurable, and so the semigroup property for {P{ : t > 0} leads to the
Chapman-Kolmogorov equation

(5.2.6) pG(Sth,aay):/pG(t,x’,y)pG(s,x,x')dfv'
G

for (s,z), (t,y) € (0,00) x G.
5.2.2. Application of Duhamel’s Formula to Regularity: Here we
will show that p®(t,z,9) is a smooth function on (0, 00) x G x G. However,
our estimates will blow up as x and y tend to the boundary 0G. Thus,
the estimates developed here are what a specialist in partial differential
equations would call interior estimates.

As we have already noted, for each (¢,z) € (0,00) x G, y~p%(t,z,y) is
smooth on G. In fact,

(5.2.7) 9ppC(t,x,y) = 0pp(t,x,y) — B [00p(t — %, w(CY),y), (e < 1],

where once again one can use that estimates in Theorem 3.3.11 to justify
the differentiation of under the expectation. At the same time, with very
little further effort, one sees that there is a constant A,, with the same
dependence as the one in Theorem 3.3.11, such that, for ||5]| < n,

sup |00p(7,€,y)]|
(1,€,9)€(0,t] x G x G

(*) A, |y _ GC|2
< —|y GO IAN exp | At — 7Ant .
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THEOREM 5.2.8. pC(t,x,y) is a smooth function on (0,00) x G x G and,
for each n > 1, there exists an A,, < oo, depending only on € and the
bounds on (cf. (2.5.2)) a, b, b", VT, and their derivatives through order
(n+ 1), such that

AneA”t
(tz A |z — GC| A |y — GC|)2m+lal+IBI+N

s exp (_ (Iy — [ A (|2 = GOl +ly GB|>)2>

09208 pC (t,z,y)| <

Ant

for (m,a,3) € N x N¥ x N¥ with 2m + |la| + ||8]] < n. Moreover,
o p (ta,y) = [L™pC (¢, -, y)](x).

PROOF: We have already proved the existence of 65pG (t,z,y), and Theo-
rem 3.3.11 combined with Lemma 5.2.4 and (*) give the required estimates
on it.

Proving the smoothness as a function of (¢,z) is a bit more challeng-
ing. The idea is to differentiate (5.2.7) with respect to z. Because of the
estimates in Theorem 3.3.11, the first term on the right is no problem.
To handle the second, we want to take advantage of the fact that, since
x € G, the probability of ¢& being close to 0 is small. To capitalize on
this observation, define (,(w) = inf{t > s : w(t) € dG}. Clearly, ¢y = ¢“
if w(0) € G, (st =5+ 02, and (s = (; if s <t < (. In particular,
w(0) € G = ((w) \ ¢(w) as s \, 0, and so, for any x € G and
bounded, measurable f : [0,¢] x 0G — R,

E™ [£(t — o, w(¢0)), Co < 1]
= Z EP! [f(t - Ctn+1ﬂW(Ctn+1))1[07t)(<t"+l) - f(t - <t"’w(gt"))1[0’t)(<tn)}
n=0

= Z EP= [Fn+1 o Ztnﬂ} = Z Py, fu(2),
n=0 n=1
where t,, = 27",

F, = {f(t — tn — (o, w(C0))
—flt—tn— Ctn7W(Ctn))1[0,t—tn)(Ctn,)} 10,4,y (Co),
and f,(¢) = E¥¢[F,]. Next, observe that (cf. Lemmas 5.2.4)

€~ GBIQ)

201 < 2071LPe( < 1) < 207 Cexp (C, - £

2" |g—GG|2
Ct .

< 2| fllCete
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We now apply Theorem 3.3.11 to see that, for each a € NV, there is an
A < oo such that |0¢P,, fn(z)] is dominated by

lall+N

ny\ 2z n 12 B 5
At () e ey (-l GO

mn 2 22— G0I2 on 2
< AHfHu (t eAt— \4A? | /exp( |iAt€| )

N
AUTA) 2PN et - 2o,
t

where, in the passage to the second line, we have used |z — &|? 4+ |¢ — GC|?
1(Jz — €*+ |z — GC|?). Summing over n > 1 and using

oo 2n+1

o0

nua| _2"a— 00\2 lodl _q _plz—C \2
E 272 44t E p2 e dp
n=1

(840'F [ ey, (840" (]
—W/O pr e dp = |1:G’E|||F< 2)

we conclude that, for a slightly adjusted A < oo with the required depen-
dence,

AeM|\flla _recoz

(5.2.9) |OSEP= [f(t—¢C(w),w(¢)), (P (w) < t]] < Tz = GO[laT®

Now let o, 3 € NV with ||a|| > 1 and (¢,5) € (0,00)xG be given, and take
f(7,€) = 8Pp(7,€,y) in the preceding. Then, by combining the preceding
with (*) above, we get the asserted estimate when m = 0. Thus, to complete
the proof, all that we need to do is check the final assertion. For this pur-
pose, let (t,z) € (0,00) x G be given, choose n € C£°(G;[0,1]) so that n = 1
on B(zx,r) CC G for some r > 0, and set ©,,,(£) = n(&)[L™pC(t, -, y)](€).
Because

%PSWO(x) = Lpo(z) = [LpG(t, ’ 7?/)](33)7
s=0

and, by (5.2.6) and Lemma 5.2.4,

sTHpC (s +t,3,y) — Pygpo(z)| < 2 sup p(t,z,€)s P, (¢P) < 5) — 0
£eR

as s \, 0, we see that 9;p%(t,z,y) = [Lp®(t, -,y)](z). Finally, assume
that Omp%(t,z,y) = [L™p%(t, -,y)](x), and apply the preceding line of
reasoning with ¢, in place of ¢g. O

5.2.3. Application of Duhamel’s Formula to Positivity: Here we
will show how to use (5.2.5) to get lower bounds on p®(t,z,y). The basic
result is the following.
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LEMMA 5.2.10. Assume that L is given by either (4.3.1) or (4.4.1). Then,
there is a non-decreasing map 6 € (0,1) — My € [1,00), depending only
on ¢ and the bounds on the coefficients (but not their derivatives), such
that

1
Met%
for all ¢ e RN, t € (0,00), and x,y € B(&,0),

Mg |y—=z|?
e_ut_f

pPEN (2, y) >

where p € (0,00) depends only on € and the bounds on the coefficients but
not on 6.

ProOOF: Without loss in generality, we will assume that £ = 0. Also, we
may and will assume that 6 > %

Set B = B(0,1), and, for 0 € [%,1), take By = B(0,6). From Theo-
rem 4.3.9 or Theorems 4.4.6 and 4.4.12 combined with (5.2.5) and Lemma
5.2.4, there is an M € [1,00), depending only on e and the bounds on the

coefficients, such that

B 1 _ Mly—=|? M _a-92 a-6?2
p7(t,z,y) > —Fe T — sup —ge M7 e
Mtz r€(0,¢] T2

N
2

S 1 _ Mly-—=|? MN _<1;49)2
é t f— {\{1 —_— e t
- Mt> 2¢(1 — 6)2 ’

for (¢,z,y) € (0,1] x By x By. Thus, if a = <A14 Ayf 2 )(1 0), then

MYN 5

1 _ Mly—=|?
e t

B
po(tz,y) =
(*) (t,.9) Mtz

for (t,z,y) € (0,a%] x By x By with |y —z| < a.

Next, suppose that (¢,z,y) € (0,00) x By ng with0 <t < |y—x\2. Take

n to be the smallest integer dominating ,and set 7 = £, p =

and, for 0 <m < n, z,, = 2+ 2 (y—x) and 'y, —BgﬂB(Zm, r). Then, since
t<|ly-z*<4,n>2% andso7’<o¢2 Also, since & < n— 1<4‘y ml <n

4ly—=|?
a?t

2
and T; = ‘y;ftl , ‘;—; <= ° < a—; In particular, if £ € T}, and ¢ € T4,
then |¢ — £€]? < 1672 < o?7 < o?. Finally, since r < 0, there exists a

N
dimensional constant 3 € (0,1) such that |T},,| > gr™ > 3 (“3—227) °. Now,
proceeding in the same way as we did in the proof of Lemma 4.3.8 and
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applying (*), we see from (5.2.6) that p?(t,z,y) dominates

/ / (72, €05 (7, €4, 62) -+ PP (72 Enrs ) € - - s

XFn 1
-1
< o—Ma?\" (/BTN)nil > e™M [ BalNe M "
~\2MrE T 2Mtr \2(32)7 M
M Ay—ap
= N CXPp| =7 ],
2Mt> t
here \ = — 4 oo Bale ™
Where oz 108 2(32) % M
So far we have proved our estimate With p =0 for (¢,z,y) € (0,00) x
By x By when either |y — 2>Vt < a? or t < |y — z|2. We now want to

deal with (t,z,y) € [a?,00) x By x By with t > |y — x|2. For this purpose,
take n to be the smallest integer dominating 2 2, and set 7 = %, r=3g,
and, for 0 <m < n, z,, = v+ Z(y —ac)andI‘ = By N B(zm, ). Then

1
n>3 2 <r<e el ot e g ¢ — P <a?<6rifécly,
and &’ 6 [+1. Hence, by the same sort of chaining argument used above,
pB(t,r,y) dominates

3t

—6M \ "™ N _6M N _gM\ o2
(e N) (ﬁrN)n_12326 . ﬁ22eN
IMT2 2M o 2M3=

After combining this with the preceding, we have proved the desired esti-
mate, but with a g which depends on 6.

Finally, to rid p of its dependence on 6, let u be the one for § = % Given
0 e [% ) x, y € By, and t > 3, observe that pP (¢, z,y) dominates

// (1,2, )p" (t — 2,&m)p” (1,n,y) dédn

w\»—A
m\»—A

> Q4™ N inf{p® (1,2, )p" (L,n,y) + (&m) € BY}
< inf{p”(t —2,&n) : (&) € BI} > ppe™
for some pp > 0. O

THEOREM 5.2.11.  Again assume that L is given by either (4.3.1) or
(4.4.1). Then, for each R > 1, there exist a u(R) and a non-decreasing
6 € (0,1) — My(R) € [1,0), depending only on ¢ and the bounds on the
coefficients, such that, for all r € (0, R] and & € RY,

B(&.r) # p(R)t  My(R)|y — xf?
p (ta T, y) MQ(R) eXp ( 7,2 t )
for (t,z,y) € (0,00) x B(&,0r) x B(&,0r).

Moreover, when L is given by (4.3.1), p and M can be chosen to be inde-
pendent of R.
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PrOOF: Throughout, without loss in generality, we may and will take £ to
be the origin.

Given A > 0, set ax(z) = a(Az), Ux(z) = U(Azx), ba(z) = Ab(Ax), and,
depending on whether L is given by (4.3.1) or (4.4.1), Ly so that

Lyp =27V (2P a V) or Lap =31V (anVe) +by- Ve

At the same time, define w € Q —— wy € Q so that wy(t) = A 1w(\%t).
Then the distribution of w~wy under Py, is (Py)., where {(Py), : * € RV}
is a Markov family determined by L). To see this, we use the martin-
gale problem characterization of (Py),. Let ¢ € C2(RY;R) and ¢y (z) =
e(A7tz), then Lyp(A~tx) = A2Lp,(z). Hence

cp(wx(t)) /LA@(wA )dT ( )) /\2/0 L(p,\(w()\27'))d7

A%t
= / LQDA dT,
0

(wmw) ~ (@)~ [ Eaglon(r) ar BB )

is a mean-zero martingale. Since Byz; = o ({wx(7) : 7 € [0,1]}), this proves
that the distribution of w~~wy under Py, solves the martingale problem for
L) starting from x and is therefore equal to (Py),. Next set Bgr = B(0, R)
for R € (0,00), and observe that (87 (wy) = A2¢B & (w). Thus,
P (w(Nt) € AT & (PR (W) > A%t) = Py, (wa(t) € T & (PR (wy) > t)
= (P))s(w(t) € T & (P (w) > t).

and so

Equivalently,
AN/pBAR(AQth,Ay) dy:/ PP (N, Az, y) dy:/pfﬁ'(t,x,y)dy,
I A I

where pr(t, x,y) is the density associated with Ly. In other words,
) PP (e, y) = AN pPr (A2 A e, A ).

Given (*), the rest is easy. Namely, if L is given by (4.3.1), then, by
Lemma 5.2.10, there exists a u € (0, 00) and, for each 6 € (0,1), an M = My

such that
1 pt My — |
2GS

for (t,z,y) € (0,00) X Bpx x Bgx. Hence, by taking R =1 and A = r in
(*), one gets the asserted result in this case. When L is given by (4.4.1)
and b # 0, the same reasoning holds only for A € (0, 1]. On the other hand,
if R > 1, then Lemma 5.2.10 can be used to find u(R) and 6~»Mpy(R) for
pek(t,z,y) with A € (0,1], after which one can apply (*) with A = = to
get the result for r < R. O

' N Bl ()\—Qt’)\—lx’)\—ly) >
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COROLLARY 5.2.12. Let G be a non-empty, connected, open subset of RV
Under the conditions in Theorem 5.2.11, p©(t,z,y) > 0 for all (t,z,y) €
(0,00) x G x G. Moreover, there exists a ug € [0,00) such that
; : -1 G

tl%lo (L;I)EKQ t~ logp™(t,@,y) > —pg
for all K CC G. In fact, if L is given by (4.3.1), then there is a . > 0 such
that pug < 4= where R = sup{r > 0: 3z B(x,r) C G} is the inner radius
of G.
PROOF: Let (t,7) € (0,00) x G be given, and set H = {y € G : p®(t,z,y)
> 0}. Obviously, H is open. In addition, if 0 < r < |z — GC|, then, by
Theorem 5.2.11, p%(t,z,y) > pP@")(t,2,y) > 0 for y € B(x,r). Hence
H # (. Thus, we will know that H = G once we show that G \ H is open.
To this end, suppose that y € G\ H and choose 0 < 7 < |y — GC|. Then,
again by Theorem 5.2.11, p%(7,€&,y) > 0 for all (1,£) € (0,00) x B(y,r).
Hence, since

0=p%t z,y) = / et —7,2,p%(r, & y)d¢ for T € (0,1),
G

pG(t7x7£) = limT\,OpG(t - Tvxvé-) =0 for all € € B(ya T)'
To prove the last part, choose ¢ € G and R > 0 so that B(¢,2R) CC G
and set B = B(¢, R). Then p®(t,x,y), for t > 3, dominates

/ / PO (L, )pPED (t — 2,y O (L, o, y) da'dy.
BxB

Since p%(1,z,2")p%(1,%, y) is uniformly positive for (x,y) € K2 and (2/,y')
€ B2, the desired result follows from the estimate in Theorem 5.2.11 applied
to pB&2R) (¢t — 2 2/ /). Finally, suppose the L is given by (4.3.1), let i be
the one in Theorem 5.2.11, and conclude from that theorem that ug > %
if R is the inner radius of G. [

5.2.4. A Refinement: Suppose that L is given by (4.4.1). Given a
connected, open G # @, we will show here that Corollary 5.2.12 can be
sharpened. The basic result is contained in the following lemma, in which
we use the notation introduced in §4.2.2.

LeEMMA 5.2.13.  Given a continuously differentiable = : [0,t] — G,
set r(r) = inf{|n(r) — GC| : 7 € [0,¢]} AL. Ift € (0,r(7)?] and p €
Cc? (RN; [0, oo)) is supported in B(O, %T(Tf)) and has total integral 1, then,
for each § € (0,1],

PE((1+8)t,m(0),7(1))
a p(S(P) H(p)t (1+5)Ep(t,7r))’

> —— _ex — _
= lpllu(6)N

adt ad 2
where « € (0,1] depends only on € and the bounds on a and b.
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PrOOF: The argument is essentially the same as the one with which we
derived the first estimate in Theorem 4.4.12. Namely, set r = r(7) and,
using the same reasoning as we used to derive (4.4.10), only here taking into
account the fact that |({ + 7 (7)) — GC| >  for all (7,&) € [0,¢] x supp(p),

check that G(r+t,m(0),&+(t))
pr(t+1,70),f+m
/p(&) log =5 (r,7(0),& + 7(0))

pG(7-+t,§+7T(t)>7T<O))
/p(g)log pC (7, &+ 7(0),7(0)) *

dg

and

both dominate
BA(H(p) + B2t (14 8)B,(t,7)
5 a 2 ’
where A and B are the bounds on a and b. Hence, by the estimate in
Theorem 5.2.11 with R =1 and 0 €= %,

/ p(€)10gpC (1 + 6)L,7(0), € + 2) de

> / p(€) 1og PO (82, 7(0), & + (0)) de

BA(H() + Bt (1+8)E,(t,7)
2
pét  2MS(p) 3A(H(p)+ B*)t (14 0)E,(%,7)

> N - )
=T MEnE 2 3t 5 2

>

2%

)
where z = 7(%). Similarly, with #(7) = 7(t — 7) replacing T,
(

[ P 1o8p° (14 8)5.,6 + 20
2% pst  2MS(p)  BA(H(p)+ Bt  (1+0)E,(§,7)

M(@st)z 22 5t S 2

> —log

Next,
long((l + 0)t, w(0),7(t))

:log/Gisz((l+5)%,7r(0),§+z)pa((l+5)%,§+z,7r(t)) de
Zlog/B(z (95004 ) (1 0)5. €4 2, (0)
> log T ”u/ PP (1 406)5,7(0), &+ 2)p% (1 + )5, & + 2, 7(t)) d¢
> ~tog o+ [ p(€)logs® (1 +8)5,7(0), € + ) dg
+ [ pO10gp (14 5)5.€ + 2,m(0)) de.
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Hence, when we plug in the preceding estimates and remember that ¢ < 72,
we get the asserted estimate. [

Before stating the main conclusion, set G(;) = {z € G : |z — GC| > t2},
and define

dfp(a:,y) = inf{ E, (1,m):m e Cl([O, 1];G(t))
with 7(0) =z & w(1) = y}7

where the infimum over the empty set is taken to be co and p;(§) =
=% p(tte).

The following statement is an immediate consequence of Lemma 5.2.13
and (4.2.7).

THEOREM 5.2.14. Let p € CSQ(B(O,%); [0,00)). There is a o € (0,1),
depending only on p, €, and the bounds on a and b, such that, for each
6 €(0,1),

«

Yt z,y) > T OXP
2

ad 2t

( 1 (1+5)d§p(x,y)2>

for all (t,z,y) € (0,1] x G x G. In particular,

dG 2
lim ¢ log p“ (¢, z, y) > _ L@y

b) x? y E G7
t\.0 2

where

dC(z,y) = inf{\//o1 (7%(7),(1(71’(7’))_17'7(7')>RN dr :

e C'([0,1];G) with 7(0) = z & (1) = y}.

REMARK 5.2.15. One should ask whether there is an upper bound to com-
plement the lower bound in Theorem 5.2.14. In particular, what happens
if one attempts to mimic the procedure which we used in §4.4.17 From the
outset, there are technical difficulties which have to be confronted. Specif-
ically, because we have not discussed the behavior of p©(t,x,y) near the
boundary 0G, there is a question about the validity of the integration by
parts on which that procedure is based. It turns out that smoothness of
0G suffices and that G has to be pretty bad before this problem becomes
insurmountable. In any case, assuming that one has justified the integra-
tion by parts, one can proceed as we did in §4.4.1 to show that, for each
§ € (0,1] and ¢ € CL(RYN;R),

o (5 ) v+

pG(t,m,y) < &) T MDG(W) ,

2

—~
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where

DY ()? = sup (Vi(z), a(m)Vw(x))RN.

ze@

Thus, one gets an upper bound in terms of
D%(z,y)* = sup{e(y) — ¢ (z) — §D°(v)*}.

At this point, there remains the question of relating D% (x,y) to d%(z,y).
By repeating the argument in §4.1.1 to check that D(x,y) = d(x,y), one
can show that D%(z,y) = d%(x,y), where d(x,y) is defined by the same
prescription as d%(z,y) only with G replaced by G. Indeed, the inequality
D%(x,y) < d%(x,y) is easy. To prove the opposite inequality, one can first
check that, as 7 \, 0, d¢" (z,y) \, d%(z,y), where G = {z e RN : |z —
G| < r}. One can then show that, for each r > 0, D%(z,y) < ac"”’ (2,7).2
Finally, one has to determine when d“(z,y) = d“(z,y). Again, smoothness
of 0G is a sufficient. On the other hand, it is easy to construct G’s for which
d%(x,y) < d%(z,y). For example, take N = 2 and G = B(0,2) \ B(c, 1),
where ¢ = (0,1). If x € G lies close to (0,2) and y = (—z1,x2), then,
when @ = I, d%(z,y) — 0, whereas d“(z,y) tends to 27 as x — c.
Since it is clear on probabilistic grounds that in this, and most situations,
d% is more likely to give the correct estimate than is d“, one can try an
approximation procedure. For instance, even if G is not smooth, it may
be possible (as it is in our example) to write G as the union of an increasing
sequence of G,,’s, with G,, C G, each of which is sufficiently nice that one
can apply the argument in §4.4.1. Then, because d%~ (z,y) \, d®(z,y) and
pCn(t,z,y) / p¢(t,z,y), one gets the upper bound with d©.

5.3 Minimum Principles

The estimates in § 5.2 provide a powerful tool with which to prove various
minimum principles.
5.3.1. The Weak Minimum Principle Revisited: In §2.4.1 we al-
ready discussed one minimum principle, which (cf. Lemma 2.4.1) said that if
u is bounded below and (L—9;)u < 0in (0, T]xR" satisfies lim,. ,u(t, -) >
0 uniformly on compacts, then v > 0. In particular, this means that
for any solution to dyu = Lu in (0,7] x RY which is bounded below,
inf, ey u(s, -) < inf ey u(t, -) whenever 0 < s <t < T. This is a weak
minimum principle because it does not rule out the possibility of equality
for non-constant wu.

For purposes of comparison, we will now state and prove a quite general
form of the weak minimum principle. In its statement, & is an open subset
of R x RY and, for (¢,5) € R x RV,

() w) =inf{r >0 (t -7 w(r) ¢ 6}.

2 The crucial point is that one needs a little extra room when carrying out the mollifi-
cation step used in the argument preceding Lemma 4.1.11.
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THEOREM 5.3.1.  Let L be given by (1.1.8) with bounded, smooth co-
efficients, and let {P, : © € RN} be a Markov family determined by L.
Assume that (t,y) is a point in & for which P,(¢(*®) < c0) = 1 and that
u € C12(®;R) is bounded below and satisfies

(L-—0-)u<0in® and P, ( lim  wu(t—7,w(r)) < 0) = 0.
7 /) ()

Then u(t,y) > 0.3 In particular, if u € C%2(®;R) N C(B;R) is bounded
below and satisfies (L — 0;)u < 0 in &, then

uw(t,y) > inf{u(r,&) : 7 <t and (1,£) € 06}

whenever P, (¢(®) < c0) = 1.

PRrROOF: Choose a non-decreasing sequence {&,, : n > 1} of open sets so
that (t,y) € &,, &, CC & for each n > 1, and & = (J]°&,,. Clearly,
Co = (B8 (w) 7 (O (w). Thus, if we show that u(t,y) > EFv[u(t —
Cns w(gn))] for each n, then, by Fatou’s Lemma, it will follow that u(t,y) >
0. But, by using a smooth bump function, we can construct a u, €
CL2(RY;R) so that u, = u on &,, and therefore, by Doob’s Stopping
Time Theorem (cf. the discussion at the end of §5.1),

u(t,y) = un(t,y) = E"v [un (t - Cnvw(Cn))]

Cn
— EPv /0 (L —0;r)un(t — 7,w(r)) dr

> E™ [u(t — o, w(Ca))]-

The final statement comes from applying the earlier one to the difference
between u and the constant on right-hand side of the inequality. O

REMARK 5.3.2. It is the final statement in Theorem 5.3.1 which is usually
called the weak minimum principle, and it most commonly applied to sit-
uations in which P, ((*® < oo) = 1 for all (t,y) € &. The term “weak”
has a pejorative connotation which is not entirely justified here. Indeed,
although the weak minimum principle is less dramatic than the statements
which we will prove below, it applies to situations (e.g., when L is degener-
ate) where the stronger statements fail and sometimes gives more informa-
tion even when seemingly more refined versions hold. On the other hand,

3 Neither the boundedness nor the smoothness of the coefficients is really needed here.
All that one needs is the existence, for each € RV, of a P, for which (5.1.2) holds
whenever ¢ € CL2(]0, 00) X RV;R). In §6.1 of [52] it is shown that P, exists whenever a
and b are bounded and continuous. When they are merely continuous, the only problem
comes from the possibility of explosion. However, even if explosion occurs, one can
simply “kill” the process when it does.
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there is a subtlety in its statement. Namely, before applying it, one needs
to have checked that P, (¢ (t:8) < 50) = 1, which is more or less equivalent
to showing that the weak minimum principle holds when u is a bounded.
Fortunately, there are criteria which allow one to check this condition in
lots of situations. For example, suppose that one can find a u € C*2(&;R)
with the properties that u is bounded above and (L — 9;)u > « > 0. Then,
using the reasoning and notation of the preceding proof, we have

sgpu —u(t,y) > E [U(t - CnaW(Cn))} —u(t,y) > aE™ [(,]

for all n > 0, and so, after letting n — oo, we get EFv [g“ﬁ)] < o0. Of
course, this criterion is useless in cases when ¢®) is P,-almost surely
finite but has infinite expectation value. For instance, it cannot be used to
check (cf. Corollary 7.2.14 in [53]) that, for L = 1A, r > 0 and |y| > r,

P, (¢B*BONE < 50) =1 when N € {1,2} but not when N > 3.

5.3.2. A Mean Value Property: All the other forms of the minimum
principles which we will prove derive from the following mean value prop-
erty. In its statement, and below,

(5.3.3) Q((t,y),r) = (t—r%t) x B(y,r)

and )
dé = — d
REGE ol REGES
the average of ¥ over T'.

THEOREM 5.3.4. Let L be given by either (4.3.1) or (4.4.1). Then, for
each R € [1,00), there exists a non-increasing 6 € (0,1) — «(R,0) €
(0,1), depending only on the bounds on the coefficients and €, such that

2

ult,y) > ae_ﬁ][ u(t — s,m) dn
B(€,0r)
for allr € (0, R], s € (0,7%], y € B(£,0r), and u € C’b(Q((t,f),r); [0, oo)) N
CH2(Q((t,€),7); [0, 00)) satistying (L — 0;)u < 0. Furthermore, when L is
given by (4.3.1), « can be taken independent of R.

PROOF: We begin by observing that there is no loss in generality in as-
suming that » < R and that u € C&’Q (]R x RV, [O,oo)). Indeed, just as
in the proof of Theorem 5.3.1, the general case can be obtained from this
one by an easy limit procedure and the use of bump functions. Thus, we
will proceed under these assumptions, in which case the asserted result is
an easy application of Theorem 5.2.11. Namely, by Doob’s Stopping Time
Theorem,

u(t,y) = EPv [u(t — s A CBE w(s A (BEMY)]

s/\CB(g’T)
— EPv / (L+0-)u(t —7,w(r)) dr
0
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Hence, because v > 0 and (L — 9, )u < 0 on Q((¢,£),7),
ult,y) > / PP (s g myult — s,,m) dn,
B(¢,6r)

and so the desired estimate follows from the one in Theorem 5.2.11. O

5.3.3. The Strong Minimum Principle: The purpose of this section
is to prove the strong minimum principle. In its statement, & is an open
subset of R x RY and, for (t,y) € &, &(¢,y) denotes the set

{(t — T,UJ(T)) w€Qwithw(0)=yand 0 <7 < C(t7®)(w)}

of points which are backwards to (t,y) in &.

THEOREM 5.3.5. Assume that L is given by (1.1.8), where a and b are
smooth and a(x) is strictly positive definite for all z € &. Ifu € C*2(&;R)
satisfies (L — 0, )u < 0 and w achieves its minimum value at (t,y) € ®, then
u=u(t,y) on &(t,y).

PROOF: We begin by showing that if u € C*?(8;[0,00)) satisfies (L —
O-)u < 0 and u(t,y) = 0 for some (¢,y) € &, then there exists an r >
0 such that v = 0 on Q((t,y),7). To this end, choose r > 0 so that
Q((t,y),2r) CC &. Then one can easily construct smooth coefficients o’

and b’ with bounded derivatives of all orders so that a’ > el for some € > 0
and L) = 1V - (¢/'V) + V' - Vb on Q((t,y),2r). Thus, by Theorem 5.3.4,

2

0= u(t,y) Zaefﬁ][ u(t —s,€)d¢, s € (0,r%),
Bly,r)

and so u must vanish on Q((¢,y),).

To complete the proof, let u and (¢,y) be as in the statement. Without
loss in generality, we will assume that w(t,y) = 0. Given w € ) with
w(0) =y, set s = sup{r € [0,("®)(w)) : u(t — 7,w(r)) = 0}. Then, by the
preceding, s must be equal to ¢*®)(w). O

REMARK 5.3.6. It should be recognized that the preceding is a slightly
ridiculous derivation of the strong minimum principle. Indeed there are
(cf. Chapter 2 of [19]) far more elementary proofs, based on sharpened
versions of the ideas used to prove Lemma 2.4.1, and those proofs require
nothing but continuity and ellipticity of the coefficients.

5.3.4. Nash’s Continuity Theorem: Another, and much more pro-
found, conclusion which can be drawn from Theorem 5.3.4 is Nash’s cele-
brated continuity theorem. We begin with the following lemma, in which
(cf. (5.3.3))

Osc(u; (t,€),r) = sup{u(t's’) —u(t,z) : (t,z), t'z") € Q((¢,€),r)}

is the oscillation of u on Q((t, £), r).
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LEMMA 5.3.7. Let L be as in Theorem 5.3.4. Then, for each R € [1,0),
there is a non-decreasing function 6 € (0,1) — p(R,6) € (0,1) with
the property that, for all r € (0,R], § € (0,1), (t,¢) € R x R and
ue Ch? (Q(t,f),r);R) N Cb(Q((t,g), r);R) satisfying (L — 0, )u = 0,

Osc(u; (t,€),0r) < pOsc(u; (t,€),7).

Moreover, when L is given by (4.3.1), p can be taken independent of R.
ProOF: For ¢ € {0, 1}, set

Ms = SUP{U(Tv 77) : (T, 77) € Q((t,§),5r)},
ms = inf{u(r,7) : (1,n) € Q((£,€),0r)},

and take

M
r= {77 € B(&,0r) : u(t—r*n) > l—;ml}
Clearly, either || > 1| B(¢, 0r)| or [T < $|B(&,6r)|. In the first case, we ap-

ply Theorem 5.3.4 to u—my and conclude that, for all (7,7) € Q((t, §), 91"),

u(T,m) —my Zﬁ][ (u(t —r*0') —my) dn > g(Ml —my),

B(&,0r)

S T
where 3 = ae «(-¢%_ Hence, mg—mq > g(Ml —my); and so, if p=1— g,
then

Osc(u; (t,€),0r) = Mg —mg < My —mg < p(My —my) = pOsc(u; (t,€),r).

In the case when |I'| < 1|B(¢,0r)|, we work in the same way with M; — u
to reach the same conclusion. Finally, observe that the p we have found
has the same dependence properties as a and is therefore acceptable. [

THEOREM 5.3.8.  Let L be given by either (4.3.1) or (4.4.1). Then,
for each R € (0,00), there exists a function, depending only on e and
the bounds on the coefficients (but not their derivatives), § € (0,1) —
v(R,0) € (0,1] such that, if (T, Z) € Rx RY and u € C*?(Q((T, E), R); R)
satisfies (L — O;)u = 0, then

1 v(R,0
L s = slt v 2 — 2\
|u(s ,x') — U(S,ﬂf)‘ <2 (1—0)R (o)

for all (s,z), (s',2") € Q((t,y),0R). Moreover, when L is given by (4.3.1), v
can be taken independent of R. Hence, if L is given by (4.3.1), then, for each
T € R, any bounded u € C?((—o0,T) x RN;R) satisfying (L — 0;)u =0

is constant.
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PROOF: Set § =1 — 6, and, given (s,z), (s',2') € Q((T,E),@R), set r =

|S/—S|%\/|:17/—I|,t25\/5/7 and £ = £
If » > R, then, since r < R,

r v
fu(s',a') —u(s,2)| <2 (55) Null

for any v € (0,1]. Now assume that » < éR, and determine n € N by
§"r < R < 6"r. Then (s,z), (s,2') € Q((t,£),0"R) € Q((T,E),R).
Therefore, by Lemma 5.3.7,

lu(s’, &) — u(s, )| < Osc(u; (t,€),6"R) < p"Osc(u; (t,€), R) < 20" |ullu,

where p = p(R,d). Thus if v € (0,1] is chosen so that v = 1 when p < ¢
and p = ¢ when p > 4, then, since 0" < 55, we get

r v
fu(s' ') —u(s,2)| <2 (55) Nulh

Finally, because p can be chosen independent of R when L is given by
(4.3.1), the same is true about v. Hence, when L is given by (4.3.1) and u
is a bounded solution to (L — 8,)u = 0 on (—o00,T) x RY the last part of
the theorem follows when one lets R /" co. [

REMARK 5.3.9. Under the given smoothness hypotheses, the basic conclu-
sion drawn in Theorem 5.3.8 looks less than striking. Indeed, Theorems
3.4.1 tells us that u is not only Holder continuous but also has continuous
derivatives of all orders. Thus, the interest in Theorem 5.3.8 is the inde-
pendence of the estimates from any regularity properties of the coefficients.
This independence is important for applications to non-linear equations as
well as equations with rough coefficients. For an example of the second sort,
consider the problem of constructing solutions to dyu = Lu in (0, 00) x RV
with (0, -) = f € C,(RY;R), where L is given by (4.4.1), a > e, but its
coefficients are merely bounded and continuous. One way of going about
this would be to construct sequences {a,, : n > 1} and {b,, : n > 1} of mol-
lified coefficients which approach a and b uniformly on compacts and then
construct the solution u,, to the corresponding problem for the associated
operator L,,. Theorem 5.3.8 says that {u, : n > 1} is relatively compact
in the sense of uniform convergence on compact subsets of (0,00) x RV,
Of course, this does not solve the problem, but at least it gets one started.
Finally, it should be pointed out that the dependence of the estimates on
size alone is important even when the equation is linear and the coefficients
are smooth. Namely, the Liouville-type theorem in the final assertion is a
consequence of a scaling argument which works only because the estimates
do not depend on smoothness properties of the coefficients.
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5.3.5. The Harnack Principle of De Giorgi and Moser: There is
an interesting and instructive way in which to understand the relationship
between the weak and strong minimum principles for L. Namely, for a
connected open set G C RN and an z € R, denote by Hf the distribution
under P, of w~w(¢%) on {¢¥ < co}. Then I1¢ is the harmonic measure for
G based at z, and, for x € G, the weak minimum principle holds for L if and
only if TIS is a probability measure. Indeed, IS (RY) = P, ((¢ < o0). The
strong minimum principle deals with a quite different property of the I1Ss.
Whether or not they are probability measures, it says that Hg < TS for all
x, ' € G. To see this, let I be a Borel subset of G, and set u(z) = I (T).
Then, for any ¢ € C(G;R), one has

/ LT o(x)u(z) de = lim ! o(z)(Pu(z) — u(z)) da.
a G

t\0 ¢

At the same time (cf. the proof of Theorem 5.2.8),

Pu(z) —

( yel, ¢¢ <oo)f]P’m(w(CG)€F, §G<oo)’
sm(cagty

where (&(w) = inf{r >t : w(r) ¢ G}. Hence, by Lemma 5.2.4, as t \, 0,
t71|Pyu(z) — u(x)| — 0 uniformly on compact subsets of G, and so,
as a Schwartz distribution, Lu = 0 on G. But, by Theorem 3.4.1, this
means that u is a smooth solution to Lu = 0 in G, and therefore, since
u: G — [0,1], the strong minimum principle says that it is either always
positive or identically 0. That is, II$(I') = 0 for some x € G implies
HE(T) = 0 for all z € G. Similarly, by considering 1 — II$(9G), one
sees that, when it holds, the strong maximum guarantees that IS is a
probability measure either for all or for no z € G.

The preceding digression provides a context for Harnack’s principle. In
terms of the I1$7s, it is the statement (cf. Remark 5.3.11 below) that I1<, is
not only absolutely continuous with respect to IIS but also that, so long as
x and 2’ range over a compact subset of G, the associated Radon—Nikodym
derivatives are bounded above and below by positive constants.

THEOREM 5.3.10.  Assume that L is given by (4.3.1) or (4.4.1). Then,
for each R € (0,00) there is a non-decreasing 6 € [1,1) — k(R,0) €
[1,00), depending only on the bounds on the coefficients and €, such that,
for any (T,E) € R x RY and non-negative u € C*?(Q(T,E),R);R) N
C(Q((T,E), R);R) satisfying (L — 0;)u =0,

T —
u(s,z) < ku(T,y) when (x,y) € B(Z,0R) and 1 — 6 < ?S < 2.
Moreover, when L is given by (4.3.1), k can be chosen independent of R.

In particular, if L is given by (4.3.1), then any non-negative u € C?(RY;R)
satisfying Lu = 0 is constant.
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Proor: If u(T,y) = 0, then, by the strong minimum principle, © = 0 on
Q((T,E),R). Thus we will assume that u(T,y) = 1 and will show that
there is a k < oo, with the required dependence, such that u(s,z) < k for
all (s,x) € [T —6?R%,T — (1 —0*)R?| x B(Z,0R).

Set § = 1'5—9, and use Theorem 5.3.4 to find a 3 € (0,1), with the required
dependence, such that

T’ 2 b d
* uw(T,y) > f B(E,éR)U(T n) dn

for T—R*<7<T—(1-6*R

Referring to Lemma 5.3.7, set p = p(R,3), p = 15—”, and A = 177”
12ipp > 1. Then, from (*) and u(T,y) = 1, for any M > 0 and T — R? <

T<T—(1-6%R?,

|{n € B(E,6R) : u(r,n) > ,uM}| < QNT(M)N,

)
where r(M) = ilM*%.
(nB) ™
Now set R = (T — R*,T — (1 — 26?)R?), and suppose that (s,z) € R with
u(s,z) > M, where M is large enough that Q((s,z),2r(M)) CC R. Then,
by the preceding, B(ZL',T‘(M)) must contain a & for which u(s,§) < ub,
and so, by Lemma 5.3.7, there exists an (s',2') € Q((s,z),2r(M)) such
that

u(z’,z’) > Osc(u; (s,2),2r(M)) > p~'Osc(u; (s, z), r(M)) > AM.

That is, we now know that

Q((8,$)72T(M)) CC R and u(s,z) > M

(**)
= 3(s,2") € Q((s,2),2r(M)) u(s',2") > AM.

Finally, take

4N )\
T Bu(1— 0N (AF — )N
Then
2 .
f+—= N A F =y,
(Buk)~ ,;)

and therefore

OR+2> r(\"k)=0R and 6°R*+4) r(\"k)’ < 6°R%

n=0 n=0



138 5 LOCALIZATION

Hence, if u(s,z) > & for some (s, z) € [T —0?R%, T—(1—-60*)R?|x B(Z,0R),
then we could use (**) to inductively produce a sequence {(sp,z,) : n >
0} C R such that (so,z0) = (s,), (Snt1,Zn41) € Q((sn,xn), 2r(A*M)),
and u(sy,,x,) > A"k, which would lead to the contradiction that w is un-
bounded on Q((T,E), R).

Because both 8 and p have the required dependence properties, so does
k. In particular, when L is given by (4.3.1), x can be taken independent of
R. Thus, if u € C?(RY; [0, 00)) satisfies Lu = 0, then 0 < u(z) < su(0) for
all z € RV. But this means that u is bounded, and therefore, by the last
part of Theorem 5.3.8, u is constant. [J

REMARK 5.3.11. Returning to the discussion at the beginning of this sub-
section, suppose that B(z,2r) CC G. Then, for any I' € Bsg, Theorem
5.3.10 applied to yWHg(F) says that HE(I‘) < KIIG(T) for all y € B(x,r),
from which the assertion made earlier about Radon—Nikodym derivatives
is an easy consequence. In a different direction, one might wonder whether
the last part of Theorem 5.3.10 cannot be extended to non-negative solu-
tions of (L — 0, )u = 0 in R x RY. However, this is not the case. Indeed,

take N =1, L = 102, and consider (7,z)~ exp(z + %).

5.4 Historical Notes and Commentary

From the purely analytic standpoint, Duhamel’s formula is a simple ap-
plication of the familiar procedure for solving a boundary value problem by
starting with a solution to the interior equation and then correcting it so
that it satisfies the boundary condition. The implementation of this pro-
cedure with stopping times goes back to J.L. Doob [12], who also initiated
the application of stopping times to the derivation of estimates of the sort
in §5.2.2. The strong minimum principle in Theorem 5.3.5 is due to L.
Nirenberg [44].

Whether or not it did so for the first time, the application of stopping
times to the derivation of the mean value property in §5.2.3 appears in [16],
where, following ideas of N. Krylov and M. Safonov in [32], it was used, in
the same way as it is here, to prove the oscillation result in Lemma 5.3.7.
Given Lemma 5.3.7, the derivations given in [16] and here of Nash’s Conti-
nuity Theorem and the Di Georgi-Moser Harnack principle are essentially
the same as those in Moser’s [41] and [42]. Again the interested reader
should consult [51] to see interesting extensions of these results.

In connection with the discussion in the final part of §4.5, it should
be mentioned that Lemma 5.3.7 and, as a consequence, both the Nash
Continuity Theorem as well as the Di Georgi—-Moser Harnack principle are
true for uniformly elliptic L’s given by (1.1.8), even if the coefficients are
only bounded and measurable. In view of the discouraging remarks made
in §4.5 about such operators, this information may come as something
of a surprise. Indeed, when they became known, these results shocked
experts who had devoted years of time to such questions. Nonetheless, in
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their brilliant paper [31], Krylov and Safonov showed how one could parlay
Alexandrov’s sort of ideas into a proof of them.

Finally, I would be remiss were I to not mention an entirely different
approach introduced by S.T. Yau to prove Harnack inequalities for the
Laplacian on a Riemannian manifold. His goal was to control the constants
in terms of geometric quantities, and he showed that they can be controlled
in terms of lower bounds on the Ricci curvature. In their famous sequel
[36], P. Li and Yau proved versions of these results for the associated heat
operator.



CHAPTER 6

On a Manifold

The purpose of this chapter is to show how one can transfer the results
obtained earlier, particularly those in Chapters 3 and 4, from Euclidean
space to a differentiable manifold.

As we have already seen in the Euclidean setting, it is important to dis-
tinguish between local (short time) and global (long time) aspects of the
theory. When dealing with differentiable manifolds, this distinction be-
comes even more important. Indeed, by definition, all smooth manifolds
are locally Euclidean, and so one should expect that, aside from a few tech-
nical details, there is no problem about transferring the local theory. When
the manifold is compact, global theory is relatively easy. Namely, because it
has nowhere to spread, the heat flow quickly equilibrates and so the funda-
mental solution to a non-degenerate (i.e., a is elliptic) Kolmogorov equation
tends rapidly to its stationary state. On the other hand, when the manifold
is non-compact, the global theory reflects the geometric growth properties
of the particular manifold under consideration, and so the Euclidean case
cannot be used to predict long time behavior.

For the reason just given, we will restrict our attention to the local theory.
In fact, in order to avoid annoying questions about possible “explosion,”
we will restrict our attention to compact manifolds, a restriction which, for
the local theory, is convenient but inessential.

6.1 Diffusions on a Compact Riemannian Manifold

Throughout, M will be a compact, connected, C*°-manifold of dimension
N. For our purposes, the most convenient way to introduce an operator on
M is to give M a Riemannian structure and to define L on C?(M;R) by

(6.1.1) Lo = 3Ap + By,

where A is the standard (i.e., the one corresponding to the Levi-Civita
connection) Laplacian on M determined by the Riemannian structure, and
B is a vector field on M. By analogy with the expressions in (1.1.8) or
(4.4.1), one might have thought that we would write L in the form

Ly = %Trace (aHessgp) + By or Ly= div(agradcp) + By,

140
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where x € M +— a(z) € T,(M)* ® T,(M)* is symmetric and positive
definite with respect to the Riemann metric. However, as long as the coef-
ficients are smooth, the first of these can always be rewritten in the form
given in the second, and, by incorporating a~! into the Riemannian metric,
operators in the second form can be rewritten in the form of (6.1.1). (Of
course, the vector field B will depend on the form used.) Thus, nothing
essential is lost by assuming from the outset that L has the form given in
(6.1.1).

Our first goal is to contract a continuous transition probability function
(t,z) € [0,00) x M — P(t,x) € M;(M) with the property that

(612) (o, P(t.2)) — plx) = / (Lg, P(r,2)) dr, ¢ € C*(M;R).

Because it provides an effective way to analyze P(t,z), we will employ a
a pathspace approach which will enable us to“lift” the construction from
RY to M. Thus, we begin by characterizing the measures on pathspace
associated with L as solutions to a martingale problem. In the process,
we will show that, at least locally, these measures are obtained by lifting
solutions to martingale problems for elliptic operators on RY, and, in turn,
this will give us a way of lifting to the manifold setting the properties which
we proved earlier in the Euclidean setting.

6.1.1. Splicing Measures: Given a Polish space (i.e., a complete, sep-
arable, metric space) X, let ©(X) denote the Polish space C([0,00); X)
with the topology of uniform convergence on compacts. If x € X ——
Q, € M;(Q(X)) is a (Borel) measurable map with the property that
QL (w(O) = x) =1 for each x € X, define the measurable map

(t,w) € 0,00) x UX) — by, ?Q. € M; (Q(X))

so that, forallm > 1,0 <19 < - < Ty <t < Tppyg1 < -+- < Ty, and
Io,..., I'y € By,

60 @ Q' (W' () €Ty for all 0 < € < n)
t

= (ﬁ 1r, (w(n))) Quy ({w': W'(re —t) € Ty for all m < £ < n}).
=0

Next, given Q € M; (Q2(X)) and a {B; : t > 0}-stopping time ¢ : Q(X) —
[0, 0], the splice of Q to {Q : x € X} at time ¢ is the measure such that
Qo (B = [ a4 QB QBN (=)

{¢(w)<o0}
for B € Bo(x). The crucial fact which we need to know about Q ® Q' is
¢

contained in the following lemma.
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LEMMA 6.1.3. Let ¢ be a stopping time, and assume that = : [0,00) X
QX) — Rand (t,z,w) € [0,00) x X X Q(X) — E.(t,w) € R are measur-
able functions which, as functions of (t,w), are progressively measurable!
with respect to {B; : t > 0} and, as functions of t, are continuous. Further,
assume that Z(0,w) = = (0,w) =0,

E? | sup [E(7)|| V sup E%
T€[0,t] zeX

sup |E.(t)|| < oo forallte [0,00),
T€[0,t]

and that
(E(tAC),B:,Q) and, for each x € X, (Z,(t),B;,Q,)
are martingales. Finally, define

E(t, w) if0<t<((w)

=(tw) = { E(Cw)w) +EL o) (t = (W), Bgyw) it = ((w),

where % is the time-shift map on Q(X) given by ¥,w(t) = w(7 +1t). Then
(50,802 Q)
¢

is a martingale.

PrROOF: Let 0 < t) <tpand O =79 < -+ < 7, = t1, [,...,[, € Bx be
given, and set A = {w : w(m) € Iy, 0 < ¢ < n}. We need to check that

Q®eQ" _ QeQ" _
E ¢ [E(t2), A] =E ¢ [E(t1), A].

By Doob’s Stopping Time Theorem, we know that

QeQ. _
E ¢ [E(t2n(), A] =EQ[E(t2 A (), 4]
QeQ. _
=E%[E(t; AQ), A] =E ¢ [E(t2 A(), A].
Thus, if 2(t,w) = 2(t,w) — Z(t A ¢(w),w), then what remains to be shown
is that
Q. Q.
E ¢ [E(t2), A] =E ¢ [E(t1), A].

For this purpose, set

Ag=AN{¢(=0}, C=An{¢ >t}
and Ay, = AN{rpm_1 < (< 7ptfor 1 <m<n.

L A function on [0,00) x € is progressively measurable if its restriction to [0,¢] x € is
Blo,] X Bt-measurable for each ¢ > 0.
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Next, for 1 < m < n, define
By ={w: tm_1 <{(w) <1y &w(m) €Ty, 0<L<m—1} and
B, (w) = {w' : w’(Tg - C(w)) ely, m<t< n} if 71 < (W) < T

Then, for i € {1, 2},

QeQ. QeQ’,
B[S, A]=E ¢ [E(t). Ad]
7 QeQ. QeQ".
+Y E < [E(t), Am] +E < [E(t), ).
m=1
Clearly,
QeQ’. /
E < [E(t2), o] = / E%© (2], (t2), Ao] Q(dw)
Ao

Ot Q.
= /A Ew ) [:w(O) (t1)7 Ao} Q(dw) =FE ¢ [:(tl), AQ]
0

and
QeQ. _ Q. _
E < [E(t), €] =E < [S(t2) ~ 2(C), €N {{w) < t2}]

/ QeQ’ .
= [ Rl - @) a) =0 =B [, C].
cn{¢<tz}

Finally, for each 1 <m <mn,

6.1.2. Existence of Solutions: In this subsection we will show that
there is a measurable map x € M — P, € M, (Q(M)) such that P, solves
the martingale problem for L starting from z. That is,

(6.1.4) (¢(w(t)) ~ (@) — /Ot Lo(w(r)) dr, Bt,m>

is a mean-zero martingale for each ¢ € C?(M;R).

In order to distinguish points and paths in M from points and paths
on RY, we will use 2 and w to denote, respectively, generic elements of
M and Q(M), and ¢ and 7 to denote, respectively, generic elements of
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RY and Q(RY). Similarly, P and Q will denote elements of, respectively,
M, (Q(M)) and M; (Q(RY)). Finally, Bg~x will denote Euclidean balls in

RY . and Bj; will denote Riemannian balls in M.

Because M is compact, we can choose open covers {Uy : 1 < k < K},
{Vik : 1 <k < K}, and {Wy : 1 <k < K} of M so that, for each
1 < k < K, there is a diffeomorphism %, from an open neighborhood
of W, onto an open neighborhood of B (0,3) with the properties that
Ur = 93, " (Ben (0,1)), Vi = ¢, ' (Brn (0,2)), Wi = ;' (Bgn (0,3)), and,
whenever Wi, N Wy # 0, ¢y o w,;,l has bounded derivatives of all orders
there. It is an easy matter to check that there exists a 6 € (0,1) such that

Odrr(z,y) < [Yr(y) — vr(z)| < 0 dar (2, y)

(6.1.5) _
forall 1 <k < K and =, y € Wy,

where dp(z,y) is the Riemannian distance between x and y. Further,
for each 1 < k < K, we can choose a* € Cf° (RN;Hom(RN;RN)) and
b € C°(RY;RY) with the properties that?

[Le](x) = 5V - (a"V(p oy ) (n(@)) +b° - V(g oy t) (vi(2))

6.1.6
(61 ~ [Lu(povi)] (te(@))

whenever x € Wy, and, for some € € (0, 1), a* > eI and ||a* ||, V[|b¥||, < e 1.

For each 1 < k < K, let {Qf : £ € RN} be the Markov family of

probability measures on Q(R”) determined by the martingale problem for
Li. We want to build our P,’s by splicing these families together. With
this in mind, choose and fix a point zg € M, and, for each 1 < k < K,
define @, : Q(RY) — Q(M) by

Pt (n(t A B ©03))) if 1(0) € Bra (0,3)
6.1.7 [} = -
(6.1.7)  [®x(n)](t) {xo it n(0) ¢ Ban (0.3,

Given z € M, take k(z) = min{k : x € V}} and set
0 _ k@) -1
(6.1.8) PO = Q)" 0l
That is, PO is the distribution of N~®p(z)(n) under Q:Z(;j))(w)' Finally, set
CO(W) = CWk(w(O))(w) and

Calw) = { > i G () = o0

. forn > 1.
Co1(W) + G (Be, s @w)  if Gao1(w) < o0

2 The use of V in this chapter is a little ambiguous. When applied to functions on RV,
as in the line which follows, it is the Euclidean gradient. When applied to functions on
M, it is the gradient determined by the Riemannian structure on M.
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With the preceding notation in place, we are ready to splice the families
1 €€ ogether. Namely, given x € M, se =P @ P for
Q’g RY} together. Namely, gi M, set P = Ppn-! PO f

n—1

n > 1. We want to show that, for each n > 0 and ¢ € C?(M;R),

tACn
<g0(w(t A Cn)) —p(x) — /0 Lgo(w(T)) dr, Bt,]P’Z>

is a mean-zero martingale. For this purpose, set

tAg V() ()

2t w) = p(w(t A CW’“@))) —p(x) — /0 Lo(w(T)) dr.

Then, because the distribution of w~~Z/ (t,w) under PY is the same as the
distribution of

tAC T O ()
1ot by (MNP ©D)) —o(z)— /O L) (0005 0)) (n(7)) dr

under QZ(;()I), we know that (E’(t,x),Bt,IF’g) is a mean-zero martingale,

which completes the case when n = 0. Now assume the result for n, set

tACn
2t w) = <p(w(t A Cn)) —p(x) — /0 Lgp(w(r)) dr,

and observe that Z,1(t,w) = Z(t,w) when Z(t,w) is constructed from
¢n(w), En(t,w), and Z’ (t,w) by the prescription in Lemma 6.1.3. Hence,
that lemma allows us to complete the induction.

In view of the preceding, what we would like to do is take P, so that?
P, | Be,, = P7 | Be, for all n > 0. However, in order to know that this will
complete our construction, we must check that

lim P2 (¢, <t)=0 forallte (0,00).

n—oo

To do so, we will use the fact that

0 _ W,
(6.1.9) p= max s;lé) Ef+[e "] < 1.
<K<K,y

To check this, set

r:min{dM(x,y): v eV, &yd¢ W, for SomelgkrgK}.

3 Recall that if ¢ is a stopping time relative to {B; : ¢ > 0}, then B¢ is the o-algebra of
A C Q such that AN {¢ <t} € By for every t > 0.
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Then, x € Vj, implies that Bys(z,r) C Wy and therefore, by (6.1.5), that

B2 [em¢" ) < BP [em¢"M O] < BO [em¢ 7Y )

bl

where () = 9y, (z). Since, by the estimates in Lemma 5.2.4, there is a
0 € (0,1) such that

k} B N(g,GT) < <
12}%}(1( sup Q¢ (§ R < 5) <4,
€€Bun (0,2)

we now see that (6.1.9) holds with p < (1 —6§)e™ + 4.
Knowing (6.1.9), we see that, for n > 1,

EF= [e*Cn] — /e*Cn—l(w)EPOw(cn_n [6*40} PP (dw)
< pEFE e,
and therefore that

(6.1.10) sup EF= [e_c"] < p"tt for all n > 0.
reM

Armed with (6.1.10), we can now define

(6.1.11) P, = lim P’

n—oo

In fact, for any ¢ > 0 and bounded, B;-measurable F': Q(M) — R,
|EF= [F] — BF [F]] < 2| F[[u Py (Gm < t) < 26'[|F|lyp™ ™ i 0<m <n.

Furthermore, since P, [ B¢, = Py | B, for all n, it is easy to check that
P, solves the martingale problem for L starting at x. Finally, observe that,
by induction on n > 0, x € M +— P2 € M;(Q(M)) is measurable and
therefore, by the preceding, so is x € M —— P, € M, (Q(M))

6.1.3. Uniqueness of Solutions: There are two ingredients in the proof
that, for each x € M, the P, just constructed is the only solution to the
martingale for L starting from each x. The first of these is the following
local uniqueness statement.

LEMMA 6.1.12. Suppose that © € Wy, and that P is a solution to the
martingale problem for L starting from x. Then (cf. (6.1.7))

P | Bew, = (Qf, 2y 0 ;") I Bew,-
PROOF: Define ¥y, : Q(M) — Q(RY) so that

U (w(t ACY)) if w(0) € W

(W5 (w)] (1) = { 0 if w(0) & Wy
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Then w(0) € W), = w(t) = ®p o Ui(t) for t € [0,¢"*). Hence, the
desired conclusion is equivalent to saying that Q@ =P o \Ilgl equals szk( 2)
on BCBRN (©0.3. But, by (6.1.6), for any ¢ € C2(RY;C),

[L¥¢] 0 i (w(r)) = [Llp o )] (w(r)) for 0 <7 < (Ve (w),

and therefore

tACERN (03)

(so(n(t NP0 (@) - [

0

LFo(n(r)) dr, By, Q)

is a mean-zero martingale, which, by Lemma 6.1.3, implies that

(so(n(t))cp(wk(w))/OL’“cp(n(T))dT,Bt,Q ® Q’?)

BN (0:3)

is a mean-zero martingale. Thus, because Qik () is the only solution to

the martingale problem for L* starting from 1)y (z), we have now shown
that Q1 ® Q. = Qik(z) and therefore that Q | BCBRN(O,S) = sz(w) I

BN (09)

BCBRN(O,Zi). O

The second ingredient is a general fact about what happens to martin-
gales under conditioning. First, recall (cf. Theorem 5.1.15 in [53]) that
if P is a probability measure on a Polish space 2 and F is a countably
generated sub-c-algebra of Bq, then there exists an F-measurable map
weQ— P, € Mi(Q) and a A € F such that P(A) =0, P,(4) = 14(w)
forallw ¢ A and A € F, and

P(ANB) = / P, (B)P(dw) for all A€ F and B € Bq.
A

That is, for each B € Bg, w~P,(B) is a conditional probability of B given
F, and for this reason w~~P, is called a regular conditional distribution of
P given F. Moreover, it is a simple matter to check that w~>P,, is uniquely
determined up to an F-measurable set of P-measure 0. Second, we need to
know that when Q is a pathspace like Q(M) and ( is a stopping time, then
B is countably generated.*

In order to show how to pass from the local uniqueness result in Lemma
6.1.12 to a global uniqueness statement, we will use the following fact about
the relationship between solutions to the martingale problem and regular
conditional distributions.

4 To see this, one identifies (cf. Lemma 1.3.3 in [52]) as o({w(t A ¢) : t > 0}), which is
possible only because we have insisted that {¢ < ¢} € B;, as opposed to {¢ < t} € By,
for all ¢t > 0.



148 6 ON A MANIFOLD

LEMMA 6.1.13.  Suppose that P solves the martingale problem for L
starting from x, let { be a stopping time, and choose w~~P,, to be a regular
conditional probability distribution of P given B¢. Then there is a A € B¢
such that P(A) = 0 and, for each w ¢ A with {(w) < 0o, P, o E&L) solves
the martingale problem for L starting from w(().

PRrROOF: Suppose that (E(t),Bt,]P’) is a continuous martingale with the
properties that Z(0) = 0 and sup(, ,ye(0,1)x0 [E(t,w)| < oo for every T' €
(0,00). We want to show that, for P-almost every w € {¢ < oo}, P,(4) =
14(w) for all A € B, and

(E(t) = E(t A¢(w)), Bi, P,) is a martingale,

and, since B is countably generated, the first of these causes no problem.
Turning to the second, let A € B, be given, and set Ap = AN{¢ <T'} for
T € (t2,00). Given 0 < t; <ty and B € By,,

/A E™ [2(t2) — E(t2 A((w)), B] P(dw) = EF[E(t2) — E(t2 A (), A7 N B]

=E"[E(t2) —E(t2 AQ), Ar N BN{{ < t1}]
+EF[E(t2) —E(t2 A (), Ar N BN{¢ > t1}]

AC), AT N BN{¢ < t}]
+EP[E(ta v () — E(C), ArNBN{¢ > t1}]
A ()

_ /A EF [2(t1) — Z(t A (W), B] P(dw),

since Ap N BN{{ < t1} € By, and Ar N BN{( > t1} € B;. Because
this is true for all A € By and T' > t5, it follows that, for P-almost every
w € {¢ < oo},

(*)  EF[E(t2) —E(ta A((w)), B] =E™ [E(t1) — E(t1 A{(w)), B]

for each t1 < t2 and B € By,. Hence, since B;, is countably generated and
t~+Z(t) is continuous, this means that we can find one B¢-measurable A set
of P-measure 0 so that (*) holds for all w ¢ A with {(w) < o0, t1 < to, and
B € B;,, which is tantamount to the asserted martingale property.

To complete the proof, choose a dense sequence {p, : £ > 1} in C?(M;R),
and, for each ¢ > 1, set

=0t w) = e (w(t)) — e (w(0) — / Lpe(w(r)) dr.
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Next, for each ¢ > 1, construct A, accordingly for (Eg(t),Bt,]P), and take
A =J;2, A¢. Then, for each £ > 1 and w ¢ A with ((w) < oo,

t

(14 60 = wlt)) - [

; Ly (w'(T + C(w))) dr, B((w)+t7 Pw>

is a martingale with mean value 0. Because {p, : ¢ > 1} is dense in
C?(M;R), it follows that whenever w ¢ A and ((w) < oo, P, 0 2;&)) solves
the martingale problem for L starting from w(¢). O

THEOREM 6.1.14. For each x € M, the P, in (6.1.11) is the one and
only solution to the martingale problem for L starting from x. Moreover,
r € M — P, € My(Q(M)) is measurable and {P, : z € M} is a
Markov family. In fact, for each stopping time (, w~>4,, C((X:j : P. is a regular

conditional distribution of P,, given Be.

Proor: We already know that z~>P, is measurable and that P, is a so-
lution for each x € M. To prove the uniqueness assertion, let P be a
solution starting from x. We need to show (cf. the notation in §6.1.2) that
P B, =P} | B, for all n > 0. By Lemma 6.1.12, there is nothing to do
when n = 0. To prove it in general, assume that P [ B¢, , =P?~! | B¢, ,
for some n > 1, and let w~~P, be a regular conditional distribution of P
given B¢, ,. Then, by Lemma 6.1.13, for P-almost every w with ¢,—1(w) <
o0, P, 0 Ec_nl_l (@) is a solution to the martingale problem for L starting from

w(Cn-1), and so, Lemma 6.1.12, P, o Ec_nlil(w) I Bey = }P’g(cnil) I Be,- But,

by the inductive hypothesis, this means that, for B € B, ,

P(B)=P ® P°(B)=P""! @ P°(B)=P*B).

xT

Cn—1 Cn—1

Having proved uniqueness, we can prove the final assertion by applying
Lemma 6.1.3 to see that P, ® P. is a solution starting at =, which therefore
¢

must be equal to P,. O

6.2 The Transition Probability Function on M
Referring to §6.1, define (t,z) € [0,00) X M —— P(t,z) € M;1(M) so
that P(t,x) is the distribution of w~w(t) under P,. Clearly (t, )~ P(t, x)
is measurable. In addition, by the Markov property,

P(s+ t,T) =B [P(t.(9).T)] = [ P(t.3.T) Pls,.d),
and so (¢, )~ P(t, x) satisfies the Chapman—Kolmogorov equation. Finally,
(@, P(t,2)) = p(z) = E [p(w(t)) — ()]

= EF- Uot Lo(w(r)) dT} = /Ot<L¢,P(T,x)>dT,
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and so

(o, P(t,2)) = o) + / (L, P(r,2)) dr

for all ¢ € C*(M;C). Hence, (t,z)~P(t,x) is a measurable transition
probability function which, for each = € M, satisfies Kolmogorov’s forward
equation for L. In fact, it is the only such transition probability function.
One way to see this is to suppose that (¢,x)~P’(t,x) is a second and,
following Kolmogorov, construct the Markov family {P, : = € M} for which
P’ is the transition probability function. Assuming that P}, € My (Q(M)),
it is clear that P/, solves the martingale problem for L starting from z and is
therefore equal to P, which, in turn, means that P’(t,x) = P(t,z). Using
any one of a number of standard criteria, checking that the P’’s must live
on (M) is not hard. However, rather than go into the details, we will defer
the proof of uniqueness until the end of §6.3.2 (cf. Corollary 6.3.4 below),
when we will have enough information to give a more elementary proof.

6.2.1. Local Representation of P(t,x): In this subsection we will de-
velop a formula on which our entire analysis of P(¢,x) rests.

For each 1 < k < K, define the stopping times {a,x : n > 0} and
{Bnk : n >0} so that

ao k(W) =inf{t > 0: w(t) € i}, Bor(w)=inf{t > a,,(w): w(t) ¢ Wi}
and an—&-l,k((“-)) = inf{t > Bn,k : W(t) S Vk};

with the understanding that £, i (w) = o0 if ap k(W) = co and apt1 k(W) =
00 if By k(w) = co. Then, because

18 (W) 2 Bo (W) = on k(W) + ¢V (B, p@w)  if an(w) < oo,

the Markov property can be used to show that EF= [e‘a"“»k] is dominated
by

Rl S G [efgwk] P, (dw) < pEF= [e=mx],
{on,k(w)<oo}
where p € (0,1) is the one in (6.1.9). Hence,

(6.2.1) 13}&){}(:&1}]}” el <t) <efp™

Now set PV (t,x,T) = Py(w(t) € I' & ¢W& > ). Then, because, by
(6.2.1), an /" 00 Py-almost surely, for any I' € By,

P(t,z,T) ZP t) €T & ani(w) <t < Pugw)),
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and, by the Markov property in the final part of Theorem 6.1.14,

Py (w(t) €T & ani(w) <t < Bni(w))
= EP= [PW’“ (t — an kW), w(ank),I), ani(w) < t].

Thus, for I' € By, , we have that

(6.2.2) P(t,x,T) =Y E[PYVe(t — ani(w),w(oms),T), ank(w) <t].

n=0

6.2.2. The Transition Probability Density: We will now use (6.2.2)
to transfer the results in Chapters 3 and 4 from RY to M. For this purpose,
first use Lemma 6.1.12 to see that

PWe(t,z,T) = / (¢*) B~ (0:3) (t, ¥ (x), &) dy for x € W), and T’ € By,
()

where (cf. (5.2.5)) (¢%)B=~(03)(¢,¢, ) is the density of the transition func-
tion (QF)Pen (03) (¢, ¢ T) = Q’g(n(t) €T, ¢Pen(03) > 1), Now let \ps denote
the Riemannian volume measure on M. That is, if I' € By, , then

Au(T) = /w . vg(€) d¢  where vy, (€) = \/det(gk(w,;l(g)))
and g* (1 (€)) = (V)20 (1) 0e,)

w,;l(g)))lﬁi,jSN
is the Riemannian metric computed in the coordinates determined by ).

Then the preceding can be rewritten as the statement that, for x € Wy, and
I'e Bwk,

PYVr(t,z,T) = /pW" (t, 2, y) An(dy)
I

where p"V (t, z,y) = vy (¢k(y))71(qk)BRN ©3) (¢, Yy (), Yr(y))-

(6.2.3)

The next step is to combine (6.2.2) with (6.2.3). For this purpose, recall
that dps(z,y) denotes the Riemannian distance between points z, y € M.
Thus, because, because (cf. Theorem 3.3.11 or Theorem 4.4.6)

(qk)BRN (0,3)(157&-,5/) S t%exp <At - |£/ At£|2>

for some A € (0,00), we can use (6.1.5) to find another A € (0,00) for

which 5

.A
k < _ —
pVE(t z,y) < o exp (At .
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whenever 1 < k < K and (t,z,y) € (0,00) x Wi x Wy. In particular,
because o, k(w) € (0,00) = w(ay) € OVi, this means that, for each
T € (0,00),

[pax  sup L(0,0) (tn k(@) p"* (t — an i (W), w(an k), y) < 0,
weQ(M)

(t,y)€[0,T] XUk

and so, by (6.2.1), for each = € M, the series
(6.2.4) p(t,x,y) ZEP t — (W), w(anvk),y), ap k< t], y € Uy

converges uniformly on compacts to a continuous function in (¢,y) € (0, 00) x
Ug. Of course, one might worry that because y can be in more than one Uy
and therefore that the definition of p(t, z,y) depends on which k is chosen.
However, no matter which k with Uy > y is chosen, when p(t, z,y) is given
by (6.2.4), (6.2.2) and (6.2.3) say that,

P(t,z,T) = /p(t,a:,y) Am(dy)  for (t,z) € (0,00) x M and I' € By,
r
and so p(t, z,y) is unambiguously defined by (6.2.4) and, in fact,
P(t,z,T) = /p(t,a:,y) Au(dy)  for (t,z) € (0,00) x M and I' € Byy,.
r

That is, p(t,z,y) is the transition probability density for P(t, z).
6.3 Properties of the Transition Probability Density

We will show in this section how to derive smoothness properties for
p(t, z,y) from the results which we proved in Chapter 3. However, before
getting into the details, it may be helpful to address the question of how
one measures “smoothness” of functions on M. For aesthetic reasons, one
might choose to measure them in terms of the Riemannian structure, in
which case one could define z € M — V"p(z) € (T, M)®" so that, for
1,2, €T M,

an
(Vnso(x)’El(X)"'@En) = W(p(expm( 1=214-- n:n))
s

9
ty=--=t,=0

where exp,, denotes the exponential map based at x. That is, exp,(Z) is
the position at time 1 of the geodesic starting from z at time 0 with initial
velocity = € T, M. One might then define

1

n 2

lollenariry = sup <Z Vmw(x)ﬁTmM)@m)

m=0
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However, when dealing, as we are, with compact manifolds, such an intrinsic
definition is unnecessary and, for our purposes, inconvenient. Thus, instead,
we will start with the finite atlas of coordinate charts {(Ug,v5) : 1 < k <
K} described in §6.1.2 and take

=

lellenem = sup [ S0 S [0%(p o v ) (n(x)]

TEM \ (kzeUy} fafl<n

Although, one can, and should, complain that this definition depends on the
choice of atlas, all choices lead to definitions which are commensurate with
the intrinsic one, and so not a lot is lost by working with this definition.

6.3.1. Smoothness in the Forward Variable: Using (6.2.4), we can
show that smoothness of p(t, z,y) in the forward variable y reduces to the
smoothness of p"*(t, z,y) in y. Indeed, by the second line in (6.2.3), (6.1.5),
and the estimate in Theorem 5.2.8 applied to (¢*)Za~ (93) for each n > 0,
there exists an A,, < co

A s (2, L (€)?
’ (t,wﬂl)gl(ﬁ))\ < ez exp <Ant_ W)

for 1 <k <K, 2 €V and £ € Bgn(0,2).

(6.3.1) 115l<n

Next, by (6.2.4) p(t,x,wk_l(g))) equals
Ly, (x)p™ (t fﬂﬂb;l(i))
+ Z EP t — Qp, k( ) w(an,k)a wk_1<£))a an,k(w) < t]
for x € M and £ € Br~ (0, 1). Putting this together with (6.2.1) and (6.3.1),

and remembering that M is compact and therefore that d,; is bounded,
one concludes that, after a small adjustment in A,,,

An d ’,(/}71 g 2
n%luafn‘afp(t z 0 (©)] < g &P (Ant_ M(xA:t())) .

Finally, one can remove the exponential growth in ¢ by applying the Chap-
man—Kolmogorov equation. Namely, if ¢ > 1, then

and so

max sup ‘8?p(t,x,wk_l(§))| < Apetn,
I8I1<n (t,6)€[1,00) x Byn (0,1)
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Hence, after again taking into account the boundedness of dj; and adjusting
A, one arrives at

A, (v ()2

5 - _— Ant
632 Bt @) < e

for 1 <k < K and (¢,2,&) € (0,00) x M x Bg~(0,1).

6.3.2. Smoothness in all Variables: In this subsection we will prove
the following regularity result about p(t, z,y).

THEOREM 6.3.3. For each n > 0 there is an A,, < oo with the property
that, whenever m + ||| + ||8]| < n,

dpg (¥ 1@, (e))?
An k k

0Ot (€. (€)| < e o

for 1 <k, k' < K, (t,¢,¢) € (0,00) x Brn(0,1)2.

In addition, 07"p(t, x,y) = [L™p(t, - ,y)](z) for m > 1.

PROOF: The reasoning is essentially the same as that given in the proof of
Theorem 5.2.8 to prove the corresponding result there.

We begin by applying the Markov property in Theorem 6.1.14 to derive
the Duhamel formula

p(t,z,y) = p"r(t, 2, y) + EF [p(t — (" (w), w(C"),y), (M (w) < t].

Next, given 1 < k < K, set py,(t, €, &) = p(t, 1 " (€), ¥5, ' (€)) and pi(t, €, &)

="k (6,4, (6), 0 (€))) for (1,€,€') € (0,00) X B (0,3)2~ Then, by the
preceding together with Lemma 6.1.12, py (¢, £, &) equals

Pro(t, &, €) + B [py (£ — ¢Bav ©3) (1), (¢ Bav O30 €7 (Pan 03) (1) < ¢].

Just as in the derivation of (6.3.1), the estimates in Theorem 5.2.8 say that
there is an A,, < oo such that

An d —1 , —1/¢\\2
ya?agﬁunsmgv|stN;nexp(Ant ”“wk(jlfk(f))>

B —
for (¢,£,€") € (0,1] x Brn(0,2) and ||| + 18] < n
To handle the second term, we use (6.3.2) to justify writing

k -
OB [py (= ¢P=n O (), (¢ Pen O 1), (P O3 () < 1]
= E% [0 pe(t = P O () m(¢Pe O, ), (P 0D () < 1]
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for (¢,&,¢") € (0,1] x Brn(0,2) X Brn(0,1). Thus, we can apply (5.2.9) to
see that

02 OLERE [y, (t — ¢Ben O (), (¢ Bar (03 )| (B 03) (1) < 1]

exists and that, for a slightly altered A, < oo, its absolute value is domi-
1
nated by A,e” 4»t times

sup{|8§,pk(r,x,x’)| 1t €(0,1], x € 9Bgn (0,3) and x’ € By~ (0, 1)}

for (£,€,€) € (0,1] x Ban(0,2) x Ban(0,1) and [Jal| + ] < n. After
combining this with our earlier estimate on the first term and using the
fact that dps is bounded, we conclude that there is an A,, < oo such that

A, @O 2
‘3?3?/pk(tafaf/)| < t]\,ﬁe_ k Ant
2

for (¢,£,£') € (0,1]x Brw (0,2) X Brn (0, 1) and ||a|[+]|3]| < n. In particular,
this proves the required estimate when k' = k and ¢ € (0, 1].

Now suppose that k' # k and (¢, &,¢") € (0,1]x Bgn (0, 1)2. If ¢ (€) € Vi,
then we write

p(t 1 (€), v (€) = pw (w0 951 (€),€)
and apply the preceding. To handle the case when v, '(&) ¢ Vi, set G =
{x € Be~(0,3) : ¢ (x) ¢ Vi}, where Viy = ¢! (Bgn (0, 2)). Then, by
(6.1.5), there is an r > 0 such that |¢ — GC| > r whenever ¢ € By~ (0,1)

and 1/1121(5) ¢ Vjs. Moreover, another application of the Markov property
and Lemma 6.1.12 shows that

08t (€).€) = E% [0p (1=, v (n(¢%)), v (€)), ¢ m) < 1]

when (¢,&,¢') € (0,1] x Bgn (0,1)2 and ;' (€) ¢ Vir. Thus, once again, we
are in a position to apply (5.2.9) and (6.3.2) in order to complete the proof
of the required estimate when ¢ € (0, 1].

To handle ¢t > 1, apply the Chapman—Kolmogorov equation to write

p(t,z,y) = //p(%,x,z)p(t — %,z,z’)p(%,z',y) A (dz) A (d2').

By the estimate just proved and the one in (6.3.2), derivatives of the in-
tegrand with respect to « and y up to order n are bounded, independent
of t > 1, and so, since A\p; (M) < oo, it follows that x and y-derivatives of
p(t,z,y) up to order n are also bounded independent of ¢ > 1.

Finally, knowing that p(t,z,y) is smooth in z and y, the derivation of
op(t,x,y) = [L™p(t, -,y)](x) is similar to, but easier than, the argument
given at the end of the proof of Theorem 5.2.8. [

Armed with the preceding regularity result, we can easily prove the
uniqueness result mentioned in §6.2.
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COROLLARY 6.3.4. For each x € M, the function t~P(t,z) described in
§6.3.2 is the one and only continuous map t~»u(t) with the property that

(o) = ¢la) + [ (Lep(r)dr forall o € CHOLC)

In particular, (t,2)~P(t,x) is the only transition function satisfying
t

(¢, P(t,z)) = p(x) +/ (Lo, P(t,2))dr for all o € C*(M;C).
0

PRrROOF: The proof is identical to that of the uniqueness results in §2.1.1.
Namely, let ¢ € C%(M;C) be given, and set u,(t,z) = (p, P(t,x)). Then,
for any t >0, £ (uy(t — 7, ), u(7)) = 0, and so

{0, (1)) = (up(t, -), 1(0)) = up(t,x) = (i, P(t, 2)). O

6.4 Nash Theory on a Manifold

In this section we will prove the following.

THEOREM 6.4.1. For each § € (0, 1] there exists an K(§) € [1,00) such
that

1 _(48)dy(=,y)? K() _dyew?
e T St y) < e
K@O)(1At)z (IAt)=

In particular,
d 2
1i\1gtlogp(t,x,y) = —w uniformly on M x M.
t

6.4.1. The Lower Bound: Given Theorem 5.2.14, the proof of the lower
bound is quite easy.
To get started, set
= 1 M < < .
R m12}\’4max{clM(aU,Vk[:) 1<k< K}
By (6.1.5), R > 0 > 0. Now let x € M be given, and choose k so that
By (2, R) C Vi If y € By(w, R), then there is a minimal geodesic® II :
[0,1] — Bps(x, R) with = TI(0) and y = II(1). Starting from Theorem
5.2.14, it is easy to check that, for each 6 > 0, there is an «(d) > 0 with
the property that

(q*) Py O3 (£ (), i (1))
o0) o (_ (1 +8)d* (), zpk(y))z)

Y 2t

>

5 We will always take geodesics to have speed 1. Thus, when a geodesic is minimal,
dar (I1(s), II(t)) = |t — s|.



6.4 Nash Theory on a Manifold 157

for ¢ € (0,1], where

dk(&g’) = inf{\//ol (7:1'(7')7 ak (77(7'))717:1'(7')>RN dr:

7€ C'([0,1]; Bgn (0,2)) with m(0) = £ & (1) = g’}.

Hence, since m = ¢, oI : [0, 1] — B~ (0,2),
2 ! -1
d* (Y (), ¥i(y))” < /O (fr(t), a* (m(t)) #(t))RN dt = dys(x,y)?,

and, by (6.2.3),

pt,z,y) = ve(y) " (g") P O (8, g (@), e (),
we have now shown that, for a slightly different choice of a/(d) > 0,

z, 2
) plta,y) = ag)e_(w)d%( .

t2

for t € (0,1] and dps(z,y) < R.

Now assume that dps(x,y) > R, and choose n € ZT to be the smallest
integer dominating ?’dMil(f’y). Clearly, 3 < n < MLR(M). Next, let II :
[0,1] — M be a minimal geodesic running from x to y, and set z,, = H(%)
for 0 < m < n. Then dy(zpm—1,Tm) = W < %. Given t € (0,1],
set 7 =L = n~'Rtz, and B, = B (@, 7). Then da(2m—1,2m) <
M <Rforl1<m<mn, zn_1 € Bn_1, and z,, € B,,. Hence, by
(*) and the Chapman-Kolmogorov equation, p(¢, x,y) dominates

// (7,2, 21)p(T, 21, 22) - - (T, 2n—1,9) Anr(dz1) - Apr(dzp—1)

Bl><~~-><B7171

> (a((;))" (];[ )\JVI(Bm)> exp <(1 +9) (dM(a;;y) + 2Ri%) ) .

N
T2

Finally, there is a 3 € (0, 00) such that Ay (B(z,p)) > Bp" for any z € M
and p € (0, R), and

(dar(,y) +2Rt2)° (14 0)dya(w,9)? | 4R?
2t - 2t 5

Thus, after further adjustment of a(d), one gets the lower bound in The-
orem 6.4.1 for ¢ € (0,1]. Observe that, because dp; is bounded, the lower
bound for ¢ > 1 is tantamount to saying that p(t,x,y) is bounded below

by a positive constant uniformly for ¢ > 1. But, we already know that
diam(M)?

)
p(l,z,y) > a(l)e” =@ | and therefore, by the Chapman—Kolmogorov
equation, the same is true for all ¢ > 1.
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6.4.2. The Upper Bound: Because the upper bound is less amenable to
localization, proving it requires us to repeat the argument in §4.4.1, only
now on M.

The first step is to find a replacement for Lemma 4.1.3. For this purpose,
let h(t,x,y) be the transition probability density corresponding to %A, and
define Hyp(z) = [ h(t, z,y)¢(y) Anm(dy). By the divergence theorem,

(@a Aw)Lzo\M;R) = —(VLP, V¢) L2\ TM)?

where
(X, Y)Lz()\M;TM) = /M (X(x)’y(x))TzM A (dz)

for vector fields X and Y on M. In particular, this means that A is formally
self-adjoint on L?(Aps;R) and therefore that

d
E(Ht_Tg07HT¢)L2()\M;R) =0 for7e€]|0,t].
Thus, H; is symmetric in L?(Ayz;R), which is equivalent to saying that
h(t,z,y) = h(t,y,x) and, just as in the derivation of (4.1.2), means that
H, is a self-adjoint contraction on L?(Aps;R). In addition, one has that

d d
%HVHWH; = ——(Hyp, AH,p)

2
(wTM) — gt _HAHtHLz( <0

L2(AaR) AasR) = O

Finally, observe that, from (6.3.2) with n = 0, we know that ||H:||1—cc <
Cu(1AE)~2 for some Cpy < oo.

With these preliminaries, it might seem that we have everything we need
to have h(t,z,y) play the role that the Gauss kernel played in our second
proof of Lemma 4.1.3. However, there is one crucial difference: Our esti-
mate for ||H;|[1— o is a short time estimate and gives no information about
long time behavior. For this reason, we will resort to the following sub-
terfuge. At the cost of a slight alteration in the constant Cs, we replace
(LAt)~2 on the right hand side by t~ 2 e*. Now set ¢, = e "H,, use

t
o :so—/o (1 - LA)p, dr,
and conclude that
2 _
||§0||L2()\M;R) - (303 ‘Pt)Lz(/\M;R)

t
+/0\ ((@7 (‘DT)L2()\M;]R) + %(v@7 V(‘DT)L2()\JW;TM)) dT'

Because

_ _N
‘(@7‘Pt)L2()\AI;R)’ < lellranrmye NH ol Lo (ansir) < Cart™ 2 ol T (2003
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(©:07) L2y < Ilzzonme T THll L2 0m) < 19172000 R),

and
(VQO, V('OT)LQ()\M;TJVI) < HVQD||L2(>\M;TM)€77HVHTQOHL%AM;TM)
< HVWHQL?(,\M;TMy

we obtain

_N
172 0 nrmy < Cart™ 2 el Taapeimy + EI0 T80 m) + 31V RN 0 s7n)

for all t > 0. Thus, after minimizing with respect to ¢ and altering Cj;, we
arrive at

2+4 4
(6:4.2) [lell 2, im) < Car (1ol Z20nnm) + 31V pan) 1O1E (5,2

Given (6.4.2), we have the engine which powers the reasoning in §4.4.1.
In particular, we can now prove the following.

LEMMA 6.4.3. Define D(¢) = ||V¢||y for ¢ € C°°(M;R) and

Dy (z,y) = sup{w(y) —(x): Y € C°(M;R) with D(¢) < 1}.

Then there is a Kj; < oo with the property that, for each ¢ € (0,1],

Kyet B|?t D 2

(6t)% 5 2(1+50)t

where | Blu = sup,enr | B(2)|r, -

PROOF: Assume that u € C1%([0,00) x M;(0,00)) is a solution to an
equation of the form

Ou(t,z) = $Au+ Bu — div(uB) + cu,

where B and B are smooth vector fields on M and ¢ is a smooth function on
M. Given r > 1, set v,(t) = |[u(t)|[zr(r,;r)- Then, proceeding in exactly
the same way as we did at the beginning of §4.4.1, we find that

2

1. r—1 r r
v e < = [V g ayrirany + (e ) gy
where
c(x) - _1
-(x) = +|Br(@)] g, with Br = —+(2-7)B
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In particular, this means that

) va(t) < el o).

When r > 2, we add and subtract “3! ||uT||%2(M:R) to the right hand side

r2

and apply (6.4.2) to thereby obtain

1+4F
r—1 vy~

201\/[7‘2 4WT
Uy

’[]27“ S +T(T_2+ HCrHu)U?T'

Thus, by repeating the argument given in the proof of Lemma 4.1.7, we
arrive at

=

) < (2) e (Ll +77) ) et

when w,.(t) = sup 7% 1_%)1)7«(7)
T€10,t]

(**)

for each 0 € (0,1].
Now let 1) € C°°(M;R) be given, and, for ¢ € C>(M;[0,00)) \ {0}, set

Wt 1) = QP pla) = eV / Dt 2,)"® () A (dy).

Then
8tug = %Aug,’ + B¢ufﬁ — div(ud’Bw) + cd’ui’,

where
BY = B+ §Vy, BY = =3V, and ¢ = By + 3[V|7;-

Combining (*) with (**) and arguing as we did at the corresponding point
in §4.4.1, we conclude that there is a Kj; < oo such that

KMet(HGJSIBHL) £(1458)D s ()2
——e¢ 2 .

¥ <
Q7 l2—00 < L

Similarly, if
@ (y) = (Q¥) Tp(y) = e VW / Pty 2)e?® Apr(da),

then
Oyl = SAuY — BYaf + div(BYa) + cVud,
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and so we can conclude that [|QY||1— satisfies an estimate of the same sort
as || Q¥||2—s0. Finally, after combining these two, using Q; = Q: 0 Qq,
and making a small adjustment in K;, we get the asserted conclusion. [

What remains to be proved is that Dys(x,y) = dar(z,y), and, just as in
§4.1.2, the proof that Dys(z,y) < dum(z,y) is trivial. However, the proof
of the opposite inequality requires some thought. Namely, one would like
to prove that dy(x,y) < Dy(x,y) by taking ¥(y) = dy(x,y). However,
as was the case earlier, this choice of ¢ is not smooth and therefore inel-
igible. The problem therefore is to show again that one can approximate
y~~dpr(x,y) by a sequence {t,, : n > 1} of smooth functions in such a way
that 1, — dps(, -) uniformly and lim,, . || Vb |l. < 1.

LEMMA 6.4.4. Given ¢ € C(M;R) satisfying | (y) — ¥(z)| < dp(z,y)
for all x,y € M, there exists a sequence {1, : n > 1} C C*>°(M;R) with
the properties that 1), — f uniformly on M and lim,, . || Vtb, |l < 1.

PrOOF: The most direct (see Remark 6.4.5 below for another approach)
proof of this assertion relies on basic facts about Riemannian geometry, the
first of which is that there exists an R > 0, the injectivity radius (cf. §2
in Chapter V of [9]), with the property that (z,y)~dps(x,y)? is a smooth
function as long as dp(z,y) < R. Now choose p € C°((—R?, R?);[0,00))
so that wy_1 f p(7’2)7'N_1 dr = 1, where wy_1 denotes the area of the unit
sphere S¥~1 in RY | and, for € € (0,1], set

0ule) = [ poldas(e,))0) Maaldy) where pu(r) = €V p(e ),

Clearly, 1. € C*°(M;R) for each € € (0, 1].

In order to show that ¢, — f uniformly and that lime o [|[¢c]lu < 1,
for each z € M choose an orthogonal transformation E(z) : RY — T, M.
Then there is a function w : M x B~ (0, R) — (0, 00) with the property
that

ve(o) = [ p€P)0lexp. (@) ula.) de
where exp, : T,M — M is the exponential map based at z. Indeed,
& € Brn(0,R) — exp,(E(z)§) € M is a diffeomorphism onto Bys(z, R),
and w(x, -) is the Jacobian associated with this choice of coordinates. In
particular, because (cf. §8 in Chapter XII of [9]) these coordinates are

normal at = , |w(z,&) — 1| < C|¢|? for €] < &, where the choice of finite C
can be made independent of x € M. Therefore

[el() — ()] < / p(IE12)] 0 (exp, (B(@)€) — ()] de
el [ o€ ote ) - 11de
<R / P(ER)I€] de + Clh]|ue? / plIE[2)[¢ 2 de.
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Finally, to control the gradient of ., let x be given. Then, because
Bys(z, R) admits a coordinate system, one can make a choice of y~E(y)
which is smooth on Bys(z, R), in which case w(y,&) is a smooth function
of (y,&) € Bp(x, R) x Brn (0, R) and there exists a C' < oo such that

At (expy, (E@1)E), exp,, (B(2)€) ) < (1+ Cledar (. v2)

and |Vyw(y,&)|r,m < C|¢[? for € € Brn (0, %) and y,y1,42 € Bu(z, %).
Hence, if y € By (2, &) and I : [0,00) — M is a geodesic with II(0) =y,
then for sufficiently small t > 0 and ¢ € (07 %],

|[ve(T1()) — ve(y)| < (1 + C'elt,

which means that [V (y)|r,m < (1+C%). O

Given the result in Lemma 6.4.4, one sees that Dy (z,y) > ¥(y)—v(x) for
any ¢ with Lipschitz constant less than or equal to 1 relative to dps(x,y).
In particular, one can take ¥(y) = dp(z,y) and thereby conclude that

Finally, by combining this with the result in Lemma 6.4.3, we get the
upper bound in Theorem 6.4.1 for ¢ € (0, 1], and to get it for ¢ > 1 one can
use the Chapman—Kolmogorov equation in the same way as we have done
previously. Thus, Theorem 6.4.1 has now been proved.

REMARK 6.4.5. Another way in which one can prove Lemma 6.4.4 is
to take ¥; = H;y and use the regularity results which we know about
h(t,z,y). Indeed, we know that, for each ¢ > 0, 9; is smooth and that
¥y — 1 uniformly on M as ¢t \, 0. Thus, the only question is whether
liIni&\‘O “v¢t“11 < 1.

There are many ways to prove this. Perhaps the most elegant is to use a
coupling argument based on Bochner’s identity. Namely (cf. Theorem 10.37
in [54]), if  is a lower bound for the Ricci curvature on M, then, for each
x1, T2 € M, one can construct a coupling P, on C([O, 00), M X M) with
the properties that the P, ,,-distribution of w~»w; is P, for ¢ € {1,2} and

dar (wi (), wa(t)) < e *dp(z1,22) Py, zp-almost surely.
Hence,

[Hyp(22) — Hyh(21)| < e [ih(2) — ¢(a1)| < e dps (1, 22),
from which it is an easy step to |VH(z)|r, pm < e .
An alternative, more pedestrian, approach to the same conclusion is to
work in a coordinate patch and apply the results, particularly Lemma 2.2.5,
in Chapter 2.
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REMARK 6.4.6. It should be apparent that, given a Riemannian structure
on M, we could have applied the reasoning in this section to any operator of
the form L = 1div(aV) + aB, where z € M +— a(z) € (T, M)* x (T,M)*
is symmetric and uniformly positive definite. If we had, we would have
obtained results analogous to those which we proved in Chapter 4. In
particular, the constants appearing in those results would have enjoyed the
same independence from the regularity of a and B as the constants did
there.

6.5 Long Time Behavior

The result in Theorem 6.4.1 does not give much information when ¢ is
large, it merely says that p(¢, z,y) is bounded above and below by positive
constants uniformly on [1,00) x M x M. In this section we will show that
there is an f € O™ (M; (0, oo)) and a A > 0 with the property that

(6.5.1) sup ||p(t, @, -) — f(y)Hu <e ™M fortel,o0).
(z,y)EM?

Moreover, f is the unique solution to
(6.5.2) %Af —div(fB) = 0 with /f(y) Am(dy) = 1.

6.5.1. Doeblin’s Theorem: The basic result which underlies (6.5.1) goes
back to Doeblin.

In the following statement, Q(¢,x, -) is a transition probability func-
tion on M and {Q: : t > 0} is the associated semigroup of operators:
Quo(z) = [o(y)Q(t, z, dy) if ¢ is a bounded measurable function on M
and pQq(dy) = [Q(t, z,dy) p(dx) if p is a finite, signed measure on M.
Clearly, pQu(M) = p(M), [|Qipllu < [l¢llu and [[pQ¢llvar < ||pllvar, where
Il - |lvar is the total variation norm.

LEMMA 6.5.3. Suppose that Q(t,x, - ) is a transition probability function
on M with the property that Q(1,z,dy) > (1 — 8)v(dy) for some ( € (0,1)
and probability measure v. Then there is a unique probability measure p
such that

HQ(t,x, ) - MHvar < Qﬁ[t]7 t>0,

where [t] is the integer part of t. In particular, y is {Qy : t > 0}-invariant
in the sense that = uQ; for all t > 0, and so > (1 — p)v.

PROOF: Let p be a finite, signed measure with p(M) = 0, and let |p| be
the associated variation measure. That is, if p = p; — p_, where p; and
p— are the non-negative, mutually singular measures, then |p| = p4 + p—.
Then, for any bounded, measurable ¢ : M — R,

(2 pQu) = / (0, Q(1,2)) p(dz) = / (0, Q(L,x) — (1 - B)v) plda),
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and so

(e, pQu)| < /<|90\7Q(1733) — (1= B)v) Ipl(dz) < Bllellullolvar,

since Q(1,2) — (1 —B)v > 0 and Q(1,z, M) — (1 — B)v(M) = . Hence, we
have shown that

() 1PQallvar < Bllpllvar  if p(M) = 0.

From (*), it is clear that, for any ¢ > 0,

||th||var = H(thf[t])Q[lt]”var S 6[t]||th7[t]||var S ﬂ[t]HpHvar

if p(M) = 0. In particular, if s, t > 0, x € M, and p = Q(¢,x) — d,, then
1Q(s+t, ) —Q(s,7)||var = [|pQs]lvar < 28!%]. Thus, by the Cauchy criterion
for convergence in the variation metric, there is a probability measure p to
which Q(¢,x) converges in variation as ¢ — oo. In particular, for any s > 0,

11Qs = pllvar = lim [2Qs = Q(s + ,2) ar = lim || (1 = Q(t,2)) Qs
< lim [|jp — Q¢ z)[lvar = 0,

t—o0

and so p = 1Qs. Hence, for any ¢t > 0 and y € M,

[t = QY llvar = [|1Q:r — Qt, Y)lvar = H(N - 59)Qt”var < Zﬁ[t]~

Finally, if ¢/ is a second probability measure satisfying p/ = p/Q; for all
t >0, then ||u — t'llvar = [(g — 1) Qtllvar < 281 for all ¢+ > 0, and so
p=p. 0O

6.5.2. Ergodic Property: As an essentially immediate consequence of
Lemma 6.5.3 and the lower bound in Theorem 6.4.1, we get the following
result about the long time behavior of p(t, z,y).

THEOREM 6.5.4. There is a unique f € C(M;R) such that (f,Apr) =1
and

Fly) = / p(t,2,9) F(2) A (dz)  for all (t,y) € (0,00) x M.

Moreover,

Sup{|p(1 +t,z,y)— fly): (z,y) € M2} < Ap,
where

B=1—A(M)  inf{p(1,z,y) : (z,y) € M*} <1
and

A =2sup{p(l,2,y) : (z,y) € M*} < .

In particular, f > 0. Finally, f is the unique solution h € C*°(M;R) to
LTh =0 with (h, \p) = 1.
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ProOF: By Theorem 6.4.1, 3 < 1.

Set Ay = V , where V' = A\p; (M) is the volume of M. Then P(1,z, -) >
(1 — B)Aas and so, by Lemma 6.5.3, there exists a u such that u = uP; for
allt > 0. In fact for all z € M, ||P(t,z) — pullvar < 261,

Now set f(y) = [ p(1,z,y) p(dz). Clearly, (f, Aar) = 1, and, by Theorem
6.3.3, f € C°°( ; (0, oo)) In addition, for any ¢ € C(M;R),

((p’f)LQ()\M;R) = <P1907 > <§07.UP1> (go,m,

and so pu(dy) = f(y) Am(dy). Hence, f = [p(t,z, -)f(z) Aa(dz) follows
immediately from u = pP;. To check the asserted convergence result,
simply note that

Ip(1+t,2,y) — |—‘/ (1,2,9)(p(t, z,2) — f(2)) Am(d2)

< §||p(t,.%', ) - f”Ll()\M;R) = §||P(t,$) - MHVar < Aﬁ[t]'
Finally, for any ¢ € C°(M;R),
T d
(‘Pa L f) L2(M;R) (LQDa f)LQ(M;R): <L(p, ) dt <Pt<p M)

_d
Cdt

=0

=0,

P
<807,u t> =0

and so LT f = 0. Conversely, if h € C°°(M;R) satisfies LTh = 0, then

o [ @t arlde) = [ 1) (Lple, - 1)) @) Ass(do)

- / LT h(@)p(t, 2, y) Ant (dz) = 0.

Since h(y) = limy o [ h(z)p(t, z,y) Ap(dz), when (h, A\ps) = 1 this proves
that

h(y) = lim [ h@)p(t, 2, y) Aar(d) = / W) f(y) Ma(de) = f(y). DO

6.5.3. A Poincaré Inequality: By applying Theorem 6.5.4 in the case
when L = %A, one gets the Poincaré inequality

~\ (12
(655) 20[“50 - <s0’)\]VI>HL2()\M;]R) < ||v<p||%2()\M;TM)7

where again \y; = % with V = Ay (M), and « = —log S, B being the
quantity in Theorem 6.5.4 when L = %A.
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To see how this is done, first observe that, because h(t, x,y) = h(t,y, x),
(Hyp, Aar) = (¢, Aar). Hence, A\j is the unique p € M;(M) satisfying
@ = pH,. Equivalently, the f in Theorem 6.5.4 is the constant function %,
and so

sup |h(1 +t,x,y) — V_1| < e*Ae .
(zy)eM?

In particular, if (ga, 1) =0, then

L2(Am;R)

Hisepllzzonm) < e AVe™ )l L2000
Equivalently, if H, is defined by I:Itgo =H;p — {p, \yr), then
() [Hlop < e2*AVe 2t for t > 1.

In order to get (6.5.5) from the above, we must first show that the esti-
mate in (*) can be improved to the estimate®

**) ”I:It”op <e ® fort>0.

To this end, check that H, is self-adjoint and satisfies I:IHt =H,o I:It7 and
conclude that
||I:I2tH0P = Sup{(‘P»I:I%‘P)Lz()\M;R) : ||@||L2(ANI§R) < 1}
= sup{ (I 2ll72(nprm) ¢ 12M1720000m) < 1} = L2,
since
1Top = Sup{(%T@)L%\M;R) s lellzeanemy < 1)

for a non-negative definite, self-adjoint operator T on L?(\js; R). Hence, for

any 1 > 1, [Elanillop = [FL |25, and so, by (), [Fl[lop < (e224V)* "ot
for n > 1 such that 2"t > 1. Clearly (**) follows from this.

Given (**), the rest is easy. Namely, if o € C*°(M;R) with (¢, Apr) = 0,
then Hyp = I:Itga and therefore

t 9 t
/o ||VH790||L2(,\M;TM) dr = _/0 (HT@’AHTQP)LZ(AM;R) dr

= ||<P||%2(,\M;1R) - ||Ht80||2L2(,\M;R) > (1 - efzat)”‘PH%Z(/\M;R)'

Hence, after dividing through by ¢ and letting ¢ \, 0, we get HVS"”?R(,\M;TM)
> 20‘”‘:"”%2()\%]1{)'

6 For those who know the Spectral Theorem, this conclusion is more or less obvious.



6.6 Historical Notes and Commentary 167

6.6 Historical Notes and Commentary

There are many ways to study parabolic and elliptic equations on a man-
ifold. Most geometric analysts prefer an approach in which Sobolev theory
plays the central role, although S.T. Yau and R. Hamilton have made spec-
tacular contributions based on the minimum principle.

The first systematic treatment of diffusions on manifolds was given by
K. It6 [25], using stochastic differential equations. Although it works, Itd’s
approach suffers from a basic problem: The square root of the diffusion
matrix is not intrinsically defined, and so, each time that the diffusion en-
ters a new coordinate chart he had to make a new choice of square root.
It6 masterfully handled this difficulty by taking advantage of the rotation
invariance of Brownian motion, but the result lacks aesthetic appeal and
is less than compelling from a geometric standpoint. Following, and, in
a sense, reversing a key observation by J. Eells and D. Elworthy [13], P.
Malliavin [37] showed that life becomes infinitely simpler if one carries out
the construction on the orthogonal frame bundle instead of the manifold it-
self. Loosely speaking, on the orthogonal frame bundle, there is a canonical
way to take the square root. For further details, see [54].

Because it characterizes the process directly in terms of the operator L,
which is intrinsically defined on the manifold, the martingale problem for-
mulation provides a simple and natural way to patch local results together
on a manifold. The first person to take advantage of this observation was
R. Azencott [5], who used essentially the same line of reasoning as the one
given in §6.1. The techniques used in §§ 6.2 and 6.3 are more or less obvious
once one knows those in Chapter 5. As for § 6.4, the upper bound in §6.4.2
is due to E.B. Davies [10], but I do not know another place in which the
lower bound in §6.4.1 appears. Nonetheless, the last part of Theorem 6.4.1
can and has been proved elsewhere by large deviations methods.



CHAPTER 7
Subelliptic Estimates

and Hormander’s Theorem

Up until now I have assiduously avoided the use of many of the modern
analytic techniques which have become essential tools for experts working
in partial differential equations. In particular, nearly all my reasoning has
been based on the minimum principle, and I have made no use so far of
either Sobolev spaces or the theory of pseudodifferential operators. In this
concluding chapter, I will attempt to correct this omission by first giving a
brief review of the basic theories of Sobolev spaces and pseudodifferential
operators and then applying them to derive significant extensions of the
sort of hypoellipticity results proved in §3.4.

Because the approach taken in this chapter is such a dramatic departure
from what has come before, it may be helpful to explain the origins of the
analysis which follows and of the goals toward which it is directed. For this
purpose, consider the Laplace operator A for RY, and ask yourself what
you can say about u on the basis of information about Au. In particular,
what can you say about 9;0;u7 One of the most bedeviling facts with
which one has to contend is that (except in one dimension) u need not be
twice continuous differentiable just because Au € C(RY;C) in the sense
of Schwartz distributions. On the other hand, if one replaces continuity
by integrability, this uncomfortable fact disappears. To be precise, if u €
L?*(RYN:C) and, in the sense of distributions, Au € L?(RY™;C), then all
second order derivatives of u are also in L?(R™;C) and, in fact, simple
Fourier analysis shows that [|0;0;ul|2@&~,c)y < ||Aul[ 2~ ,c). Thus, as this
trivial example indicates, there is good reason to believe that one should
use integral, as opposed to pointwise, estimates to measure smoothness.
Although this observation goes back to the nineteenth century, it came of
age in the first part of the twentieth century with the work of H. Weyl and,
in a more profound and systematic form, of S. Sobolev.

Weyl and Sobolev’s ideas were developed further and sharpened in the
second half of the twentieth century by L. Schwartz, A.P. Calderén, L.
Nirenberg, L. Hormander, C. Fefferman, and a host of others. In appli-
cations to the sort of equations with which we have been dealing, an im-
portant goal of this line of research was the extension to other operators

168
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of the sort of inequality just discussed for the Laplacian. To understand
how such estimates, which became known as elliptic a priori estimates, re-
late to the sort of results in § 3.4, think about using the one above for the
Laplacian to prove that if u € L2(RY;C) and Au = f, where f and all
its derivatives are in L2(RY;C), then v € C®(R™;C). There are two
ingredients in the proof. The first is the trivial observations that, for
any m > 1, Ay = A™1f ¢ L2(RV;C). The second ingredient is the
rather trivial form of the Sobolev Embedding Theorem, which says that if
A™y € L2(RY;C), then u € O (RY;C). Indeed,

@)V 0%ullu < 1070 1 v ) = / €lla(e)) de

1

2ol 3 1
: (/ 1+||§|2<||+N> df) ( / (1+I£I2<“'+N>)|a<§>|2ds>

< C(avN)(Hu”LZ(RN;(C) + ||A‘|QH+NU||L2(RN;C))-

An examination of the preceding argument reveals two places where
patches must be applied if one intends to prove the result in §3.4.1. First,
one needs to localize it so that it applies to a u about which one knows only
that Aw is smooth in an open set. Secondly, one has to learn how to handle
operators whose coefficients are variable. It turns out that these two are
closely related and that both are really problems coming from commuta-
tion. It is to deal with these and related problems that we will introduce
the class of pseudodifferential operators.

7.1 Elementary Facts about Sobolev Spaces

We will need some background material from functional analysis. Read-
ers who are unfamiliar with these matters should consult any one of the
many thorough treatments for more details. See, for example, [1].

7.1.1. Tempered Distributions: We begin by recalling a few familiar
facts from Schwartz distribution theory.

Let .7 (R*"; C) be Schwartz’s test function space of smooth functions ¢ :
RN — C which, together with all their derivatives, are rapidly decreasing.!
Z(RY;C) becomes a Fréchet space under the metric

oo

1 e =9l
Ao,y =S" — PV
(90 w) Z 2n ] + ng_wH(n) where

n=0

(7.1.1)

1
2

el = | 35 [ 0 +lP)E0me@R ar )|

lall<n

L A function is said to be rapidly decreasing if it tends to 0 faster than (1 + |z|?)~™™ for
allm > 1.
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and the associated topological dual space .#/(R™;C) is the space of tem-
pered distributions. We give ./(RY;C) the weak* topology. That is, the
topology such that, for each u € .#/(R¥;C), finite intersections of sets
of the form {w € .#'(RV;C) : (¢, w) — {u,p)| < €} are a neighborhood
basis at u. Notice that if f : RY — C is Borel measurable and tem-
pered in the sense that (1 + |z|?)~Lf is integrable for some L > 0, then
o~ [ f(z)p(x) dz determines a tempered distribution, which we will again
denote by f.

There are lots of operations which can be performed on .#/(R¥;C). In
particular, if f € C>°(R¥Y;C) and all derivatives of f are tempered, then
we can define a continuous map u € .%'(RY;C) — fu € ' (RY;C) by
(o, fu) = (fo,u). Also, for each a € N*, u € ./ (RV;C) — 0% €
(RN C) given by (p,d%u) = (—=1)I*1{(d%p, u) is continuous.

A great virtue of #(RY; C) is that, as distinguished from C>°(R"; C), the
Fourier transform map ¢~ is a homeomorphism of .7 (R”"; C) onto itself.
Hence, for any u € .#/(R™;C), we can define its Fourier transform 4 €
S'(RYN;C) by a(p) = (¢, u), in which case u~ is continuous. Similarly,
if ¢(&) = p(—=£) for p € Z(RY;C), then the map u € .#'(RY;C) — u €
' (RN C) given by (¢, ) = (,u) is continuous, and the Fourier inversion
formula says that 4" = (27)Yu. Once one knows how to define the Fourier
transform of tempered distributions, one knows how to define the operation
of convolution by an element of .%(RY;C) on .#/(RY;C). Namely, if p €
S (RN;C), then p % u is defined to be the element of .#/(R™;C) whose
Fourier transform is pu.

It should be clear that if u is a tempered distribution which is given by a
function f for which any one of these operations is classically defined, then
the operation takes u into the tempered distribution determined by the
function obtained from f by acting on it with the classical operation. That
is, the definitions of these operations on .#/(R¥;C) extend their classical
antecedents.

7.1.2. The Sobolev Spaces: Given s € R, define ||¢| for p € .7 (RY;C)
by

1

1 2
s=7mow [ A+ EP)se©)Pdg) .
lelle = (g [+ l€PIo(@ac)
We define the Sobolev space Hs(RY;C) to be the space of u € .7'(RY;C)
for which
[ulls = sup{[{w, w)| : [[¢]l-s <1} < o0.

m+N
2

Observe that for any m € N and s >
shows that, for some C,, < oo,

(7.1.2) H,(RY;C) C Gy (RY;C) and [[ull{™ = D~ [[0%ullu < Cnllulls.

, elementary Fourier analysis

el <m

It should be evident that each Hs(RY;C) is closed in .#/(RY;C), the

spaces Hy (RN;(C) decrease as s increases, and the space HOO(RN;(C) =
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Nyer Hs(RY; C) consists of those ¢ € C=(RY; C) N L*(RY; C) all of whose
derivatives are also in L?(R";C). In addition, Ho(R";C) can be identified

with L2(RY;C) and [Jullo = [lulz2@®~,c), and so we will use the space
Ho(RY;C), the norm || - ||p, and the inner product (-, - )o interchangeably
with, respectively, L?(RY;C), || - llL2@®~c), and (-, - )2y ,c). To better

understand the space Hy(RY;C) for general s, define the Bessel operator
B* = (I —-A)"3 on .7'(RY;C) by Bsu = (14 |€[?)~24. It is then an easy
matter to check that H,(RY;C) = {B*f : f € L*(RY;C)} and that |jul|, =
[fll2@y.c) if w = B*f. Hence, each H,(R";C) is a separable Hilbert
space with inner product (u,v)s = (B*SU,B*SU) L2RNC)" Alternatively,
one can think of H,(RY;C) as the Hilbert space obtained by completing
S (RY; C) with respect to the norm || - ||s. Finally, it should be clear that
H_o(RN;C) = U, e Hs(RY;C) is the space of u € /(RY;C) such that

o, u)l <C Y 10%llre@n )

lell<n

for some C' < oo and n > 0. In particular, any Schwartz distribution with
compact support is an element of H_ ., (RY;C).

As a Hilbert space, the dual space Hy(RY;C)" of H,(RN;C) is natu-
rally identifiable with itself. On the other hand, there is another natural
identification of Hy(RN;C)", one which is preferable when one is thinking
about H,(R™;C) as a subspace of .#/(R";C). Namely, given s € R and
ve H_((RY;C), p € Z(RY;C) — (p,v) € C admits a unique continuous
extension as a linear functional on Hs(R”"; C) with norm |[v||_s. Conversely,
if A € Hy(RN;C)", then |Ag| < Al 2, m~ i) [llls, and so A can be identi-
fied with the element u of H_4(R”"; C) determined by (¢, u) = A¢p, in which
case ||ul|—s L(®N;c)*- For this reason, we are justified in writing
(u,v) for the action of the linear functional determined by v € H_ (R";C)
on u € Hy(RY;C). In this connection, notice that another expression for
(u,v) is (B~*u, B*v)

L2(RNC)"

7.2 Pseudodifferential Operators
Pseudodifferential operators will facilitate the following sort of reasoning.
Let L = Zf\gzl a(2)ij0z,0r,, and assume that a(z) is symmetric and

uniformly positive definite. Given f € .(RY;C), set

-1

1
ue) = g [ (14 X et | e

7,7=1

If a is constant, then (I — L)u = f. However, if a is not constant, then
(I — L)u # f. Nonetheless, even when a is not constant, u ought to be an
“approximate” solution to (I — L)u = f and should be a good candidate as
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the first step in a perturbation scheme which converges to a true solution.
To make the preceding “ought” and “should” mathematically meaningful,
one has to determine the precise sense in which « is an approximate solution,
and the machine which will allow us do so is the theory of pseudodifferential
operators.

The first step toward our goal is to give a precise meaning to the order of
an operator. Namely, a linear map L : . (RY;C) — H(RY;C) is said
to be of order o € R if, for each s € R, there exists a Cs < oo such that
|ILolls < Csll@llsto- Further, the true order of L is the infimum over those
o € R of which L is of order o, and we will say that L is of order —oo if L
is of order o for every o € R. To check that these definitions conform to
ones intuition, show that 9% is of true order ||| and that convolution by
a function from .7 (R¥;C) is of order —oo.

Obviously, if L is an operator of order o, then it admits a unique extension
as an operator on H_ . (R"™;C) in such a way that, for each s € R and with
the same constant Cj, ||Lul|s < Os||uls;o whenever u € Hyyo(RY;C).
Next, think of L as a densely defined operator on L?(RY;C), and let LT
denote its transpose.? That is, if ¢» € L?(RY;C) and there is a C' < oo such
that

Y(z)Lo(x) dz
]RN

< Ollollp2@nicy forall p € S (RY;C),

then v is in the domain of LT and LT4 is the unique f € L?(RY;C) such
that

/f(x)cp(:z:) dx = /w(as)ch(:z:) dr for all p € Z(RY;C).
We want to show that .7 (R¥; C) is contained in the domain of LT and that

LT : ZRY;C) — H.(RY;C) has order ¢ with the constants {C_,_, :
s € R}. To this end, let ¢, p € . (RY;C) be given, and note that

‘/zb(x)ﬂﬂ(x) dr| < |[PllstollLell-s—o < Cosoll¥llstollpll—s-

Applying this with s = 0, we see that 1) is in the domain of L. In addition,
for any s, it says that

JECrE < Ceomolloraliol-s

- ] [v@reta:

and therefore that |LT9||s < C_s_o||Y||sto-

2 The reason why we deal with transposes instead of adjoints is that (@, u) generalizes
the non-Hermitian inner product on L2(RY;C), not the unusual Hermitian one. Thus,
the domain of LT is same as that of L*, the adjoint of L as an operator on L?(RY;C),
and LT = L*3.
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7.2.1. Symbols: We introduce the notation RY = RY \ {0} and D =

(o]

(v=1)I*llg=,  Given a measurable function a : RV x RY — C which
satisfies |a(z,&)| < C(1 + [£]?)® for some C < oo and s € R, define the
operator a(z, D) on .7 (RY;C) so that

(a(x, D))" (&) = | eV 19V a(z,&)p(a) da.
RN
The function a is called the symbol of the operator a(x, D). It is important
to recognize that if a(z, &) = f(z)£%, then a(z, D)o = D*(fp), not fDp.
We now want to describe a class of symbols which will be the basic
building blocks out of which we will construct our pseudodifferential op-

erators. We will say that a : RV x RV — C is a symbol of order 0 if

a is smooth, {~a(z,€) is homogeneous of degree 0 for each x € RV, and
o

a(z,€) = a(oo,&) + a'(x,€), where a(oo, -) is a smooth function on RY
which is homogeneous of order 0 and

(7.2.1) sup (1+|x|2)m|8§8?a'(x,f)| < oo forallm e Nand o, f€ NV,
z€RN
gesh—t

Because E = (27)~N f % §, we can describe the action of a(z, D) as

(a(z, D)) (€) = a0, £)3(€) + / &(€ — 1, £)p(n) d where
(7.2.2) BY

a(m &) = (2;)N (8 () = VLD o/ (2, €) da.

@mN Jrw
It is important to notice that a is also a function which is smooth on

RY x R¥ homogeneous of degree 0 for each € R, and satisfies

(7.2.3) st;gv 1+ |n\2)m|8f;8?d(n,£)| < oo forallméeNand a, €NV,
ne
gesV—1

Although a(z, D)y does not map .7 (RY; C) into itself, we will show that
it maps . (RY; C) into H..(RY;C) and that it has order 0. In order to do
so, we will use the following simple lemmas.

7.2.4 LEMMA. IfK :RY x RN — C is a measurable function with

A= (;;@/Iff(ém)ldn) Vv (:&&/M&n)l%) < o0,

and if Kp(§) = [ K(§,m)¢(n) dn for p € #(RY; C), then |[Kepllo < All¢llo
for all ¢ € #(RY;C). Hence, K has a unique extension as a bounded
operator on Hy(RY;C) into itself.
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PRrROOF: By Schwarz’s inequality,

1

Ke©l < ([ K(g,nndnf ([t mliemPan)
< A} ( / IK(ﬁ,n)I@(n)IZdnf |

||</|K mlen |2dn) / \K(&,n)||o(n)[2 dedn
:/\cp(n)P (/K(g,n)mg) dn < A2 D

7.2.5 LEMMA. For&,n € RN andt € R,

1+ [nf?

and

PrOOF: There is nothing to do when ¢ = 0. Furthermore, by reversing the
roles of £ and 7, the case when ¢ < 0 can be reduced to the case when ¢ > 0.
Finally, to handle ¢ > 0, use

1412 <1+ (1€ —nl+n)* < 1+2(¢ —nl? +2/nf?
<21+ =nP+ ) <201+ €= (1+n)?*). O

o

7.2.6 THEOREM. Ifa : RN xRN — C is a measurable function and
0(2,8) = a(00,) + @/(2,6), where sup_e (1+[6])#|a(o0,€)| < o0 for
€

some o € R and, for each £, x~a'(x, ) is a smooth function which satisfies

sup (1416775 > [105d' (-, &)l p@vie) < 0
£ERN llaf| <m

for all m € N, then a(x, D) maps . (RY; C) into Ho(RY;C) and has order
o. In particular, if a(x, D) is a symbol of order 0, then a(x, D) is of order
0. Also, if a(00,§) and, for all m € N, 37, ., [07a(-, &)@y c) are
bounded and rapidly decreasing in &, then a(x, D) has order —oo

PRrROOF: Let a be as in the first assertion. Then, by the same reasoning
that led to (7.2.2) and (7.2.3), the Fourier transform of a(x, D)y equals

a(00, O)3(€) + / Q€ — 0. €)p(n) dn,
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where a(n, &) = (QW)*NQT,\E)m(n) satisfies
) sup  (L+[€%)"E(L+ [n*)""a(n, &)| < oo
(n,€) ERN xRN
for every m € N. Hence
(2m) % |la(x, D)glls = [|(1 +[¢*)% (al, D)p) ",
< [+ 1) 5atoo, )l + 1K (B=70)

where K is the integral operator whose kernel is

N c,
Ken = (1) (416 Fae- 09,

Since a(0o,&) is bounded by a constant times (1 + |£[2)%, the first term
requires no further comment. At the same time, by Lemma 7.2.5 and (*),
for each m > 0 there is a (), < oo such that

IK(&,n)] < Cm(1+ € - np)“%"%m'

Thus, by choosing m > W and applying Lemma 7.2.4, we see that

there is an A < oo such that |[K(B75 7)o < A|(B™* 7)o =
(27)%AH‘PHS+U- O
7.2.2. Homogeneous Pseudodifferential Operators: Thus far we
have not discussed the composition of operators of the form a(x, D). In
part this is because we like to think of a(x, D) as operators on .7 (RY;C),
and, in general, with the definition we have given, a(z, D) will not always
take .7 (RY; C) back into itself. Further, we have discussed operators only
of order 0. In this subsection we will modify our operators to produce
operators of all orders which map . (R"; C) into itself.

Choose and fix a ( € C*® (RN; [0, 1}) which vanishes on B(O7 %) and
equals 1 off of B(0,2), and, for o € R, set (7(£) = [£]7¢(£). Given a
symbol a of order 0, define the operator PJ by

(7.2.7) P? = ¢°(D)a(z, D).

It is important to notice that if 7 is a second function of the same sort,
then, because (7(§) — n?(§) vanishes off of B(0,1), P? — n°(D)a(x, D)
maps .7 (RY; C) into H, (RY; C) and has order —oco. In particular, as long
as one is interested in properties modulo order —oo, the particular choice
of ( is irrelevant. Also, Theorem 7.2.6 shows that, for each s € R,

1Py ells < lla(z, D)¢llsyo < Csllollsto

for some Cy < oco. Hence, P? takes .7 (RY;C) into H,,(R™;C) and has
order o.

Given o € R and a symbol a of order 0, the operator P? is called the
homogeneous pseudodifferential operator of order o with symbol a. The
great advantage of P7 over |D|%a(x, D) is the content of the next theorem.
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7.2.8 THEOREM. Given o € R and a symbol a of order 0, the operator
P? maps . (RY; C) continuously into itself and has order o.

PROOF: All that we have to show is that PZ maps .%(R"; C) continuously
into itself. That is, we must show that for each o € NV and s > 0 there is
a C < oo and n > 0 such that (cf. (7.1.1))

1

S Do 2 2
) ([a+ieprioFreol &) < Clielo.
For this purpose, use (7.2.2) to write

Pro(€) = (7 (€)a(o0, £)$(6) + 7€) / a(E — 0, €)p(n) dn.

—

Thus D*P?Zy is a finite linear combination of terms of the form

3

1(€) = (D™ ¢7(€)) (baz (00, €)) (DY 3(€)),

where bg(00, &) = D?a(oo,g) and o + a2 +a’ =q, or

J(€) = (D' ¢7(€)) ( / baz,a2(€ — 1,€)D* $(n) dn) :

where bg (1,§) = Dﬁ@gd and o' +a? +a® +a = a. Set ag(x,§) =
1€|1811b5 (00, &) and ag . (2,8) = (fx)ﬁ\ﬂ”””Dga’(:r,f). The key obser-
vation is that, because a(oo, -) and a'(z, -) are homogeneous of order
0, ag(o0,&) and aj . (2,§) are both symbols of order 0. In addition, if

fa~(€) = €7 1MIDAC(€) and pg(z) = (—z)Pp(z), then I and J are the
Fourier transforms of, respectively,

fat.a2(D)an2(00,D)pas  and  fa1 o3(D)alz os(x, D)pas.

a2,a8

Hence, since fg(D) : S (RY;C) — Hoo(RY;C) has order 0 — ||7]| < o
and aq, (00, D) has order 0,

<(271>N / (1+ £I2)S|I(£>2d€) " = || fur e (D)aai (50, D)gs]|,

which is dominated by a constant times ||¢@as ||s+o. Similarly,

( Jaxeprior df); < Cllpasloso-

Thus, we have now proved that (*) holds for some C' < oo when n >
o+ |lef]. O
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REMARK 7.2.9. Although it will not play a role in our applications, at
some point one should ask why an operator like P7 should have acquired

the name “pseudodifferential.” A primary reason is that PJ is quasilocal.
That is, if ¢ vanishes in an open neighborhood of a point z, then P?p(z) can
be bounded in terms of ||¢||o. In fact, for all s € R and o € NV, 9P
at = can be bounded in terms of ||¢|[s. Thus, if one uses the Schwartz
kernel representation of P, then the kernel will be smooth away from the
diagonal.

To prove quasilocality, we will show that for each r > 0, a € NV, and
s € R, there is a constant A(r, «, s) < oo, depending only on ¢ and a in
addition to r, o, and s, such that

() ’80‘]35(,0(:10)‘ < A(r,a, 8)|l¢|ls  if ¢ =0 on B(x,r).

For this purpose, first use (7.2.2) to write (27)N9*P2p(z) as

/em<—s) d§+//em (€ — 1, €)p(n) dédn,

where e, (£) = eV 1808 b(g) = ¢7(&)(—v/—1&)%a(00, £), and &(n, ) =
(&) (=vV=18€)%a(n,€). Given a ¢ € .7 (RY;C) which vanishes in B(0,r),
define ¢, (y) = (—|y|*)""p(y) for n > &. Because ¢ = 0 in B(0,r), we
can write @, = Y, where 1, € C(RN;R) and v, (y) = (—1)"|y[~2"
for |y| > r. Hence ¢, € Z(RY;C) and, by Theorem 7.2.6 applied to the
symbol ¥, (), we know that, for each s, there is a C(n,r,s) < oo such that
llenlls < Cln,r,s)|¢ls In addmon AP, = @.

Now, let = be given, suppose that ¢ € .(RY;C) vanishes on B(z,7),
and set @y, = (Tzp)n, where 7, : Z(RY;C) — Z(RY;C) is defined so
that T,0(y) = @( + ). Then [ornlls < C(n,7,)lmplls = Cln,r )l

and A"¢, (&) = 720(§) = ex(—&)@(§). Thus, we can now write

/ e (~E)D(E)B(€) dE = / B(E)A" G (€) dE = / ATB(E)Fr () de.

In addition, because a(o0, &) is homogeneous of order 0, it is easy to check
that there exists a K (n, o, «) < oo such that

a+HaII

[A™D(E)] < K(n,o,a)(1+ €)=,
which means that, for any s € R,

a+|l I

‘/ex(—g)b(gwg) d&‘ < K(n7o,a)/(1+ €1%) M@ (6)] d€

< ( Ja+igpyren d&)z @27 ¥ lpanll.
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By taking n > % v (% + %) and combining this with ||pgz nlle <
C(n,r,3)||¢lls, we get the desired sort of estimate on this term.

The reasoning for the second term is similar. By making a change of
coordinates, one sees that

[[ext-er0te ot dean = [[ ea- = mete.& + nyoto) dean
// ex(—8€)e(&, € +n)Tp(n) dédn.
Again, replace 7, by A", ,, use integration by parts in 7 to move A™ to ¢,

and apply (7.2.3) to see that, for each m € N, there is a K(m,n, o, a) < 0o
such that the preceding is dominated by K(m,n, o, «) times

_x otllal
(27) //1+|§| ™1+ (€ + %) T g | dedn

< H%mlls/(l +eF (/(1 1€ 4 pf2)e el —2n g 4 n|2)_sdn>2 i

Thus, all that remains is to show that the iterated integral on the right is
finite when m and n are sufficiently large. When s > 0, this is obvious.
When s < 0, apply Lemma 7.2.5 to dominate it by

2% [ gyt ([ ierapisieay) de

An important property revealed by the preceding line of reasoning is
the role played by the homogeneity of a(x,&) in £. In particular, it is
homogeneity which allows us to say that differentiation of a with respect
to £ increasing the rate at which a decays as |£] — co.

7.2.3. Composition of Pseudodifferential Operators: Theorem 7.2.8
makes it comfortable to compose homogeneous pseudodifferential operators.
Furthermore, given symbols a and b of order 0 and o, 7 € R, it is clear that
P? o Pf maps .(RY;C) into itself and has order o + 7. In fact, one can
hope that P? o PJ is closely related to P77, and the goal of this section is
to prove that it is. In this direction, we will prove the following theorem.

7.2.10 THEOREM. Let a and b be symbols of order 0. Given o, T € R,
set a” (x, &) = [¢|7a(x,§) and b7 (x, &) = |¢[7b(x,§), and define

a’(,€)) (0gV" (x,6))

al

D
(e, = ()i 3

llal|=m

for m € N. Then ;™ is a symbol of order 0 for each m € N. Moreover, for
each n > 1, the difference

n—1

PloP] — Y PoLT—™
m=0 ’
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maps . (RY;C) into itself and has order o + T — n. In particular, the
commutator [PJ, PJ| of P{ and P] has order o + 1 — 1.

It is an easy matter to check that the ¢2;"’s are symbols of order 0.
In addition, since ¢g” (x,€) = a(x,§)b(x,§), it will follow from the first
assertion that PZ o P7 — Pt and PJ o P7 — P have order o + 7 — 1
and therefore that [P7, P7] also has order o + 7 — 1. Thus, the only part of
Theorem 7.2.10 which requires comment is the assertion about the order of
the difference, and the first step is to observe that, because (I —C (D))PfgtT

has order —oo, it suffices to prove the result when PC‘T,J,ZT is replaced by
0

C(D)ng—vi_:' Next, set f(x7§) = C”(f)a(m,f), g(l'7§) = CT(f)b(S,f), and

decompose f(z,§) and g(z, &) into f(o0,§) + f'(z,£) and g(o0,&) +¢' (2, ),
corresponding to the decompositions of a and b. Then the Fourier transform
of PJ o PJy equals

£(00,£)9(00,€)(€) + (00, €) / 3(E — 1, O)p(n) dn
/ff 1,£)g(00,1)( dn+/(/f§ n,€)g u—n,u)du)ﬂﬂ)dn

and that of ((D)P%% ¢ equals
0

£(00,£)9(00,€)3(€) + (00, €) / §(E —1,€)p(n) dn
+/f(€—m§)g(oo,€) dn+/ (/f§ 11, €)§ (1 — 1, §)du> @(p)dn,

where f and § are defined from f’ and ¢’ in the same way as @ was defined
from o’ in (7.2.2). Hence, the Fourier transform of (PJ o P] — C(D)Pg,tT)w

0
equals the sum of

/ F(&— 0.€)(g(c0,m) — g(00,€))@(n) di

" /(/f &= 11,6) (g —n, 1) — G —n,)) du) @(n) dn.

Next expand g(oo, - ) and g(p —n, - ) in Taylor’s series to obtain
F(&=n,6)(g(00,m) = g(o0,6))
_ 0 O fe )08 g(00,) + J(E —m Rl )

1<]lall<n—1

el
= Y CYE D€ - n08a(00.6) + FiE - mORu(E )

1<]laf<n—1
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and, similarly,

/ff 1, €) (3 =, ) — G — . €)) dps

leell
-y G / DEF(€ — 1,€)02g (i — . &) dn

I<]jafl<n—1

+/f(€fu,€)fin(u*n;€,n)du
Because

/@/f(ﬁ = 1,8)0¢ g(00,§)@(n) dn
+/ (/@Tf(ﬁ — 1 )92 g(n - &,€) du) ¢(n)dn

is the Fourier transform of (Dg f0g g)(x, D)y, we now see that
(ProP] —((D)PSH )
(—1)lld
= > (D fogg)(w, D) + B + Enep,
1<]laf<n-1

where
— [ fe - noR(metn) dn

and _

Enp(€ /(/f& 1y €) R (1 — nén)du) ¢(n) dn.
The next step is to notice that because, for each «,
(DS fOgg)(x,€) — 7t lel(¢) D2a? (2, )8 H™ (2, €)
vanishes when |£] > 1, the last part of Theorem 7.2.6 says that the difference

llall nol!
> © a) (D2 f0gg)(w, D) = Y PLt™ ™™

1<l <n—1 ' m=1

is an operator of order —co. Hence, what remains is to prove that the
operators FE, and E,, are of order o + 7 — n. Equivalently, for each s € R,
we must show that the operators K and K whose kernels are

2\ £
K(gn) = “|+| ')icL (e —n R m)

(1+

and

a +1j|L|§S|+W o /ff 10, €) R (n — m; €,m) dp

are bounded on L?(R™;C) into itself. In order to check these, we want to
apply Lemma 7.2.4, and for this we will use the following.

K(&n) =
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7.2.11 LEMMA. Let h : RN — C be a smooth function which is homo-
geneous of degree A\, and define f = Ch. Then, for each n > 1, there exists
a C < oo, which depends only on n, A, and max||q|<p SuPgegn—1 [0“h(E)],
such that

raEm) = | )~ F©O Y (77;7!0&8%(6)

]| <n—1

< Oln =" (L + 1697 + (1 + In) ")

ProOOF: We work by cases. Throughout, C' will denote a finite constant
with the asserted dependence, but it can change from expression to expres-
sion.

(1) |€] V In] < 3: In this case, simply use the fact that f is smooth and
the standard remainder estimate in Taylor’s theorem.

(2) €] <2& || =3 or|n <2& | > 3: By symmetry, it suffices to
treat the first of these, in which case 1 < 4[n| < [n—¢| < 3n|, 1+ (¢ < 5,
and f(n) = h(n). Thus,

— gl
mEm<inmi+ Y T e e

lafl<n—1

llexll
5
solwre X (B | <ot +r).

laf<n—1

At the same time,

1 n
po =y (Inl™ + In|*).

= €7 (14 16377 + (14 ) ™)
) >

(3) [n|Al€] = 2 & (&, n)rn > 0: In this case, [E+t(n—&)| > 1 for t € [0,1]
and therefore the remainder term in Taylor’s Theorem is the sum of terms
of the form

1
> ————In["(1+ (1 + n )
"5z

(n=8"

al

/1(1 — )" 1O%h(E+ t(n — €)) dt
0

where [la]| = n. Note that [0°A(€ + t(n — §))] < CIE + t(n — P 1t
A > n, we have

€+t — P < (I v i) < A+ [ER)TF + (L + D)
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If A < n, we use

€12 A Inl?

€+t =P = A= )%|Ef +Enf* > =—

to see that

€+ t(n— P <22 (g A )N < 22 (P + ).

2
Thus, since p > 2 — 1ip2 > 1, we have

et =P < ()T + @ ) ).

(4) \nIQA €] > 2 & (&, m)rn < 0: In this case, |n — &2 > |nf? + |¢2 >
(1€l v In)™, F(€) = h(€), and f(n) = h(n). Thus

Ip = il
|

(&) < R+ > 0°h(&)|

[la|[<n—1
n—1
<C (W + Z €2 — 5lm>
A |£| e A—n|,, _ ¢|n
In| +Z €20 — €|

At the same time, since || A 5] > 2,

—C < C(In* + €12 —€™).

I — € (1 + 127" + (1L + [nf)*7)

> [ — € (1+ |€2)7F + " (1 + [n[?) =
> 2 ST (| — €7 + o). O

Return to the consideration of the kernels K (£,7) and K (£,7). By com-
bining (7.2.3) with Lemma 7.2.11 and the fact that ¢7(£) < 2/9/(1 +|¢[?)3
one sees that, for each m € N, there is a (), < oo such that

F(€=m ) Bal&m)| < Cm(1+1€*)3 (1 + I g e =l
X (1 I + (1 + o) 7).

Hence, if x = s+ 0 + 7 — n, then, by Lemma 7.2.5, |K(£,7)| is dominated
by

1 + |§|2> 2 n_ Ixl 9 Ian_m
Cm 27 <272 O (1 - 2
(12E2) a+lu-ep) (1+ Iy - &)



7.2 Pseudodifferential Operators 183

plus

s+ao
1 + § 2\ = n_ |s+o] \S+Ul+n_m
Cm <1+||n||2> Q+lnp—€2)? " <220, 1+ In—¢P) > ™

Thus, when m is sufficiently large, Lemma 7.2.4 applies to K.
The proof that K is bounded is similar. Proceeding as above, one sees
that, for m € N, |K (&, n)| is dominated by a constant times

s+o

L+ n 2\ T 2y —m 2y—m
LS I L = (14 e - 1+ n— d
C )T [ ) b )
plus

(1+ g2 E

=g+ )T (e — w1 = pl?) " dp
(1—|-|77|2)5|§ " (1+ [nf?) /( €= ul*) (1 +n—pl?) " du

[€—n]
2

Next note that either |u—¢| or |u—n| must be at least , and conclude

that, for m > %,
/(1 lE— ) T = ) < Con (14 JE— )™

Combining this with the preceding, one finds that |K(¢,7)| is dominated
by a constant times

s+o

[u S DL U {0 N PR S

(I+ ) (1+n2)=F° ’

and so, by Lemma 7.2.5,
~ xtn ., stotn .
KEMI<Cn[(+1E—nP) = "+ (1+]g—nf) >

Thus, by taking m sufficiently large, we see that Lemma 7.2.4 applies and
says that K is bounded on L?(RY;C).

7.2.4. General Pseudodifferential Operators: The result in Theorem
7.2.10 makes it clear that the composition of P7 with P] will seldom be
a homogeneous pseudodifferential operator. Nonetheless, that same the-
orem shows that P o Py will, in the sense of order, be arbitrarily well
approximated by the sum of homogeneous pseudodifferential operators of
decreasing order. With this in mind, we introduce the class & of operators
P: Z(RY;C) — Z(RY;C) with the property that there exists a strictly
decreasing sequence {o,, : m € N} C R and a sequence {a,, : m € N} of
symbols of order 0 such that o, \, —co and

(7.2.12) P — Z P7m  has order o, for each n € N.

m=0
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An element P € &2 is called a pseudodifferential operator. Given o, \, —00
and a sequence {a,, : m € N} of symbols of order 0, we will write P ~
Soe_o P7m if (7.2.12) holds, in which case we will say that >~ Po™ is
an asymptotic series for P.

It is should be obvious that & is a vector space over C. In addition, it
follows from Theorem 7.2.10 that it is closed under composition. Thus it
forms an algebra over C when composition plays the role of multiplication.

There are a great many non-trivial bookkeeping matters which ought to
be addressed at this point. The most important of these deal with the
relationship between a pseudodifferential and its asymptotic series. For
instance, it is clear that two pseudodifferential operators admit the same
asymptotic series if and only if they differ by an operator of order —oo,
and for this reason it is often useful to replace each element P € & by the
equivalence class of operators which differ from P by an operator of order
—00. On the other hand, it is not immediately clear that a pseudodiffer-
ential operator admits only one asymptotic series or that each asymptotic
series has an operator for which it is the asymptotic series. Both these
are true, but their proofs require some work, and so it is fortunate that,
for the applications that we will be making, neither of them is necessary.
Thus, instead of proving them, we will simply give a couple of important
examples of pseudodifferential operators which are not homogeneous.

Partial Differential Operators: Suppose that L = Z\I@I\Sm co DY is
a partial differential operator. If each of the coefficients ¢, can be de-
composed into the sum of a constant plus an element of .%(R™;C), then
L is a pseudodifferential operator. To see this, first note that Ly =
> jlaf<m D¥(cap), where the coefficients {c;, : [|of| < m} are linear com-
binations of the ¢,’s and their derivatives. Thus, it suffices to check that
if ¢(x) = c(00) + ¢/(z), where c¢(00) € C and ¢/ € .Z(RY;C), then the op-
erator P given by Py = D%(cp) is a pseudodifferential operator for each
a € NV, But if a(z, ¢) = |¢]~I°le(2)¢, then P = |D|ll*llg(2, D) and so P
equals P/ plus (1 —¢(D))|D|l*lla(z, D), which, by Theorem 7.2.6, is an
operator of order —oo. Notice that, in this case, the asymptotic series is
finite.

Bessel Operators: The Bessel operators B® = (I — A)™2, s € R, are
pseudodifferential operators. Indeed, by Theorem 7.2.6, B® — ((D)B? has
order —oo. Moreover,

N|»

1Pt =l Y (8 )l e Ry, 6)

m=0

where R, (s,§) is bounded for n > —3. Thus,

B® ~ i (;E)C—S—W"(D).

m=0
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7.3 Hypoellipticity Revisited

In this section we will use the theory in § 7.2 to give a far-reaching gener-
alization of the result proved in § 3.4.1. Namely, given a differential operator

(7.3.1) L= Y caD",

with m > 1 and smooth, complex valued coefficients, we will say that L is
elliptic on an open set W C R if the function

(@,) eW xSV 3" ca(x)é”

lleell=m

never vanishes, and we will show that ellipticity on W implies hypoelliptic-
ity on W.

Obviously, if an L given by (1.1.8) has smooth, real valued coefficients and
if the matrix a(z) is symmetric and strictly positive definite for each z € W,
then L is elliptic on W. On the other hand, the associated heat operator
L + 0; is not elliptic on R x W. Thus, although the result here generalizes
the one in §3.4.1, it does not cover the one in §3.4.2. Nonetheless, it covers
situations which the results in §3.4 cannot touch. For example, although
it contains only first order derivatives, the Cauchy—Riemann operator 9, —
V=19, is elliptic.
7.3.1. Elliptic Estimates: In this subsection we will prove the following
elliptic estimate.

7.3.2 THEOREM. Suppose that L is given by (7.3.1) and that L is elliptic
on W, and let 11, 1o € C(W;[0,1]) with 2 = 1 on a open neighborhood
of supp(t1). If u is a distribution for which ou and s Lu are both in
H,(RY;C) for some s € R, then {yu € Hyyp(RY;C). In fact, there exists
a Cy < oo such that

V10| spm < CS(||¢2LU||S + HwQUHS)

In particular, if each c, can be written as a constant plus an element of
(RN, C), then L has true order m.

First observe that, given the earlier assertions, the final assertion is more
or less obvious. Indeed, under the stated condition on the c,’s, the opera-
tion ¢, D® has order |||, and so L has order m. On the other hand, if L
had order o for some o < m, then we would have

[¢1ullm < Co(ll2Lullo + [Y2ullo) < Clloull,+, ue L*(RY;C),

which is impossible.
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Turning to the first part of the theorem, we begin with the observation
that is suffices to show that

" You, hoLu € Hy(RY;C) = vyu € Hyy 1 (RY;C) and
[rullsy1 < As(r,92) (|2 Lulls11-m + [[P2ulls),

for some Ag(11,12) < oo. Indeed, assume that (*) holds, and suppose
You, PoLlu € Hy(RY;C). We will use induction on 1 < ¢ < m to show
that, for each s € R,

(**) [rulls+e < Be(r, 2) (2 Lullstemm + [¥2ulls).-

There is nothing to do when ¢ = 1. Thus, assume (**) holds for some

1 < ¢ < m, and choose ¢ € C°°(W;[0,1]) so that ¢ = 1 on an open
neighborhood of supp(¢)) and ¥ = 1 on an open neighborhood of supp(¢1).
Then

l1ullsted1 < AS+€(7/)171/’)(||7/}Lu|‘s+€+1—m + |W“Hs+€)a
[Yullsre < Be(, o) (2 Lullsto—m + ll2ulls),

and so ||t)1ul|s+e+1 is dominated by

Aot (91,9) ([0 Lullores1-m + Be(wh, ) (o Lulsse—m + [0l )
< Beya (91, o) (2Ll o1 -mlltbzulls)

for some Byy1(¥h1,12) < 0.
To prove (*), choose a symbol a(z, ) of order 0 with the properties that
la(x,€&)| > € > 0 for some € > 0 and all (z,£) € RY x SV-1,

a(z,&) =[] Y cala)g”

llall=m

for z in a bounded, open neighborhood of supp(+2), and a(x,&) = 1 for =
outside of a bounded set. Now set u; = ¥1u, us = ¥ou, and f = 11 Lu, and
assume that ugy, f € Hy(RY;C). Then, since L is local, Lu; = f + L'us,
where L' = [L,11] is the commutator of L and multiplication by ;. By
either direct computation or Theorem 7.2.10, we know that L’ has order
m — 1. At the same time, since LT = |D|™a(z, D) + 2o <m—1 D%¢a, for
a given ¢ € (RY;C), we have

(¢, Luy) = (oL 7, uy)
= <|D|ma(xa D)@v”l) + < Z Daw2ca$07u1>

laj <m—1
= <P<;,m(p?u1> + <K(P7’IL2>7
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where (remember that | D|™a(x, D)—P™ has order —o0) K : Z(RY;C) —
Ho(RY;C) has order m — 1. After combining this with Lu; = f + L'us,
we see that

<Pc:n<p7u1> = <90’ f> + <K’<p,U2>,

where K’ : Z(RY;C) — H.(RY;C) again has order m — 1. Now set
b(x,&) = ﬁ, and note that b is also a symbol of order 0. In addition,
by Theorem 7.2.10, H = P™ o P, — I maps .%(R";C) into itself and
has order —1. Hence, after replacing ¢ by P, "¢ in the proceeding, we
conclude that

<307u1> = <Pb7m90a f> + <H/903 U2>,

where H' maps .7 (R"; C) into H..(R"; C) and has order —1. In particular,
because

(B ™o, )] < 1By ™ ell=s—14mll flls+1-m < Cllflst1-mlloll—s—1

while
[(H' 0, u)| < [[H ¢l —sluzlls < Cllug|sllell—s-1,

this means that there exists an A4(11,12) such that

(0, un)] < As (@1, 2) (1f ls41m + lluzlls) 1ol —s—1,

from which (*) follows immediately.

7.3.2. Hypoellipticity: Given Theorem 7.3.2, the following theorem is
more or less obvious.

7.3.3 THEOREM. Let L and W be as in Theorem 7.3.2. If u is a distri-
bution and Lu € C*(W;C), then u € C*(W;C).

PROOF: Given an open U with U cC W, choose 1, 1)y € C® (W; [0, 1})
so that 1; = 1 on an open neighborhood of U and ), = 1 on an open
neighborhood of supp(t;). Then ou € Hy(RY;C) for some s € R. Now
repeat the argument given to pass from (*) to (**) in the preceding sub-
section to show that ¢1u € Hy (RY;C). Finally, apply (7.1.2) to conclude
that ¢1u € CX(RYN;C). O

7.4 Hormander’s Theorem

As we saw in §3.4.2, an operator need not be elliptic in order to be
hypoelliptic. Indeed, the result there says that if L is given by (1.1.8) with
smooth coefficients, and if the diffusion matrix a is strictly positive definite,
then the parabolic operator L+0; will be hypoelliptic. Further, Kolmogorov
gave a beautiful example which shows that L + d; can be hypoelliptic even
though L is not elliptic. Namely, he considered the operator L = %83 L+
210g,. This L is certainly not elliptic: The diffusion matrix is everywhere
of rank 1. Nonetheless, the associated heat equation d;u = Lu admits a
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smooth fundamental solution p(t,z,y). In fact, direct calculation can be
used to check that

plt.2.) = Y3 exp( =3 (y = m(t. ). C) "y~ mt.2)) ).

(" @ cm—(t 3
m(t,x) = oyt an (t) = EEEE

2 3
In particular, proceeding as in §3.4.2, one can use this p(¢,z,y) to verify
that L + 0; is hypoelliptic.

A more enlightening way to see that p(t, x,y) is a fundamental solution
to Oqu = Lu is to use the diffusion associated with L. That is, let t~~B(¥)
be a standard R-valued Brownian motion, and set

Xy (t, ) B(t)
X(t,x) = ' =m(t .
(t) (Xg(t,x) mb) 1 ) ar
Then it is an easy matter to check that the distribution of X (-, x) solves
the martingale problem for L starting from x. Furthermore, for each ¢ > 0,
X(t,z) is a Gaussian random variable with mean m(t,z) and covariance

C(t). Hence, the distribution of X (¢,2) is the probability measure on R?
with density

where

[~}

((271)2dctC’(t))7% exp (—; (y —m(t,2),Ct) " (y — m(t, a:))RN) ,

which is another expression for p(¢, x,y). The reason why the probabilistic
approach is more revealing is that it highlights the reason why, in spite of
the degeneracy of the diffusion matrix, the transition probability function
admits a density. Specifically, although the R2-valued path t~~X (t, z, B) is
built out of single R-valued Brownian motion, B(t) and fot B(T)dr are suf-
ficiently uncorrelated that their joint distribution admits a smooth density.

In this section we will prove a striking result, due to L. Hormander, which
puts Kolmogorov’s example into context. To state Hormander’s Theorem,
let {Vp,...,Var} be a family of smooth (real) vector fields on RY, think of
the Vi’s as directional derivatives, and consider the operator

1 M
(7.4.1) L=Vo+5 ’;V,f,

where V,f = Vi o Vi. Notice that this operator can be written in the form in
(1.1.8). Indeed, suppose that Vi, = Zfil 0i.1k0y,, take o to be the N x M
matrix whose kth column is
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and set b; = 0,0 + %Zﬁio Vioi . Then an equivalent expression for L is
(1.1.8) with @ = oo " and b. Conversely, if L is given by (1.1.8) and o is
a smooth N x M square root of a, then L can be written in the form in
(7.4.1) when

S 0, if1<k<M

(7.4.2) Vi = .
Zﬁ&@—%ZﬁﬂW%w>@iﬁk=0

In order to state Hormander’s result, we need to introduce the notion
of the Lie algebra Lie(Vo, . .,VM) generated by {Vp,...,Va}. Namely,
Lie(Vo, ceey VM) is the smallest vector space of smooth vector fields which
contains {Vp,...,Va} and is closed under the Lie product given by the
commutator [V,V'] = VoV’ —V’'oV. Equivalently, Lie (VO, o VM) is
the vector space of vector fields spanned by the Vj’s together with their
multiple commutators

Virs Wiy [, Vi ]+ ]

Finally, Lie, (VO, ceey Vk) is the subspace of the tangent space T,R"™ ob-
tained by evaluating the elements of Lie (VO7 ey VM) at z. Of course, be-
cause RY is Euclidean, T,RY can be identified with RY, in which case
Lie, (VO, ey VM) is identified with the column vectors whose components
are the coefficients of the elements of Lie, (Vo, ..., Var).

7.4.3 THEOREM. (Ho6rmander) Suppose that L is given by (7.4.1), and
let c € C®°(RY;R). If W C R¥ is an open set on which Lie, (VO, e VM) =
T,RYN for each x € W, then L + ¢ is hypoelliptic on W.

The condition Lie, (Vy, ..., V) = T, M is called Hormander’s condition.

It should be clear that Hormander’s theorem covers both the results
about parabolic and elliptic operators in § 3.4 as well as Kolmogorov’s ex-
ample. Indeed, if L has the form in (1.1.8) with smooth coefficients, and if
a is non-degenerate, then (cf. Lemma 2.3.1) we can take o = a2 in the pre-
ceding discussion, in which case the coefficients of Vi, 1 < k < N, are the
kth column of o, and therefore {Vj,..., Vy} already spans T,R”" at each
2. Hence, Hormander’s Theorem guarantees that L is hypoelliptic. To see
that L+ 9; is also hypoelliptic, think of the V},’s as vector fields on R x RV
with vanishing coefficient in the first coordinate, and consider the family
{Vo+ 0, V1,...,Vn}. Because, at each (t,2), {Vo + 0, V1,...,Vn} spans
T, (R x RY), once again Hérmander’s theorem applies. Finally, to handle
Kolmogorov’s example, take Vo = 10,, +0; and V; = 3., on R x R?. Then
V1, Vo] = Ou,, and so {Vy, V1, [Vo, Vi1]} spans T, (R x R?) at each point (¢, x).

Our proof of Hérmander’s will follow the basic strategy used to prove
Theorem 7.3.3, although the details are quite different. The similarity is



190 7 SUBELLIPTIC ESTIMATES & HORMANDER’S THEOREM

that we will prove it by developing an analog of the elliptic estimate in
Theorem 7.3.2. Specifically, we will show that there is a § > 0 such that

(7.4.4) [rulls+s < Cs(ll2(L + cJulls + [[2ulls).

In the case when L is elliptic on W (i.e., the vector fields {Vi,...,Vis}
span T,RY at each x € W), Theorem 7.3.2 says that we can take § = 2.
However, the ¢ in (7.4.4) will, in general, be much smaller than 2 and will
depend on the number commutators required to achieve a spanning set.
Because ¢ is smaller than the one in the elliptic result, the estimate in
(7.4.4) is called a subelliptic estimate.

7.4.1. A Preliminary Reduction: In this subsection we will show that
(7.4.4) for s = 0 and ¥ = Yo = 1 implies (7.4.4) for all s € R. It is
extremely important to keep in mind that, as distinguished from earlier
considerations in this chapter, everything here, functions, vector fields, and
distributions, is real valued. Also, we will be assuming that the coefficients
of the vector fields {Vj,...,Vas} as well as the function ¢ are elements of
S (RN R).

We begin with what looks like a big step toward (7.4.4) with s = 0.
However, as we will see, it is really only a very small step.

7.4.5 LEMMA. There is a C < oo such that

M

D IIViells < —4(Le, @), + Cliells,  © € Ha(RY;R).
k=1

PrOOF: Clearly, it suffices to work with ¢ € .7(RY;R).

For each k there is an n € . (RY;R) such that V¥ =V, = —V, + .
Thus,

kPllo = EVEL, L)y = — Ve ¥, ¥P), kP NP )
Veells = (ViViws 0) = = (Ve 0)o + (Vi mep)

< —(V2e,0), + 5 (IIViolls + lIneells)
and so
M M
D IViells < —4(Le,0) g + > lIneells + 4(Vow, ) -
k=1 k=1

At the same time, because everything is R-valued,
(Vow,0)g = —(Vow,0) o + (m0w; #),»

and so (Vow,¢)o = 5(n0p, ¢)o. O
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7.4.6 LEMMA. Let T : H_ o (RY;R) — H.,(RY;R) be an operator of
order —oc and 1 € C°(RY;R). Then, for all R-valued distributions u,

M
> WiTwull < ¢ (ITorulf + 7ol

- M 2 M 2
# Y Ve Tl + S VA Tl )
k=0 k=1

where C' < oo can be taken independent of both T and 1.
ProoF: By Lemma 7.4.5,

M

ST IViTwuld < —4(LTyu, Tpu), + C|| Tpul.
k=1

Also,

IN

|(LTu, Tpu) | < [(ToLu, Tou) | + | (L, Tlu, Tou) |

< (1T Lull§ + | Tyullg) + | ([L, TYlu, Tipu), |-

A

Thus, sz:l |[ViToul|g is dominated by 4|([L, Ty]u, Tyu) 0’ plus terms of
the sort allowed in the desired estimate. To go further, note that

V2, T) = Vie[Vie, TO] + [Vie, TY]Vie = 2Vie[Vie, TY] — [V, [Vi, T

and therefore

S

(747) (LT = 3 VelVe Tl — 5 3 [V Ve 7o) + [Vo, T

k=1 k=1

Now the only remaining problem comes from (Vi [V, T¥]u, Twu)o. But,
using the notation introduced in the proof of the preceding lemma, we have

|(Vk[Vk7T¢]U,T¢U)O’ = ‘([Vk,TT/)]Uﬂ?le/)U)O - ([VmTlﬁ]U,VkTiﬁu)o‘
< VT3 + 3| Vi, T2 + Sl T2

Hence, we have shown that Zkle |ViTul|3 is dominated by half itself plus
terms of the allowed sort. O

The next two lemmas deal with the commutator of a pseudodifferential
operator with a mollifier. Here, p € C°(RY;R), p.(z) = e Np(e~z), and,

m

for m € N, R is the convolution operator given by R['.¢ = €™ pe x ¢.
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7.4.8 LEMMA. Given p € C®°(RY;R) and m € N, there is a C,, < oo such
that sup.c g1 [|[ 25, culls < Cpllulls—m for all s € R and u € Hs . (RY;R).
Moreover, if ¢ € .#(RY;R), then [c, R?

Ulp.cre ¥ Vipr.e T Wip.o),er Where

] can be decomposed into the sum

76,

m _ m—+1 «
U(p,c),ego_ Z Rw pe(a )

llell=1
‘/(Zl,c),e(p = Z E‘Ra%‘—;i(aa )
llefl=2

and, for each s € R, there is a Cs < oo such that

sup [[W(5 o culls < Csllulls—m—3 forue H,(RY:R).

c(0,1] o)

Finally, for each e € (0,1], U} ., .. V(}',) ., and W[ ) are of order —oc on

(p0).e
H_oo(RY;R) into Hao(RY;R).

PRrOOF: Clearly, it suffices to work with u = ¢ € Ho(RY;C). Also, for
each e € (0,1], [¢, R™], U™ and V7' ) are of order —oo on H,OO(RN; R)

().
into Hoo (RY;R), and therefore the same is true of Wi o).e

Because R;’?ego({) = " p(e€)p(€) and p is rapidly decreasing,

62
1RSI = s [+ o) Pl P e
2
< v [ QIR O R de = CallelE .

where

m
2

Crn = sup sup ((1+[¢%)) * [p(e€)] < sup (1 +[¢[?)
e€(0,1] EERN EERN

m
2 |

pE)] < oo.

Turning to the second part of the lemma, note that the Fourier transforms
of cR}!.p and R} (cyp) are, respectively,

% / &€ — m)plen)p(n) di

and

[ €= a2 dn
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Thus, the Fourier transform of [¢, R J¢ equals (2) " times

e / &(& — ) (plen) — p(e€)) p(n) dn

clall
—en S E [ grde - @ p)st dn

1<]lall<2
m+3 Z /Ha € 77 d,',l7
lleell= 3

where each H¥(&,n) is a constant times

*) (n = &)*e(§ —m)(9”p) (e0°(€,m))

with 6%(£,n) a point on the line segment connecting £ to 7. Because
(0= )& — m)(9°p)(€) = Dc(& — )z p(e€),

it is easy to identify the sums over {« : Ha|| =1} and {a: ||a|| = 2} as
umr and V(ZLC) .» Tespectively. Hence, all that remains is to show that,

(psc)ye
for each s € R and « with ||a|| = 3, the operator with kernel
Ke (5777) =€ +3(|—‘.5)7n3 5 (fvn)
(L4 n?) ="

is bounded on L?(R¥;C) independent of € € (0,1]. But, because both doc
and z®p are rapidly decreasing, we know that, for each n € N, there is a
C,, < oo such that

(L+]EPF  (Q+le—n> s
(L+ 25 (1 + e2[¢f2 A fnf2)*3*
L+ 1= 0P+ 0> "%

(1+ |2 A lnl2) ™=

" L asmy
< C29 (1t 1E—nP) “[HH
! (11 [eP)

Isl+m+3 H’ 1+3 m-+3

<20,27 7 T4 —n)TE

[K& (& )| < Crem™?

<Cp27

—_

where we have made two applications of Lemma 7.2.5. Thus, by taking
n > 3N ywe see that Lemma 7.2.4 applies. O

To facilitate the notation in the following, we will use 42’ to denote
the class of pseudodifferential operators which admit an asymptotic series
> oo Pgm with the property that {o,, —o¢ : m > 1} C Z*. Using Theo-
rems 7.2.10, check that &2’ is closed under composition and commutation.

We will use P° to denote a generic element of &2’ whose asymptotic
series begins with o9 = ¢ and will use R!" to denote a generic operator of
the form R,

Finally, 0 will be used to denote any of the operators 9% with ||«| = 1.
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7.4.9 LEMMA. Let ¢ and v be elements of C°(RY;R), and use 1)’
to denote a generic element of C>°(RY;R) whose support is contained in
supp(v). Then the operator [cd, P” R™1)] can be written as a finite, linear
combination of operators of the form P°R™i’ and P°R™*1)’ plus an
operator EC~™= 2/ where EC~™~2 : H_(RY;R) — H.(RY;R) has
order —oo for each € € (0,1], and, for each s € R, admits a Cs < oo such
that

Sup] ||Eg_m_2u”s S Cs||uHs+07m727 u € HerafmfZ(RN; R)
e€(0,1

)

PROOF: In the calculations which follow, a “/” will be placed after terms
which are either of the form P2 R™1)’ or P° R 1y,

Using [0, R™] = 0 and applying the last part of Theorem 7.2.10 where
necessary, one can check that

[cd, P" R™4)] = cAP? R™ — P° RMpcd
= AP R™) — P°R™dcyp + PTR™(0(cth)) v/,
P R™p — PTR™dctp = P7cdR™p — PTOR™ctp + [, PTIR™py/,
and
P?cOR™p — PPOR cp = P°cORp — PP OcR* ) + P°Oc, R |
= —P7(9c) R™py/ + P7dlc, R™y.

Finally, by Lemma 7.4.8, P?0[c, R™*] is a finite sum of terms of the form
PoOR™leyp and PPOR™ 2cyp plus a term P7OW ™1, where W™ satisfies

the estimate at the end of that lemma. Since OR™*! and OR™*2 are,
respectively, of the forms R™ and R™*!, while

[(PTOW M p)ulls < CsllOW (Yu)||s+0 < CLWE (Yu) [l s4o41
< C;/\Wu\|5+g+m,2 < C;”||u\|5+a+m,2,
this completes the proof. [

7.4.10 LEMMA. Let P° be an operator of the sort in the preceding,
Y1 € C®(RYN;R), and vector fields X, Y, and Z with coefficients from
S (RN:R) be given. If 1o € CX(RN;R) satisfies 1) = 1 on an open
neighborhood of supp(w1), then

[X7 PO‘RS,ewl} = Tf;ew27 I:K [X7 PO-R%E’(/J]_]] = TQU,EwQa
and [Z, Y, [X, P"Rg’ewl]ﬂ = T§ s,

where the Ty ’s are of order —oo from H_(RY;R into Hoo(RY;R) for
each € € (0,1] and, for each s € R, there exists a Cs < oo such that

upx, sup IT7 culls < Collullsyo, u € Hopo(RY;R).
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PROOF: By Lemma 7.4.9, [X, P’ R) 1] is a finite linear combination of
terms having the form P°R% and P’ R, plus a term E?~ 2y, where
¥) € C(RN;R) with supp(¢7) C supp(¢1) and EZ % : H_ o (RV;R) —
Hoo (RN R) has order —oo for each € € (0, 1] and satisfies sup ¢ o.1) [ B~ 2¢l|s
< Csll@lls4o—2. Thus, we have shown that [X, P7R) ] has the desired
form.

To handle the higher order commutators, one repeats the preceding ar-
gument to conclude that

[V, [X, P7RS 4] and |2, [Y,[X, P"R), ]|
are finite linear combinations of, respectively, operators
PTROG,, PRI, PR2Y, BT, BTN, and [Y, B2
and

PTRMpy, PTRepy, PTRZYy, PTRMy, EZ720, BI7 'y, EZ,
(2, EZ7241], (2, B, and [Z,[Y, EZ7294]].

Finally, simply observe that
Y, EZ™™ ] = T2 ey and [Z, [V, EZ™™4]] = T2 24y,

where, for each € € (0,1], T7 has order —oo and, for each s € R, there is a
Cs < oo for which sup,¢(o 17 |77 ¢lls < Csllolls+r. O

We have, at long last, arrived at our goal in this subsection.

7.4.11 THEOREM. Let U be an open subset of RV and assume that there
exist a § € (0,1] and C < oo such that

(7.4.12) lells < C(ILello + llello)  for all p € CZ(UsR).

Then, for any ¢ € . (RY;R) and 1,15 € CX(U;R) with 13 = 1 on an
open neighborhood of supp (1), there exists for each s € R a Cy < oo such
that

[¥1ulls+s < Cs([lb2(L + c)ulls + lwboulls )
whenever u is an R-valued distribution for which vou, Vo Lu € Hy(RY;C).

PrOOF: Once again, we use C' to denote a finite constant which can change
from expression to expression but is independent of €. Also, it should be
clear that the result for ¢ = 0 implies the result for general ¢ € .7(RY;R).
Thus, we will assume that ¢ = 0.

Let r be half the distance between supp(ws) and the complement of
U, choose p € CX (B(O,r); [0,00)) with total integral 1, and set R, =
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R) . for € € (0,1]. Finally, choose n € C°(U;R) so that n(x) = 1 when

|& — supp(v2)| < r.
To get started, note that, by (7.4.12) and the fact that [, B~°] has order
s—1,

|Retrullss = [|B~*nRetprulls < [[nB~° Retpyulls + ||[n, B~*| Retpyul| 5
< C(|[LnB~*Reyprullo + [[nB~* Reprullo + || Retprulls—145)
< C(ILnB~° Reyprullo + [[¢2ulls)-

Thus, it remains to estimate ||LnB~°Rc1ullo. To this end, set P® =
nB~?, and note that, by the discussion about Bessel operators in §7.4.2,
P? e &' and oy = s in its asymptotic expansion. Clearly

ILnB~*Retprullo < |P*Revhr Lullo + ||[L, P*Rei]ul|

and, since |P*Rcp1 Lullo < C||Lipoul|s, we are left with the estimation of
12, P*Retoiul
Using (7.4.7), we can write

l\D\’—‘

M M
(L, P°Ren] =Y Vi[Vi, PPRepr] =5 > [V, [Vie, P*Retn]] +[Vo, P* Retn].
k=1 k=1

By Lemma 7.4.10 (with o = s), the actions on u of the last two terms on
the right have L2(R";C)-norms bounded by C|[12ul|s. To handle the first
term, we use Lemma 7.4.9 to justify taking 7" = [V, P°R.t1] in Lemma
7.4.6 and thereby conclude that HVk Vi, PsRez/Jl]uHO can be estimated in
terms of

| T31ullo, |71 Lullo,

HVka

and H [Vk, [Vk7T¢1]]u||o'

Clearly the first of these causes no problem, the second is dominated by a
constant times || Liou||s, while, by another application of Lemma 7.4.9, the
third and fourth can be dominated by a constant times |[Youlls. O
7.4.2. Completing Hormander’s Theorem: Let B denote the set of
B € U {0,..., M}, and define £(8) = ¢ if 3 € {0,..., M}*. Next, define
Vs for 8 € B so that

v { Vi if (8) =1 and B, =
/6 =
[Vﬁﬂ"/(ﬂlv---yﬁl—l)] if é(ﬁ) =(>2

Then Lie,(Vo, ..., V) is the span of {Vg : 8 € B} at z. In particular,
Lie, (Vp, ..., Va) = T,RY if and only if one can find {#": 1 <i< N} C B
such that {Vg: : 1 <4 < N} at x is a basis for T,RN. Now assume
that Lieg(Vp,..., V) = T,RY, choose {#" : 1 < i < N} accordingly,
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and let A(z) be the N x N-matrix whose ith column is the coefficients of
Vsi. Then det(A(z)) # 0, and so, by continuity, det(A(z')) # 0 for 2’ in
an open neighborhood of z, and therefore {Vg: : 1 < i < N} at 2’ is a
basis for T,» RN when ' is that neighborhood. Thus the set of 2 € RV
such Lie, (Vp,..., Vi) = T.RY is open. Moreover, by an easy Heine-Borel
covering argument, if W is an open subset for which Lie,(Vp,...,Vy) =
T,RY when z € W, then, for each K CC W, there is an £ > 1 such that
{Vs : £(B) < ¢} spans T,RY for all z € K. In fact, using an elementary
partition of unity, one can see that, for each o with ||«|| = 1, there exist
{va,p: L(B) <L} C C>(RY;R) such that

A. = Ve on K.
7.4.13 o 4Vs on K
{B:0(5)<0)

Now refer to Theorem 7.4.3. In view of the preceding, we see that for each
open U with U CC W thereisan £ > 1 and {v, 5 : £(8) < £} C C2(RY;R)
for which (7.4.13) holds on U. Hence, since, for any § > 0, there exists a
C < oo such that

lells <C [ lelo+ Y N0%lls-1 |

llall=1

we will know that (7.4.12) holds once we show that, for each ¢ > 1, there
isad € (0,1] and a C < oo such that

max Vi 1 < C(||IL +
(7414) e Vaells—1 (IL¢llo + llello)

for all p € C°(U,R).
7.4.15 LEMMA. Let € € (0,1]. If X is a real vector field on RN with
coefficients in .7 (RY;R) and P?**~! € %' has an asymptotic expansion
with og = 2¢ — 1, then there exists a C' < oo such that

max |(VkX<p7P25_1<p)0’ \Y, ’(XVk%PQE_l(p)

1<k<M 0’

< C(I1X@l3emr + ILelE + llells)  for ¢ € 7 (RY;R).
In particular, there is a C' < oo such that

 max [|[Vi, XJel|,; < O(1X¢llze—1 + [ Zello + o)

for all p € .Z(RY;R).
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PRrOOF: Let 1 <k < M be given. Then
|(ViXeo, P> ) | = [ (X, (Vi) P2 )
< ((P* 1 X, (Vi) o) | + | (X, [(Va)", P2 1g) |
< L (P Xl + 1V Il + [11(Ve)", PP X[ + lell3)
< CIXl3er + IViglld + I1913) < ' (1Kl + 1 Z¢I5 + 16117).

where we have used the fact that P21 and [(V})*, P?“7!] both have order
2¢ — 1 and applied Lemma 7.4.5 in the last step. Similarly,

’(XVMP,P%_HP)(J‘ = ’(Vk%X*PQE_l(p)o’
’(Vk@,P2E_1X*(p)0’ 4

IN

(Vk@; [X*aPQG_l]QD)O’
€e— * * €e— 2

< L(2Vaol + 1P X3 + ][, P23

< C(IX @l + LI + 13 + l3e)

< C'(I1X@lr + 1013 + o),

where, in the passage to the last line, we have used 2¢ — 1 < 0.
Turning to the final assertion, take P2~ = B272¢[V, X]. Then

A

Vi, XIe )7, = 1B~ [Vie, Xlg||g = (Vi X]g, P* '),

= (ViXep, P*7 1) — (X Vi, P* o),

and so the desired conclusion follows from the preceding ones. [

By combining Lemmas 7.4.5 and 7.4.15 with an obvious induction argu-
ment, we see that

IVaellai-e 1 < C(IIL¢llo + llllo)

when 8 € B has no coordinate equal to 0. Thus, if, instead of the hy-
pothesis in Theorem 7.4.3, we had made the stronger hypothesis that
Lie,(V1,...,Var) = T,RY, then we would be done. Indeed, in that case,
(7.4.13) would hold with v, g = 0 whenever 8; = 0 for some 1 < j < ¢(3),
and therefore (7.4.14) would hold with § = 21—,

To bring Vj into play, we need the analog of Lemma 7.4.15 for Vj.

7.4.16 LEMMA. Let e € (0,%]. If X is as in Lemma 7.4.15, then there is
a C' < oo such that

Vo, X]ol|_y < CIX¢lae—1 + ILello + llello)  for all p € 7 (RY;R).

PROOF: Just as in the proof of the last part of Lemma 7.4.15, one sees that
it suffices to know that

|(VoX @, P Lo) | v [(XVow, P* o) |
< C(I1Xeltemr + ILelIF + llll5),
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where P?¢71 = B272¢[V}, X].
To estimate |(V0Xgo, P26*1¢)0|, begin by noting that

1 M * 1 M M
* 2 R 2
Vo = (L—ka_lvk> =L —§;Vk +};¢ka+¢7

where 19,9, 11, ..,y € S (RY;R). Hence, ’(VOch,P2E’1<p)O| is domi-
nated by

M

1
(X LP*he) | + 5 0|2 Xp, P21),
k=1
M

+ Y | (ViXo, du P27 ho) | + [ (X, 9 P ) .
k=1

Clearly

|(Xo, v P> Yo) | = (P ) X, 0),| < C(IXel31 + llel3).
Also, by Lemma 7.4.15,

M

DX, P> o) | < C(I1X M3t + ILelF + lIl3)-
k=1

Thus, it suffices to estimate |(X<p,LP26’1<p)O| and, for 1 < k < M,
|(VEX @, P> 1) | Note that the first of these is dominated by

|[(P*7) "X, Lo)o| + | (Xeo, [L, P2 ),
< C(IXellZe—1 + 1Z¢l3) + [ (X, [L, P> i) o |.

To handle |(Xg0, [L,PQS_I]QD)

, we again use (7.4.7) to see that

0
M M
(L, P2 = 3 VilVi, P21 = 5 3 (Vi [Vie, P2+ [Vo, P21
k=1 k=1

M
_ Z(Vk)*Pgefl + ‘PO26717

=1

where the P,fﬁ_l’s are again elements of &’ whose asymptotic series have
09 = 2¢ — 1. Thus, by Lemma 7.4.15,

M
|(Xe, [L, P> ) | < Y| (ViX o, PR ho) | + | (X0, P M)
k=1

< C(IXell3e—y + ILel§ + lel3e1)-
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Turning to | (V2 X, P*71¢) |, begin by dominating it by

|(V’€X‘P7P26_1Vk‘p)0’ + ‘(VkX(tp’pk%_l‘P)oL
where P21 = g P2¢=1 — [V}, P2~ is again an operator of the sort in
Lemma 7.4.15. Hence, by that lemma, the second term causes no problem.
As for the first term, use
|(Ve X, P27 Wap) | < 5 (P21 ViXollg + IVaell3),
and apply Lemma 7.4.5 to handle |Vy¢||3. At the same time,
(P> ViXello < [IVe(P*7 1) Xepllo + [[[(P*7H)*, Vil X o s

and the second of these is dominated by a constant times || X¢|2c—1. To
treat |Vi (P2~ 1)*Xp||o, apply Lemma 7.4.5 to dominate its square by a
constant times

[(L(P* )" X, (P* )" X) | + [ X pll3e—1-
Next, set
P = (P* )X = [Vo, X|*"B* %X = —[X, W] B> *X +nB**X,
where n € .7(R¥;R), observe that P?¢ € &' with o = 2¢, and check that

‘(L(PQS_I)*XL)O, (PQS_I)*X@)O} _ ’(LPZE@’ (PQS_I)*X@)O‘
S ‘(LQD, (P2€_1P26)*X<p)0| + ’([L7P2€]SD7 (P26—1)*X<p)0|
< O(ILel + 11X ¢lie—1) + [([L, P*Tp, (P*71)* X p) |-

Now (cf. (7.4.7)) write [L, P2] = "M P2V, + P3¢, where

P2 — [VO7 PQE} 1 Q/{Zl [Vk’, [Vk,,PZeH f k=0
* [V, P?] if1<k<M,

and note that the ]5,36 ’s are again in &’ with o9 = 2¢. Thus

(I, PEep, (PR X )

M:

< | (Vs (PP B X ) | + | (0, (PP PF)* Xp)

ol

=~
Il

A»ﬂ

M
O D IVaells + 1XpllFes + ||90||3>
k=1

< C'(IILlls + 1X elle—1 + llelld)

—
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where Lemma 7.4.5 was applied at the end.
To estimate ’(XVogo, P25_1<p) , we write Vo = L — % ZQ/; V2 and find
that we must estimate

0

|(XLo, P*7lp),| and |[(XVie, P* o)

ol ol-

Writing X* = —X + 1, one sees that the first of these is dominated by

|(Lo, XP*7Yo) | + | (Lo, nP>* 1) |
< (Lo, P> X) | + | (Lo, [X, P* o) | + | (Lo, nP* 1), |
< 3| Lollg + Cllellze—1 < 3IILells + Cllell3.

As for the second,

‘(XVkZW’P2€_1¢)0| = ’(Vk% (V’f)*X*P2€_1<p)(]’
< ‘(Vk(pa (Vk)*PQC_l‘X*@)O‘ + ’(Vk% (Vk)*[X*vpze_l]Lp)o‘
< C(IViells + ells + 11(Vi)* P> X 0l[5).

since both P2~ ! and its commutator with X* have order 2¢ — 1 < 0.
Because 1 < k < M, ||Vkpl|3 is handled by Lemma 7.4.5. Also,

1(Vie) P> X gl < [[ViP* 7 X ]l + C ([ Xpll2e—1 + [l #llo)-

Finally, by the procedure used above to estimate ||[Vi (P2~ 1)*Xo|o, we
can estimate ||[Vy P2 1 X*pllp in terms of ||L¢lo, ||¢llo, and, || X*¢|l4c—1,
which, since 4¢ — 1 < 0, is dominated by || X¢|l4c—1 + C|lpllo. O

Arguing as we did in the paragraph following Lemma 7.4.15, and com-
bining this with the discussion preceding that lemma, we can now show
that if {Vj : £(3) < £} spans T,RY at every x in an open set of which U is
a compact subset, then

lella-e < C(IILello + llello), ¢ € CE(UsR).

In particular, after putting this together with Theorem 7.4.11, we have
proved the following subellipticity statement.

7.4.17 THEOREM. If Lie,(Vo,..., Vi) = T.RY for each x € W and
c € C®(RM;R), then for each vy 1o € C°(W;R) with 1) = 1 on an open
neighborhood of supp(v1) there exists a 6 > 0 and a map s € R+— C; €
(0,00) such that (7.4.4) holds for all s € R and u € Hs(RY;C).

Once one has Theorem 7.4.17, Theorem 7.4.3 follows easily by the same
sort of bootstrap procedure which we used to prove Theorem 7.3.3 on the
basis of the elliptic estimate in Theorem 7.3.2.
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7.4.3. Some Applications: Having worked so hard to prove Theorem
7.4.3, it seems appropriate to point out a few of its applications.

For applications to probability theory, the following corollary is impor-
tant. In its proof, it will be convenient to have introduced the Lie module

n
Lie(%a"'aVM):{Z¢77lvﬁm : TLZL ﬁla"'aﬂneBa

m=1

and ¥1,..., 0, € COO(RN;R)}

over C®(RM;R) generated by {Vj,...,Vas}. It is elementary to check that
I:\i/e(Vo, ..., V) is again a Lie algebra of vector fields and that, for each
r € RV, the subspace Iji;:w(Vo, ..., Var) of T,RY obtained by evaluating
the elements of I:ive(Vo, ..., Var) at x coincides with Lie,(Vp,..., V).

7.4.18 THEOREM. Let Vj,...,Vys be smooth, real vector fields on R,
and define L as in (7.4.1). If Lie,(Vp,...,Va) = T,RY for all z in an
open set W C RY then, for every ¢ € O (R™:R), L* + ¢ is hypoelliptic
on W. Moreover, if LiegE([VO7 il Vo, V], Vi, - -y VM) = T,RY for all
x € W, and if f € C*°(R;R) never vanishes on the open interval J, then
L+ c+ f(t)0 and L* + ¢ + f(t)0; are hypoelliptic on J x W for any
c€e COO(]R X RN;R),

PrOOF: All these assertions come from Theorem 7.4.3 combined with ele-
mentary observations about Lie algebras of vector fields. To prove the first,
write V¥ = —Vj + n;, and observe that L* = % ZQ/[:l V,f + V§ + ¢, where

M M
1
Vg =—Vo— g:lnkvk and c=rmn+ 3 321(7713 - (Vkﬁk))~

Hence, by the preceding discussion, it suffices to note that Iji/e(VO, s V)
= Lie(V{, Vi, ..., V).

To prove the second assertion, think of the V}’s as vector fields on R x RV
for which the coefficient of 0; vanishes. Then, to prove that L+c+ f(t)0; is
hypoelliptic on J x W under the stated hypothesis, one need only observe
that Lie .)(Vo + f(t)0¢, Vi, ..., V) equals the span of

Lie$([VO7 Vﬂ, ey [Vb, VM], V1, ey VM) @] {V() + f(t)(?t}
and that the latter equals T{; ;) (R x RY) if
Lie, ([Vo, Vil .-, Vo, V), Vi, -, Vi) = TR,
Finally, once one notes that

]’:‘ié([VO,VlL...,[‘/E),VM],V]7...,VM))
:I:\l-/e<[VO/7‘/1L,[‘/H,VM}7‘/177VM)7
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the argument for L* + ¢ + 0, is a repeat of the one for L + ¢+ f(¢)0,. O

We close by applying Theorem 7.4.18 to transition probability functions.
Thus, let o : RY — Hom(R™;RY) and b : RN — RY be smooth
functions with bounded derivatives of all orders, set a = oo ', and let
(t, )~ P(t, z) be the transition probability function determined (cf. Theo-
rem 2.4.6) by the associated operator L given in (1.1.8). The next lemma
allows us to apply Theorem 7.4.18 to (¢, z)~P(t,z). In its statement, the
subscripts x and y on an operator are used to indicate on which variables
the operator acts.

7.4.19 LEMMA. Define the distribution u on C>*(R x RY x RV:R) by

(p,u) = /OOO (/ (/ @(t,x,y)P(t,x,dy)) dx) dt.

Then (L + L, —29;)u =0 on (0,00) x RN x RV,

PRrROOF: Let ¢ € COO( (0,00) x RN x RV; R) be given. We must show that
(LY + L, +20,)p,u) = 0, and clearly this will follow if we show that
(L} +0¢)p,u) = 0= ((L,+0)p,u). The second of these is easy. Namely,
by Fubini’s Theorem,

2+ oe = [ ([ [1w,+o0eltt.am Plesan) ) ar) as
_ / (/at (/w(t,x,y)P(t,x,dy)) dt) dz =0

since ¢ is compactly supported in (0, 00) x RN x RV, In order to handle the
other term, recall the adjoint transition function (¢ ,y)wPT( ,y) introduced
in §2.5.1. Next, starting from (f, Ptg)L2(]RN ©) (PTf, )LQ(RN;C) and
applying Fubini’s Theorem, we see (cf. (2.5.6)) first that

/(/[(L;:r + 0)¢l(t, z,y) P(t,x7dy)> de
/</[(LIJrat)(p](t,x,y)PT(t,y’de dy

and then, just as before, that

(L) + ), u) = / </ o (/ o(t, x,y) PT(t,y,dx)> dt) dy=0. O

7.4.20 THEOREM. Define the vector fields Vy, ...,V from o and b as in
(7.4.2). If W C RY is an open subset such that

Lie, (Vo, Vi, ..., [Vo, Vul, Vi, ..., Vi) = T,RY  for all z € W,

then there exists a smooth p : (0,00) x W x W — [0,00) such that
P(t,s,T) = [op(t,z,y)dy for all T € Bgn contained in W.
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PRrROOF: In view of Theorem 7.4.18 and Lemma 7.4.19, all that we have to
do is check that, for (z,y) € W x W,

Lle(a:,’u)([v(),v ‘/ll]a BERE) [V()lv ‘/ZIML Vlla sy ‘/Q/M) = T(Ly) (RN X RN)a
where V! = (Vi) and Vy,; ;. = (Vi), for 1 <k < M, and

M

Vo = (Vo) — (Vo)y = D (Vi) (1) (Vie)
k=1

where the subscript is used to indicate on which variable the action is taken.
But

Lie(x,y)([V(;7W]7' ) [Vdvv2/M]7V1/7' : 7V2/M)
= Liex([VO7‘/l]7"'a[%aVM]avlv"'avM)
@Lley([‘/ELVl]a '7[VO>VM}7‘/1""7V]V1)a

and so there is nothing more to do. O

Although Theorem 7.4.20 greatly extends the class of operators L whose
transition probability functions we can say admit a smooth density, it would
be a great mistake to assume that all these densities satisfy the sort of
estimates which we proved in Chapter 4. To make it clear exactly how
wrong such an assumption would be, consider the operator

192 x%
L = §8$1 + m@wZ

2
. x .
In this case V4 = 0,, and Vj = ﬁ oy OiNCe

2$1

Vi, Vo] = A+a227

1— 322
O, and [V, V2, Vol = 20— 5930

it is clear that Lie, ([Vo, V1], V1) = T,R? for all z € R?, and therefore the
associated transition probability P(¢,z) function admits a smooth density
p(t,z,y) on (0,00) x R? x R2. Next, observe that P(t, ) is the distribution
of (X1(t,z), X5(t,x)), where

(21 + B(7))?
1+ (1 + B(r))?

t
Xi(ta) = 21+ B(t), Xo(t,z) = 2 +/
0

and t~B(t) is a standard, R-valued Brownian motion. In particular,
P(t,IR{ X (*OO,IQ)) =0, and so p(¢, x,y) = 0 for all (z,y) with yo < x5. Al-
though it is somewhat out of place, one should remark that this conclusion
rules out the possibility that p(t, z,y) might be always real analytic when-
ever the vector fields are real analytic and satisfy Hérmander’s condition.
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7.5 Historical Notes and Commentary

Perhaps the first systematic treatment of what we now call pseudodiffer-
ential operators was given by H. Weyl in [58], where his motivation seems to
have been a mathematically rigorous model of what we would now call quan-
tization. A second early version of the theory was given by A.P. Calderén
in [8], where it plays a crucial role in his proof of uniqueness for Cauchy
initial value problems. The treatment given here is based on the paper [28]
by J.J. Kohn and L. Nirenberg, which may be the first places where the
theory was given the form which has become standard. On the other hand,
by modern standards, the theory presented here is primitive. Indeed, in the
years since [28] appeared, the theory has been vastly extended and is now
seen as a special case of the much more general theory of Fourier integral
operators. For the reader who wants to learn more and has lots of time to
do so, Hérmander’s multi-volume treatise [23] is indispensable.

Theorem 7.4.3 of Héormander appears in [22]. Earlier, in [21], he had given
a complete characterization in terms of their symbols of those constant
coefficient, partial differential operators which are hypoelliptic. However,
so far as I know, [22] is the first place in which a general theory for variable
coefficient, non-parabolic operators appears. In my opinion, Hérmander’s
own proof of Theorem 7.4.3 is more revealing and sharper than the one we
have given, which is taken from Kohn’s [27]. However, Hérmander’s proof
is much more difficult than Kohn’s and, as we learned since, his estimate
is not optimal. In fact, starting with the paper [49] by L. Rothschild and
E.M. Stein, when V, = Z,iw:l ¢ Vi for smooth functions cg, a beautiful
connection has been established between the § in (7.4.4) and the volume
growth of balls in the Cartheodory metric corresponding to the vector fields
{Vi1,...,Vas}. Further, under the same condition, A. Sdnchez-Calle proved
that the associated heat kernel is bounded above and below in terms of a
Gauss kernel in which |y — x|? is replaced in the exponential by the square
of the Cartheodory distance and =T is replaced by one over the volume
of the Cartheodory ball around = of radius tz. An excellent review of this
material can be found in D. Jerison and Sanchez-Calle’s article [26].

Probability theory has made a couple of contributions to our understand-
ing of operators of the sort discussed in §7.4. For example, as mentioned
in §6.4, Varadhan and my “support theorem” provides them with a strong
minimum principle. More significant, in his groundbreaking paper [38], P.
Malliavin initiated a program to prove regularity results using the ideas
on which the results in Chapter 3 were based. As he realized, his ideas
should handle solutions to equations involving operators of the sort dealt
with in Héormander’s Theorem. His program was taken up and completed
by various authors, but perhaps the most thorough treatment is the one
given by Kusuoka and me in our papers [32], where we used probabilistic
techniques to prove not only Hormander’s Theorem but also the estimates
of Sanchez-Calle. T chose to not present these proofs mostly because I have
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become increasing skeptical about whether their virtues justify the difficulty
of their details. In addition, as I said in the introduction to this chapter, I
felt obliged to give at least a sample of the powerful techniques used in this
chapter. Be that as it may, for those who, even after my warnings, would
like to see what is involved in carrying out Malliavin’s program, I suggest
the book [6] by R. Bass, who made a valiant effort to present this material
in a palatable way.

Finally, it should be recognized that, as stated, Hormander’s Theorem
suffers from the same weakness as the results in §2.2. Namely, in order to
write an L given by (1.1.8) in the form in (7.4.1), the diffusion matrix a has
to admit a smooth square root. Thus, it is important to know that there
is an improved statement of Theorem 7.4.3 in which this weakness is no
longer present. The precise statement is that if L is presented in the form
given by (4.4.1) and

y S bi0n,  ifk=0
k =
SN a0, if1<k<N,

j=1

then the conclusion of Theorem 7.4.3 holds for L. Interestingly, just as was
the case in Chapter 2, Oleinik, acting on a suggestion by Kohn, played a
crucial role in making this improvement, which appeared for the first time
in her work with E.V. Radekevich [47]. Refinements of their results appear
in the work by C. Fefferman and D. Phong [18]. For further references, see
[26].
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Notation Description
14 The indicator function of the set A.
anb&aVb The minimum and the maximum of a, b € R.
The positive part a V 0 and negative part (—a) V 0
at &a~
of a € R.
x| Denotes Zj\il a; for a multindex a € NV,
B(z, ) The ball of radius r centered at x.
Bg The o-algebra of Borel measurable subsets of E.
B The o-algebra generated by {wr : 7 € [0,¢t]}.
Space of bounded continuous functions from E into
Cb(E; R) R
Space of continuous, R-valued functions having
Ce(G;R)

compact support in the open set G.

C12([0, 00) x RY;C)

Space of functions (t,3) € [0,00) x RN — R

continuously differentiable once in ¢ and twice in y.

fxg The convolution product of functions f and g.
To be read the expectation value of X with respect
E#[X, A to u on A. Equivalent to fA X du. When A is un-
specified, it is assumed to be the whole space.
eg(x) The imaginary exponential eV ! (&2)pn
I'(t) Euler’s Gamma function.
~ Standard Gauss measure on Euclidean space.

H;(RY:;C) & Hs(RY;R)

Sobolev space, values in C or R.

KCCE

To be read: K is a compact subset of E.

207
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Lebesgue space of E-valued functions f with || f||%,

LP(u; B
(13 B) is p-integrable.
M (E) Space of Borel probability measures on E.
The characteristic function (Fourier transform) of
fi "
N The non-negative integers: N = {0} UZT.
P The Holder conjugate % of p € [1,00].
gm The shift map on sequences.
§N-1 The unit sphere in RY.

RN C) & LS RY;R)

Schwartz test function, values in C or R.

S RN, C) & S (RY;R)

Tempered distributions, values in C or R.

Y The time shift transformation on pathspace.
The largest number m2~"™ dominated by t. Equiv-
[t]n alently, [t]n, = 27 "[2"t], where [t] = [t]o is the
integer part of t.
7t The strictly positive integers.
The surface area and volume of the unit sphere
w1 & Oy and ball in RV,
(p, 1) Alternative notation for f pdu.
(0, u) Action of distribution w on test function .
Il The uniform or “sup” norm on functions.
I s The Hilbert—Schmidt norm.

T

Lebesgue measure of T'.
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