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CAMBRIDGE STUDIES IN
ADVANCED MATHEMATICS 112

PARTIAL DIFFERENTIAL EQUATIONS
FOR PROBABALISTS

This book deals with equations that have played a central role in the in-
terplay between partial differential equations and probability theory. Most
of this material has been treated elsewhere, but it is rarely presented in
a manner that makes it readily accessible to people whose background is
probability theory. Many results are given new proofs designed for readers
with limited expertise in analysis.

The author covers the theory of linear, second order, partial differential
equations of parabolic and elliptic types. Many of the techniques have an-
tecedents in probability theory, although the book also covers a few purely
analytic techniques. In particular, a chapter is devoted to the De Giorgi–
Moser–Nash estimates, and the concluding chapter gives an introduc-
tion to the theory of pseudodifferential operators and their application to
hypoellipticity, including the famous theorem of Lars Hörmander.
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7.4 Hörmander’s Theorem 187
7.4.1. A Preliminary Reduction 190
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Preface

There are few benefits to growing old, especially if you are a mathematician.
However, one of them is that, over the course of time, you accumulate a certain
amount of baggage containing information in which, if you are lucky and they
are polite, your younger colleagues may express some interest.

Having spent most of my career at the interface between probability and par-
tial differential equations, it is hardly surprising that this is the item in my
baggage about which I am asked most often. When I was a student, probabilists
were still smitten by the abstract theory of Markov processes which grew out
of the beautiful work of G. Hunt, E.B. Dynkin, R.M. Blumenthal, R.K. Getoor,
P.A. Meyer, and a host of others. However, as time passed, it became increas-
ingly apparent that the abstract theory would languish if it were not fed a steady
diet of hard, analytic facts. As A.N. Kolmogorov showed a long time ago, ulti-
mately partial differential equations are the engine which drives the machinery of
Markov processes. Until you solve those equations, the abstract theory remains
a collection of “if, then” statements waiting for someone to verify that they are
not vacuous.

Unfortunately for probabilists, the verification usually involves ideas and tech-
niques which they find unpalatable. The strength of probability theory is that
it deals with probability measures, but this is also its weakness. Because they
model a concrete idea, probability measures have enormous intuitive appeal,
much greater than that of functions. They are particularly useful when compar-
ing the relative size of quantities: A is larger than B because it is more likely.
For example, it is completely obvious that a diffusion is less likely to go from x

to y before leaving a set Γ than it is to go from x to y when it is allowed to leave
Γ. On the other hand, probability theory provides little help when it comes to
determining whether one can talk sensibly about “the probability of going from
x to y,” with or without leaving Γ. Indeed, in a continuous setting, such events
usually will have probability 0, and so one needs to discuss their probabilities
in terms of (preferably smooth) densities with respect to a reference measure
like Lebesgue’s. Proving that such a density exists, much less checking that it
possesses desirable properties, is not something for which probability reason-
ing is particularly well suited. As a consequence, probabilists have tended to
avoid addressing these questions themselves and have relied on the hard work of

xi



xii Preface

analysts.

My purpose in writing this book has been to provide probabilists with a few
tools with which they can understand how to prove on their own some of the basic
facts about the partial differential equations with which they deal. In so far as
possible, I have tried to base my treatment on ideas which are already familiar to
anyone who has worked in stochastic analysis. In fact, there is nothing in the first
two chapters which requires more than a course on measure theory (including
a little Fourier analysis) and a semester of graduate-level probability theory.
In Chapter 1, I prove a general existence result for solutions to Kolmogorov’s
forward equation by a method which is essentially due to K. Itô, even though it
may take all but my more sophisticated readers a little time to recognize it as
such. In summary, the upshot of Chapter 1 is that solutions nearly always exist,
at least as probability measures. Chapter 2 is an initial attempt to prove that
the solutions produced in Chapter 1 can be used to generate smooth solutions to
Kolmogorov’s backward equation, at least when the initial data are themselves
smooth. Again, the ideas here will be familiar to anyone who has worked with
stochastic integral equations. In fact, after seeing some of the contortions which
I have to make for not doing so, experts will undoubtedly feel that I have paid
a high price for not using Brownian motion. Be that as it may, the conclusion
drawn in Chapter 2 is that solutions to Kolmogorov’s backward equation preserve
the regularity properties their initial data possess.

All the results in Chapters 1 and 2 can be viewed as translations to a measure
setting of results which are well known for flows generated by a vector field. It
is not until Chapter 3 that I begin discussing properties which are not shared
by deterministic flows. Namely, when the diffusion coefficients in Kolmogorov’s
equation are “elliptic” (i.e., the diffusion matrix is strictly positive definite), the
associated flow not only preserves but even smooths the initial data. The classic
example of this smoothing property is the standard heat equation which imme-
diately transforms any reasonably bounded initial data into a smooth (in fact,
analytic) function. Until quite recently, probabilists have been at a complete loss
when it came to proving such results in any generality. However, thanks to P.
Malliavin, we now know a method which allows us to transfer via integration by
parts smoothness properties of the Gauss distribution to the measures produced
by Itô’s construction. Malliavin himself and his disciples, like me, implemented
his ideas in a pathspace context. However, if one is satisfied with less than op-
timal conclusions, then there is no need to work in pathspace, and there are
good reasons not to. Specifically, the price one pays for the awkward treatment
of Itô’s theory in Chapters 1 and 2 turns out to buy one a tremendous techni-
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cal advantage in Chapter 3. Briefly stated, the advantage is that solutions to
Itô’s stochastic differential equations are not classically smooth functions of the
driving Brownian motion, even though they are infinitely smooth in the sense of
Sobolev. Thus, to carry out Malliavin’s program in pathspace, one has to jump
through all sorts of annoying technical hoops. On the other hand, if you do all
your integration by parts before passing to the limit in Itô’s procedure, you avoid
all those difficulties, and that is the reason why I adopted the approach which I
did in Chapters 1 and 2.

By the end of Chapter 3, I have derived the basic regularity properties for so-
lutions to Kolmogorov’s equations with smooth coefficients which are uniformly
elliptic. In particular, I have shown that the transition probability function ad-
mits a smooth density which, together with its derivatives, satisfies Gaussian
estimates, and I have used these to derive Weyl’s Lemma (i.e., hypoellipticity)
for solutions to the associated elliptic and parabolic equations. For many ap-
plications to probability theory, this is all that one needs to know. However,
for other applications, it is important to have more refined results, and perhaps
the most crucial such refinement is the estimation of the transition probability
density from below. In Chapter 4, I develop quite sharp upper and lower bounds
on the transition probability using a methodology which has essentially noth-
ing to do with probability theory. Instead of probability theory, the origin of
the ideas here come from the calculus of variations, and so the usual form of
Kolmogorov’s equations gets replaced by their divergence form counterparts. As
long as the coefficients are sufficiently smooth, this replacement hardly affects
the generality of the conclusions derived. However, it has enormous impact on
the mathematics used to draw those conclusions. In essence, everything derived
in the first three chapters relies on the minimum principle (i.e., non-negativity
preservation). By writing the equation in divergence form, a second powerful
mathematical tool is made manifest: the theory of self-adjoint operators and
their spectral theory. In his brilliant article about parabolic equations, J. Nash
showed how, in conjunction with the minimum principle, self-adjointness can be
used to prove surprising estimates for solutions of parabolic equations written
in divergence form. Not only are these estimates remarkably sharp, they make
no demands on the regularity of the coefficients involved. As a result, they are
entirely different from the results derived in Chapter 3, all of which rely heavily
on the smoothness of the coefficients. Supplementing Nash’s ideas with a few
more recent ones, I derive in Chapter 4 very tight upper and lower bounds on
the transition probability density. The techniques used are all quite elementary,
but the details are intricate.
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In Chapter 5, I return to probabilistic techniques to localize the results proved
earlier. Here the demands on the reader’s probabilistic background are much
greater than those made earlier. In particular, the reader is assumed to know how
to pass from a transition probability function to a Markov process on pathspace.
I have summarized some of the ideas involved, but I doubt if my summary will
be sufficient for the uninitiated. In any case, for those who have the requisite
background, Chapter 5 not only provides a ubiquitous localization procedure
but also a couple of important applications of the results to which it leads.
In particular, the chapter closes with proofs of both Nash’s Continuity Theorem
and Moser’s extension of De Giorgi’s Harnack principle. Chapter 6 can be viewed
as a further application of the localization procedure developed in Chapter 5.
Now the goal is to work on a differentiable manifold and to show how one can
lift everything to that venue. Besides a familiarity with probability theory, the
reader of Chapter 6 is assumed to have some acquaintance with the basic ideas
of Riemannian differential geometry.

The concluding chapter, Chapter 7, represents an abrupt departure from the
ones preceding it. Whereas in Chapter 4 the minimum principle still plays a
role, in Chapter 7 it completely disappears. All the techniques introduced in
Chapter 7 derive from Fourier analysis. I begin with a brief resumé of basic facts
about Sobolev spaces. This is followed by a short course on pseudodifferential
operators, one in which I avoid all but the most essential ingredients. I then apply
pseudodifferential operators to prove far-reaching extensions of Weyl’s Lemma,
first for general, scalar valued, elliptic operators and then, following J.J. Kohn,
for an interesting class of second order, degenerate operators with real valued
coefficients. The latter extension, which is due to L. Hörmander, is the one of
greater interest to probabilists. Indeed, it has already played a major role in
many applications and promises to continue doing so in the future.

Even though this book covers much of the material about partial differential
equations needed by probabilists, it does not cover it all. Perhaps the most
egregious omission is the powerful ideas introduced by M. Crandell and P.L.
Lions under the name of “viscosity solutions.” In a very precise sense, their
theory allows one to describe a “probabilistic solution” without reference to
probability theory. The advantage to this is that it removes the need to develop
the whole pathspace apparatus in order to get at one’s solution, an advantage
that becomes decisive when dealing with non-linear equations like those which
arise in optimal control and free boundary value problems. For the reader who
wishes to learn about this important topic, I know of no better place to begin
than the superb book [14] by L.C. Evans. Less serious is my decision to deal
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only with time independent coefficients. For the material in Chapters 1 and 2
it makes no difference, since as long as one is making no use of ellipticity, one
can introduce time as a new coordinate. However, it does make some difference
in the later chapters, but not enough difference to persuade me to burden the
whole text with the additional notation and considerations which the inclusion
of time dependence would have required.

Each chapter ends with a section entitled “Historical Notes and Commentary.”
The reader should approach these sections with a healthy level of skepticism. I
have not spent much time tracking down sufficient historical evidence to make
me confident that I have always given credit where credit is due and withheld
it where it is not due. Thus, these sections should be read for what they are: a
highly prejudiced, impressionistic account of what I think may be the truth.

Finally, a word about Eugene Fabes, to whom I have dedicated this book. Gene
and I met as competitors, he working with Nestor Riviere to develop the analytic
theory of parabolic equations with continuous coefficients and I working with
S.R.S. Varadhan to develop the corresponding probabilistic theory. However,
as anyone who knew him knows, Gene was not someone with whom you could
maintain an adversarial relationship for long. After spending a semester together
in Minnesota talking mathematics, sharing smoked fish, and drinking martinis,
we became fast friends and eventually collaborated on two articles. To my great
sorrow, Gene died too young. Just how much too young becomes increasingly
clear with each passing year.

Daniel W. Stroock





chapter 1

Kolmogorov’s Forward, Basic Results

The primary purpose of this chapter is to present some basic existence
and uniqueness results for solutions to second order, parabolic, partial dif-
ferential equations. Because this book is addressed to probabilists, the
treatment of these results will follow, in so far as possible, a line of reason-
ing which is suggested by thinking about these equations in a probabilistic
context. For this reason, I begin by giving an explanation of why, un-
der suitable conditions, Kolmogorov’s forward equations for the transition
probability function of a continuous path Markov process is second order
and parabolic. Once I have done so, I will use this connection with Markov
processes to see how solutions to these equations can be constructed using
probabilistically natural ideas.

1.1 Kolmogorov’s Forward Equation

Recall that a transition probability function on RN is a measurable map
(t, x) ∈ [0,∞)×RN 7−→ P (t, x) ∈M1(RN ), where M1(RN ) is the space of
Borel probability measures on RN with the topology of weak convergence,1

which, for each x ∈ RN , satisfies P (0, x, {x}) = 1 and the Chapman–
Kolmogorov equation2

(1.1.1)
P (s+ t, x,Γ) =

∫
P (t, y,Γ)P (s, x, dy)

for all s, t ∈ [0,∞) and Γ ∈ BRN .

Kolmogorov’s forward equation is the equation which describes, for a fixed
x ∈ RN , the evolution of t ∈ [0,∞) 7−→ P (t, x) ∈M1(RN ).

1.1.1. Derivation of Kolmogorov’s Forward Equation: In order to
derive Kolmogorov’s forward equation, we will make the assumption that

(1.1.2) Lϕ(x) ≡ lim
h↘0

1
h

∫ (
ϕ(y)− ϕ(x)

)
P (h, x, dy)

1 That is, the smallest topology for which the map µ ∈ M1(RN ) 7−→
∫
ϕdµ ∈ R is

continuous whenever ϕ ∈ Cb(RN ; R). See Chapter III of [53] for more information.
2 BRN denotes the Borel σ-algebra over RN .

1



2 1 Kolmogorov’s Forward Equations

exists for each x ∈ RN and ϕ ∈ C∞c (RN ; R), the space of infinitely differen-
tiable, real-valued functions with compact support. Under mild additional
conditions, one can combine (1.1.2) with (1.1.1) to conclude that

(1.1.3)

d

dt

∫
ϕ(y)P (t, x, dy) =

∫
Lϕ(y)P (t, x, dy) or, equivalently,∫

ϕ(y)P (t, x, dy) = ϕ(x) +
∫ t

0

(∫
Lϕ(y)P (τ, x, dy)

)
dτ

for ϕ ∈ C2
c (RN ; R). This equation is called Kolmogorov’s forward equation

because it describes the evolution of P (t, x, dy) in terms of its forward
variable y, the variable giving the distribution of the process at time t, as
opposed the the backward variable x which gives the initial position.

Thinking of M1(RN ) as a subset of C∞c (RN ; R)∗, the dual of C∞c (RN ; R),
one can rewrite (1.1.3) as

(1.1.4)
d

dt
P (t, x) = L>P (t, x),

where L> is the adjoint of L. Kolmogorov’s idea was to recover P (t, x)
from (1.1.4) together with the initial condition P (0, x) = δx, the unit point
mass at x. Of course, in order for his idea to be of any value, one must
know what sort of operator L can be. A general answer is given in § 2.1.1
of [55]. However, because this book is devoted to differential equations, we
will not deal here with the general case but only with the case when L is
a differential operator. For this reason, we add the assumption that L is
local 3 in the sense that Lϕ(x) = 0 whenever ϕ vanishes in a neighborhood
of x. Equivalently, in terms of P (t, x), locality is the condition

(1.1.5) lim
h↘0

1
h
P
(
h, x,B(x, r){

)
= 0, x ∈ RN and r > 0.

Lemma4 1.1.6. Let {µh : h ∈ (0, 1)} ⊆M1(RN ), and assume that

Aϕ ≡ lim
h↘0

1
h

∫ (
ϕ(y)− ϕ(0)

)
µh(dy)

exists for each ϕ ∈ C∞c (RN ; R). ThenA is a linear functional on C∞c (RN ; R)
⊕ R which satisfies the minimum principle

(1.1.7) ϕ(0) = min
x∈RN

ϕ(x) =⇒ Aϕ ≥ 0.

3 Locality of L corresponds to path continuity of the associated Markov process.
4 Readers who are familiar with Petrie’s characterization of local operators may be sur-
prised how simple it is to prove what, at first sight, might appear to be a more difficult
result. Of course, the simplicity comes from the minimum principle, which allows one to

control everything in terms of the action of A on quadratic functions.



1.1 Kolmogorov’s Forward Equation 3

Moreover, if

lim
h↘0

1
h
µh
(
B(0, r){

)
= 0 for all r > 0,

then A is local. Finally, if A is a linear functional on C∞c (RN ; R)⊕R, then
A is local and satisfies the minimum principle if and only if there exists a
non-negative, symmetric matrix5 a = ((aij))1≤i,j≤N ∈ Hom(RN ; RN ) and
a vector b = (bi)1≤i≤N ∈ RN such that

Aϕ =
1
2

N∑
i,j=1

aij∂xi∂xjϕ(0) +
N∑
i=1

bi∂xiϕ(0) for all ϕ ∈ C∞c (RN ; R).

Proof: The first assertion requires no comment. To prove the “if” part of
the second assertion, suppose A is given in terms of a and b with the pre-
scribed properties. Obviously, A is then local. In addition, if ϕ achieves its
minimum value at 0, then the first derivatives of ϕ vanish at 0 and its Hes-
sian is non-negative definite there. Thus, after writing

∑N
i,j=1 aij∂xi∂xjϕ(0)

as the trace of a(0) times the Hessian of ϕ at 0, the non-negativity of Af
comes down to the fact that the product of two non-negative definite, sym-
metric matrices has a non-negative trace, a fact that can be seen by first
writing one of them as the square of a symmetric matrix and then using
the commutation invariance properties of the trace.

Finally, suppose that A is local and satisfies the minimum principle. To
produce the required a and b, we begin by showing that Aϕ = 0 if ϕ vanishes
to second order at 0. For this purpose, choose η ∈ C∞c

(
RN ; [0, 1]

)
so that

η = 1 on B(0, 1) and η = 0 off B(0, 2), and set ϕR(x) = η(R−1x)ϕ(x) for
R > 0. Then, by locality, Aϕ = AϕR for all R > 0. In addition, by Taylor’s
Theorem, there exists a C <∞ such that |ϕR| ≤ CRψ for R ∈ (0, 1], where
ψ(x) ≡ η(x)|x|2. Hence, by the minimum principle applied to CRψ ∓ ϕR,
|Aϕ| = |AϕR| ≤ CRAψ for arbitrarily small R’s.

To complete the proof from here, set ψi(x) = η(x)xi, ψij = ψiψj , bi =
Aψi, and aij = Aψij . Given ϕ, consider

ϕ̃ = ϕ(0) +
1
2

N∑
i,j=1

∂xi∂xjϕ(0)ψij +
N∑
i=1

∂xiϕ(0)ψi.

By Taylor’s Theorem, ϕ − ϕ̃ vanishes to second order at 0, and therefore
Aϕ = Aϕ̃. At the same time, by the minimum principle applied to the
constant functions ±ϕ(0), A kills the first term on the right. Hence,

Aϕ =
1
2

N∑
i,j=1

∂xi∂xjϕ(0)Aψij +
N∑
i=1

∂xiϕ(0)Aψi,

5 We will use Hom(RM ; RN ) to denote the vector space of linear transformation from

RM to RN .



4 1 Kolmogorov’s Forward Equations

and so it remains to check that a is non-negative definite. But, if ξ ∈ RN
and ψξ(x) ≡ η(x)2(ξ, x)2

RN =
∑N
i,j=1 ξiξjψij(x), then, by the minimum

principle, 0 ≤ 2Aψξ = (ξ, aξ)RN . �

Since the origin can be replaced in Lemma 1.1.6 by any point x ∈ RN ,
we now know that, when (1.1.5) holds, the operator L which appears in
Kolmogorov’s forward equation has the form

(1.1.8) Lϕ(x) =
1
2

N∑
i,j=1

aij(x)∂xi∂xjϕ(x) +
N∑
i=1

bi(x)∂xiϕ(x),

where a(x) =
((
aij(x)

))
1≤i,j≤N is a non-negative definite, symmetric ma-

trix for each x ∈ RN . In the probability literature, a is called the diffusion
coefficient and b is called the drift coefficient.
1.1.2. Solving Kolmogorov’s Forward Equation: In this section
we will prove the following general existence result for solutions to Kol-
mogorov’s forward equation. Throughout we will use the notation 〈ϕ, µ〉 to
denote the integral

∫
ϕdµ of the function ϕ with respect to the measure µ.

Theorem 1.1.9. Let a : RN −→ Hom(RN ; RN ) and b : RN −→ RN be
continuous functions with the properties that a(x) =

((
aij(x)

))
1≤i,j≤N is

symmetric and non-negative definite for each x ∈ RN and

(1.1.10) Λ ≡ sup
x∈RN

Trace
(
a(x)

)
+ 2
(
x, b(x)

)+
RN

1 + |x|2
<∞.

Then, for each ν ∈ M1(RN ), there is a continuous t ∈ [0,∞) 7−→ µ(t) ∈
M1(RN ) which satisfies

(1.1.11) 〈ϕ, µ(t)〉 − 〈ϕ, ν〉 =
∫ t

0

〈Lϕ, µ(τ)〉 dτ,

for all ϕ ∈ C2
c (RN ; C), where L is the operator in (1.1.8). Moreover,

(1.1.12)
∫

(1 + |y|2)µ(t, dy) ≤ eΛt

∫
(1 + |x|2) ν(dx), t ≥ 0.

Before giving the proof, it may be helpful to review the analogous result
for ordinary differential equations. Indeed, when applied to the case when
a = 0, our proof is exactly the same as the usual one there. Namely, in that
case, except for the initial condition, there should be no randomness, and
so, when we remove the randomness from the initial condition by taking
ν = δx, we expect that µt = δX(t), where t ∈ [0,∞) 7−→ X(t) ∈ RN satisfies

ϕ
(
X(t)

)
− ϕ(x) =

∫ t

0

(
b(X(τ)),∇ϕ(X(τ)

)
RN dτ.
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Equivalently, t X(t) is an integral curve of the vector field b starting at x.
That is,

X(t) = x+
∫ t

0

b
(
X(τ)

)
dτ.

To show that such an integral curve exists, one can use the following Euler
approximation scheme. For each n ≥ 0, define t Xn(t) so that Xn(0) = x
and

Xn(t) = Xn(m2−n)+(t−m2−n)b
(
X(m2−n)

)
for m2−n < t ≤ (m+1)2−n.

Clearly,

Xn(t) = x+
∫ t

0

b
(
Xn([τ ]n

)
dτ,

where6 [τ ]n = 2−n[2nτ ] is the largest dyadic number m2−n dominated by τ .
Hence, if we can show that {Xn : n ≥ 0} is relatively compact in the space
C
(
[0,∞); RN

)
, with the topology of uniform convergence on compacts, then

we can take t X(t) to be any limit of the Xn’s.
To simplify matters, assume for the moment that b is bounded. In that

case, it is clear that |Xn(t)−Xn(s)| ≤ ‖b‖u|t− s|, and so the Ascoli–Arzela
Theorem guarantees the required compactness. To remove the boundedness
assumption, choose a ψ ∈ C∞c

(
B(0, 2); [0, 1]

)
so that ψ = 1 on B(0, 1) and,

for each k ≥ 1, replace b by bk, where bk(x) = ψ(k−1x). Next, let t Xk(t)
be an integral curve of bk starting at x, and observe that

d

dt
|Xk(t)|2 = 2

(
Xk(t), bk(Xk(t))

)
RN ≤ Λ

(
1 + |Xk(t)|2

)
,

from which it is an easy step to the conclusion that |Xk(t)| ≤ R(T ) ≡ (1 +
|x|2)etΛ. But this means that, for each T > 0, |Xk(t)−Xk(s)| ≤ C(T )|t−s|
for s, t ∈ [0, T ], where C(T ) is the maximum value of |b| on the closed ball
of radius R(T ) centered at the origin, and so we again can invoke the
Ascoli–Arzela Theorem to see that {Xk : k ≥ 1} is relatively compact and
therefore has a limit which is an integral curve of b.

In view of the preceding, it should be clear that our first task is to find
an appropriate replacement for the Ascoli–Arzela Theorem. The one which
we will choose is the following variant of Lévy’s Continuity Theorem (cf.
Exercise 3.1.19 in [53]), which states that if {µn : n ≥ 0} ⊆M1(RN ) and
µ̂n is the characteristic function (i.e., the Fourier transform) of µn, then
µ = limn→∞ µn exists in M1(RN ) if and only if µ̂n(ξ) converges for each ξ
and uniformly in a neighborhood of 0, in which case µn −→ µ in M1(RN )
where µ̂(ξ) = limn→∞ µ̂n(ξ).

In the following, and elsewhere, we say that {ϕk : k ≥ 1} ⊆ Cb(RN ; C)
converges to ϕ in Cb(RN ; C) and write ϕk −→ ϕ in Cb(RN ; C) if supk ‖ϕk‖u
6 We use [τ ] to denote the integer part of a number τ ∈ R
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< ∞ and ϕk(x) −→ ϕ(x) uniformly for x in compact subsets of RN .
Also, we say that {µk : k ≥ 1} ⊆ C

(
RM ; M1(RN )

)
converges to µ in

C
(
RM ; M1(RN )

)
and write µk −→ µ in C

(
RM ; M1(RN )

)
if, for each

ϕ ∈ Cb(RN ; C), 〈ϕ, µk(z)〉 −→ 〈ϕ, µ(z)〉 uniformly for z in compact subsets
of RM .

Theorem 1.1.13. If µk −→ µ in C
(
RM ; M1(RN )

)
, then

〈ϕk, µk(zk)〉 −→ 〈ϕ, µ(z)〉

whenever zk −→ z in RM and ϕk −→ ϕ in Cb(RN ; C). Moreover, if {µn :
n ≥ 0} ⊆ C

(
RM ; M1(RN )

)
and fn(z, ξ) = µ̂n(z)(ξ), then {µn : n ≥ 0} is

relatively compact in C
(
RM ; M1(RN )

)
if {fn : n ≥ 0} is equicontinuous at

each (z, ξ) ∈ RM × RN . In particular, {µn : n ≥ 0} is relatively compact
if, for each ξ ∈ RN , {fn( · , ξ) : n ≥ 0} is equicontinuous at each z ∈ RN
and, for each r ∈ (0,∞),

lim
R→∞

sup
n≥0

sup
|z|≤r

µn
(
z,RN \B(0, R)

)
= 0.

Proof: To prove the first assertion, suppose µk −→ µ in C
(
RM ; M1(RN )

)
,

zk −→ z in RM , and ϕk −→ ϕ in Cb(RN ; C). Then, for every R > 0,

lim
k→∞

∣∣〈ϕk, µk(zk)〉 − 〈ϕ, µ(z)〉
∣∣

≤ lim
k→∞

(∣∣〈ϕ− ϕk, µk(zk)〉
∣∣+
∣∣〈ϕ, µk(zk)〉 − 〈ϕ, µ(zk)

∣∣
+
∣∣〈ϕ, µ(zk)〉 − 〈ϕ, µ(z)〉

∣∣)
≤ lim
k→∞

sup
y∈B(0,R)

|ϕk(y)− ϕ(y)|+ sup
k
‖ϕk‖u lim

k→∞
µk
(
zk, B(0, R){

)
≤ sup

k
‖ϕk‖uµ

(
z,B(0, R){

)
since limk→∞ µk(zk, F ) ≤ µ(z, F ) for any closed F ⊆ RN . Hence, the
required conclusion follows after one lets R→∞.

Turning to the second assertion, apply the Arzela–Ascoli Theorem to
produce an f ∈ Cb(RM × RN ; C) and a subsequence {nk : k ≥ 0} such
that fnk −→ f uniformly on compacts. By Lévy’s Continuity Theorem,
there is, for each z ∈ RM , a µ(z) ∈ M1(RN ) for which f(z, · ) = µ̂(z).
Moreover, if zk −→ z in RM , then, because fnk(zk, · ) −→ f(z, · ) uniformly
on compact subsets of RN , another application of Lévy’s Theorem shows
that µnk(zk) −→ µ(z) in M1(RN ), and from this it is clear that µnk −→ µ
in C

(
RM ; M1(RN )

)
.

It remains to show that, under the conditions in the final assertion, {fn :
n ≥ 0} is equicontinuous at each (z, ξ). But, by assumption, for each
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ξ ∈ RN , {fn( · , ξ) : n ≥ 0} is equicontinuous at every z ∈ RM . Thus, it
suffices to show that if ξk −→ ξ in RN , then, for each r > 0,

lim
k→∞

sup
n≥0

sup
|z|≤r

∣∣fn(z, ξk)− fn(z, ξ)
∣∣ = 0.

To this end, note that, for any R > 0,∣∣fn(z, ξk)− fn(z, ξ)
∣∣ ≤ R|ξk − ξ|+ 2µn

(
z,B(0, R){

)
,

and therefore

lim
k→∞

sup
n≥0

sup
|z|≤r

∣∣fn(z, ξk)− fn(z, ξ)
∣∣ ≤ 2 sup

n≥0
sup
|z|≤r

µn
(
z,B(0, R){

)
−→ 0

as R→∞. �
Now that we have a suitable compactness criterion, the next step is to

develop an Euler approximation scheme. To do so, we must decide what
plays the role in M1(RN ) that linear translation plays in RN . A hint comes
from the observation that if t X(t, x) = x+ tb is a linear translation along
the constant vector field b, thenX(s+t, x) = X(s, x)+X(t, 0). Equivalently,
δX(s+t,x) = δx ? δX(s,0) ? δX(t,0), where “?” denotes convolution. Thus,
“linear translation” in M1(RN ) should be a path t ∈ [0,∞) 7−→ µ(t) ∈
M1(RN ) given by µ(t) = ν ? λ(t), where t λ(t) satisfies λ(0) = δ0 and
λ(s + t) = λ(s) ? λ(t). That is, in the terminology of classical probability
theory, µ(t) = ν ? λ(t), where λ(t) is an infinitely divisible flow. Moreover,
because L is local and therefore the associated process has continuous paths,
the only infinitely divisible laws which can appear here must be Gaussian
(cf. §§,III.3 and III.4 in [53]). With these hints, we now take Q(t, x) ∈
M1(RN ) to be the normal distribution with mean x+ tb(x) and covariance
ta(x). Equivalently, if

(1.1.14) γ(dω) ≡ (2π)−
M
2 e−

|ω|2
2 dω

is the standard normal distribution on RM and σ : RN −→ Hom(RM ; RN )
is a square root7 of a in the sense that a(x) = σ(x)σ(x)>, then Q(t, x) is
the distribution of ω x+ t

1
2σ(x)ω + tb(x) under γ. To check that Q(t, x)

will play the role that x+tb(x) played above, observe that if ϕ ∈ C2(RN ; C)
and ϕ together with its derivatives have at most exponential growth, then

(1.1.15)

〈ϕ,Q(t, x)〉 − ϕ(x) =
∫ t

0

〈Lxϕ,Q(τ, x)〉 dτ,

where Lxϕ(y) =
1
2

N∑
i,j

a(x)∂yi∂yjϕ(y) +
N∑
i=1

bi(x)∂yiϕ(y).

7 At the moment, it makes no difference which choice of square root one chooses. Thus,

one might as well assume here that σ(x) = a(x)
1
2 , the non-negative definite, symmetric

square root a(x). However, later on it will be useful to have kept our options open.
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To verify (1.1.15), simply note that

d

dt
〈ϕ,Q(t, x)〉 =

d

dt

∫
ϕ
(
x+ σ(x)ω + tb(x)ω

)
γt(dω),

where γt(ω) = g(t, ω) dω with g(t, ω) ≡ (2πt)−
M
2 e−

|ω|2
2t is the normal dis-

tribution on RM with mean 0 and covariance tI, use ∂tg(t, ω) = 1
2∆g(t, ω),

and integrate twice by parts to move the ∆ off of g. As a consequence of
either (1.1.15) or direct computation, we have

(1.1.16)
∫
|y|2Q(t, x, dy) =

∣∣x+ tb(x)
∣∣2 + tTrace

(
a(x)

)
.

Now, for each n ≥ 0, define the Euler approximation t ∈ [0,∞) 7−→
µn(t) ∈M1(RN ) so that

(1.1.17)
µn(0) = ν and µn(t) =

∫
Q
(
t−m2−n, y

)
µn(m2−n, dy)

for m2−n < t ≤ (m+ 1)2−n.

By (1.1.16), we know that

(1.1.18)

∫
|y|2 µn(t, dy) =

∫ [∣∣y + (t−m2−n)b(y)
∣∣2

+ (t−m2−n)Trace
(
a(y)

)]
µn
(
m2−n, dy

)
for m2−n ≤ t ≤ (m+ 1)2−n.

Lemma 1.1.19. Assume that

(1.1.20) λ ≡ sup
x∈RN

Trace
(
a(x)

)
+ 2|b(x)|2

1 + |x|2
<∞.

Then

(1.1.21) sup
n≥0

∫
(1 + |y|2)µn(t, dy) ≤ e(1+λ)t

∫
(1 + |x|2) ν(dx).

In particular, if
∫
|x|2 ν(dx) <∞, then {µn : n ≥ 0} is a relatively compact

subset of C
(
[0,∞); M1(RN )

)
with the topology of uniform convergence on

compacts.

Proof: Suppose that m2−n ≤ t ≤ (m + 1)2−n, and set τ = t − m2−n.
First note that∣∣y + τb(y)

∣∣2 + τTrace
(
a(y)

)
= |y|2 + 2τ

(
y, b(y)

)
RN + τ2|b(y)|2 + τTrace

(
a(y)

)
≤ |y|2 + τ

[
|y|2 + 2|b(y)|2 + Trace

(
a(y)

)]
≤ |y|2 + (1 + λ)τ(1 + |y|2),
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and therefore, by (1.1.18),∫
(1 + |y|2)µn(t, dy) ≤

(
1 + (1 + λ)τ

) ∫
(1 + |y|2)µn

(
m2−n, dy

)
.

Hence, ∫
(1 + |y|2)µn(t, dy)

≤
(
1 + (1 + λ)2−n

)m(1 + (1 + λ)τ
) ∫

(1 + |y|2) ν(dy)

≤ e(1+λ)t

∫
(1 + |x|2) ν(dx).

Next, set fn(t, ξ) = [µ̂n(t)](ξ). Under the assumption that the second
moment S ≡

∫
|x|2 ν(dx) < ∞, we want to show that {fn : n ≥ 0} is

equicontinuous at each (t, ξ) ∈ [0,∞)× RN . Since, by (1.1.21),

µn
(
t, B(0, R){

)
≤ S(1 +R2)−1e(1+λ)t,

the last part of Theorem 1.1.13 says that it suffices to show that, for each
ξ ∈ RN , {fn( · , ξ) : n ≥ 0} is equicontinuous at each t ∈ [0,∞). To this
end, first observe that, for m2−n ≤ s < t ≤ (m+ 1)2−n,∣∣fn(t, ξ)− fn(s, ξ)

∣∣ ≤ ∫ ∣∣[Q̂(t, y)](ξ)− [Q̂(s, y)](ξ)]
∣∣µn(m2−n, dy

)
and, by (1.1.15),

∣∣[Q̂(t, y)](ξ)− [Q̂(s, y)](ξ)]
∣∣ =

∣∣∣∣∫ t

s

(∫
Lyeξ(y′)Q(τ, y, dy′)

)
dτ

∣∣∣∣
≤ (t− s)

(
1
2

(
ξ, a(y)ξ

)
RN + |ξ||b(y)|

)
≤ 1

2 (1 + λ)(1 + |y|2)(1 + |ξ|2)(t− s),

where eξ(y) ≡ e
√
−1 ξ·y. Hence, by (1.1.21),

∣∣fn(t, ξ)− fn(s, ξ)
∣∣ ≤ (1 + λ)(1 + |ξ|2)

2
e(1+λ)t

∫
(1 + |x|2) ν(dx)(t− s),

first for s < t in the same dyadic interval and then for all s < t. �
With Lemma 1.1.19, we can now prove Theorem 1.1.9 under the as-

sumptions that a and b are bounded and that
∫
|x|2 ν(dx) < ∞. In-

deed, because we know then that {µn : n ≥ 0} is relatively compact in
C
(
[0,∞); M1(RN )

)
, all that we have to do is show that every limit satisfies

(1.1.11). For this purpose, first note that, by (1.1.15),

〈ϕ, µn(t)〉 − 〈ϕ, ν〉 =
∫ t

0

(∫
〈Lyϕ,Q(τ − [τ ]n, y)〉µn([τ ]n, dy)

)
dτ
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for any ϕ ∈ C2
b(RN ; C). Next, observe that, as n→∞,

〈Lyϕ,Q(τ − [τ ]n, y)〉 −→ Lϕ(y)

boundedly and uniformly for (τ, y) in compacts. Hence, if µnk −→ µ in
C
(
[0,∞); M1(RN )

)
, then, by Theorem 1.1.13,

〈ϕ, µnk(t)〉 −→ 〈ϕ, µ(t)〉 and∫ t

0

(∫
〈Lyϕ,Q(τ − [τ ]n, y)〉µn([τ ]n, dy)

)
dτ −→

∫ t

0

〈Lϕ, µ(τ)〉 dτ.

Before moving on, we want to show that
∫
|x|2 ν(dx) < ∞ implies that

(1.1.11) continues to hold for ϕ ∈ C2(RN ; C) with bounded second order
derivatives. Indeed, from (1.1.21), we know that

(*)
∫

(1 + |y|2)µ(t, dy) ≤ e(1+λ)t

∫
(1 + |y|2) ν(dy).

Now choose ψ ∈ C∞c
(
RN ; [0, 1]

)
so that ψ = 1 on B(0, 1) and ψ = 0 off

of B(0, 2), define ψR by ψR(y) = ψ(R−1y) for R ≥ 1, and set ϕR = ψRϕ.
Observe that8

|ϕ(y)|
1 + |y|2

∨ |∇ϕ(y)|
1 + |y|

∨ ‖∇2ϕ(y)‖H.S.

is bounded independent of y ∈ RN , and therefore so is |Lϕ(y)|
1+|y|2 . Thus, by

(*), there is no problem about integrability of the expressions in (1.1.11).
Moreover, because (1.1.11) holds for each ϕR, all that we have to do is
check that

〈ϕ, µ(t)〉 = lim
R→∞

〈ϕR, µ(t)〉∫ t

0

〈Lϕ, µ(τ)〉 dτ = lim
R→∞

∫ t

0

〈LϕR, µ(τ)〉 dτ.

The first of these is an immediate application of Lebesgue’s Dominated
Convergence Theorem. To prove the second, observe that

LϕR(y) = ψR(y)Lϕ(y) +
(
∇ψR(y), a(y)∇ϕ

)
RN + ϕ(y)LψR(y).

Again the first term on the right causes no problem. To handle the other
two terms, note that, because ψR is constant off of B(0, 2R) \B(0, R) and
because ∇ψR(y) = R−1∇ψ(R−1y) while ∇2ψR(y) = R−2∇2ψ(R−1y), one

8 We use ∇2ϕ to denote the Hessian matrix of ϕ and ‖σ‖H.S. to denote the Hilbert–

Schmidt norm

√∑
ij
σ2
ij of σ.
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can easily check that they are dominated by a constant, which is indepen-
dent of R, times (1 + |y|2)1[R,2R](|y|). Hence, again Lebesgue’s Dominated
Convergence Theorem gives the desired result.

Knowing that (1.1.11) holds for ϕ ∈ C2(RN ; C) with bounded second
order derivatives, we can prove (1.1.12) by taking ϕ(y) = 1 + |y|2 and
thereby obtaining∫

(1 + |y|2)µ(t, dy)

=
∫

(1 + |y|2) ν(dy) +
∫ t

0

(∫ [
Trace

(
a(y)

)
+ 2
(
y, b(y)

)
RN

]
µ(τ, dy)

)
dτ

≤
∫

(1 + |y|2) ν(dy) + Λ
∫ t

0

(∫
(1 + |y|2)µ(τ, dy)

)
dτ,

from which (1.1.12) follows by Gronwall’s inequality.
Continuing with the assumption that

∫
|x|2 ν(dx) < ∞, we want to re-

move the boundedness assumption on a and b and replace it by (1.1.10).
To do this, take ψR as above, set ak = ψka, bk = ψkb, define Lk accord-
ingly for ak and bk, and choose t µk(t) so that (1.1.12) is satisfied and
(1.1.11) holds when µ and L are replaced there by µk and Lk. Because
of (1.1.12), the argument which we used earlier can be repeated to show
that {µk : k ≥ 1} is relatively compact in C

(
[0,∞); M1(RN )

)
. Moreover,

if µ is any limit of {µk : k ≥ 1}, then (1.1.12) is satisfied and, just as we
did above, one can check (1.1.11), first for ϕ ∈ C2

c (RN ; C) and then for all
ϕ ∈ C2(RN ; C) with bounded second order derivatives.

Finally, to remove the second moment condition on ν, assume that it fails,
and choose rk ↗ ∞ so that α1 ≡ ν

(
B(0, r1)

)
> 0 and αk ≡ ν

(
B(0, rk) \

B(0, rk−1)
)
> 0 for each k ≥ 2, and set ν1 = α−1

1 ν � B(0, r1) and νk =
α−1
k ν � B(0, rk)\B(0, rk−1) when k ≥ 2. Finally, choose t µk(t) for L and
νk, and define µ(t) =

∑∞
k=1 αkµk(t). It is an easy matter to check that this

µ satisfies (1.1.11) for all ϕ ∈ C2
c (RN ; C).

Remark 1.1.22. In order to put the result in Theorem 1.1.9 into a partial
differential equations context, it is best to think of t µ(t) as a solution to
∂tµ = L>µ(t) in the sense of (Schwartz) distributions. Of course, when the
coefficients of L are not smooth, one has to be a little careful about the
meaning of L>µ(t). The reason why this causes no problem here is that,
by virtue of the minimum principle (cf. § 2.4.1), the only distributions with
which we need to deal are probability measures.

1.2 Transition Probability Functions

Although we have succeeded in solving Kolmogorov’s forward equation in
great generality, we have not yet produced a transition probability function.
To be more precise, let S(x) denote the set of maps t µ(t) satisfying
(1.1.11) with ν = δx. In order to construct a transition probability function,
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we must make a measurable “selection” x ∈ RN 7−→ P ( · , x) ∈ S(x) in
such a way that the Chapman–Kolmogorov equation (1.1.1) holds. Thus,
the situation is the same as that one encounters in the study of ordinary
differential equations when trying to construct a flow on the basis of only an
existence result for solutions. In the absence of an accompanying uniqueness
result, how does one go about showing that there is a “selection” of solutions
which fit together nicely into a flow?

It turns out that, under the hypotheses in Theorem 1.1.9, one can always
make a selection x ∈ RN 7−→ P ( · , x) ∈ S(x) which forms a transition
probability function. The underlying idea is to introduce enough spurious
additional conditions to force uniqueness. In doing so, one has to take
advantage of the fact that, for each x ∈ RN , S(x) is a compact, convex
subset of M1(RN ) and that, if y → x in RN , then limy→x S(y) ⊆ S(x) in
the sense of Hausdorff convergence of compact sets. Because we will not
be using this result, we will not discuss it further. The interested reader
should see Chapter XII of [52] for more details.

Another strategy for the construction of transition probability functions
is to see whether one can show that the subsequence {nk : k ≥ 0} in Lemma
1.1.19 can be chosen independent of ν. To be more precise, let a and b be
given as in Lemma 1.1.19, and, for each n ≥ 0, let t Pn(t, x) be constructed
by the prescription in (1.1.17) with ν = δx. Suppose that we could find
one subsequence {nk : k ≥ 0} and a (t, x) ∈ [0,∞) × R 7−→ P (t, x) ∈
M1(RN ) with the property that Pnk −→ P in C

(
[0,∞) × RN ; M1(RN )

)
.

It would then follow that (t, x) P (t, x) has to be a continuous transition
probability function. Indeed, the continuity would be obvious. As for the
Chapman–Kolmogorov equation, note that, by construction, for any n ≥ 0,
ϕ ∈ Cb(RN ; C), and t ∈ [0,∞),

〈ϕ, Pn(s+ t, x)〉 =
∫
〈ϕ, Pn(t, y)〉Pn(s, x, dy)

whenever s = m2−n for some (m,n) ∈ N2. Hence, after passing along the
subsequence, we would have

〈ϕ, P (s+ t, x)〉 =
∫
〈ϕ, P (t, y)〉P (s, x, dy)

whenever s = m2−n for some (m,n) ∈ N2, which, by continuity with respect
to s, would lead immediately to (1.1.1).
1.2.1. Lipschitz Continuity and Convergence: Our goal in this sub-
section is to prove the following theorem.

Theorem 1.2.1. Let a : RN −→ Hom(RN ; RN ) and b : RN −→ RN be
given, where, for each x ∈ RN , a(x) is a symmetric, non-negative definite
matrix, and define L accordingly, as in (1.1.8). Further, assume that there
exists a square root σ : RN −→ Hom(RM ; RN ) of a such that

(1.2.2) sup
x 6=x′

‖σ(x)− σ(x′)‖H.S. ∨ |b(x)− b(x′)|
|x− x′|

<∞.
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Then there exists a continuous transition probability function (t, x) ∈ [0,∞)
× RN 7−→ P (t, x) ∈ M1(RN ) to which the {Pn : n ≥ 0} of the preceding
discussion converges in C

(
[0,∞) × RN ; M1(RN )

)
. Furthermore, (1.1.20)

holds with

λ ≤ Trace
(
a(0)

)
+ ‖σ‖2Lip + 2

(
|b(0)|+ ‖b‖Lip

)2
<∞,

and

(1.2.3) sup
n≥0

∫
(1 + |y|2)Pn(t, x, dy) ≤ e(1+λ)t(1 + |x|2)

and (cf. (1.1.10))

(1.2.4)
∫

(1 + |y|2)P (t, x, dy) ≤ eΛt(1 + |x|2).

In addition, for each x ∈ RN , t P (t, x) solves Kolmogorov’s forward equa-
tion. In fact,

(1.2.5) 〈ϕ, P (t, x)〉 = ϕ(x) +
∫ t

0

〈Lϕ,P (τ, x)〉 dτ

for any ϕ ∈ C2(RN ; C) with bounded second order derivatives.

In order to prove this theorem, we must learn how to estimate the differ-
ence between Pn1(t, x) and Pn2(t, x) and show that this difference is small
when n1 and n2 are large. The method which we will use to measure these
differences is coupling. That is, suppose that (µ1, µ2) ∈ M1(RN )2. Then
a coupling of µ1 to µ2 is any µ̃ ∈ M1(RN × RN ) for which µ1 and µ2 are
its marginal distributions on RN , in the sense that µ1(Γ) = µ̃(Γ×RN ) and
µ2(Γ) = µ̃(RN × Γ). Given a coupling of µ1 to µ2, an estimate of their
difference is given by

∫
|y − y′|2 µ̃(dy × dy′). Indeed,

∣∣〈ϕ, µ2〉 − 〈ϕ, µ1〉
∣∣ ≤ Lip(ϕ)

(∫
|y − y′|2 µ̃(dy × dy′)

) 1
2

.

Equivalently, a coupling of µ1 to µ2 means that one has found a probability
space (Ω,F ,P) on which there are random variables X1 and X2 for which
µi is the distribution of Xi. Of course, it is only when the choice of µ̃ is
made judiciously that the method yields any information. For example,
taking µ̃ = µ1 × µ2 yields essentially no information.

Lemma 1.2.6. Define F : [0,∞)× RN × RM −→ RN by

F (t, x, ω) = x+ t
1
2σ(x)ω + tb(x).
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Next, for (x, x′) ∈ (RN )2, define Q̃n
(
t, x, x′) ∈M1(RN×RN ) for t ∈ [0, 2−n]

so that Q̃n(t, x, x′) is the distribution of

ω ∈ RM 7−→
(
F (t, x, ω)
F (t, x′, ω)

)
∈ RN × RN

under (cf. (1.1.14)) γ when t ∈ [0, 2−n−1] and of

(ω1, ω2) ∈ (RM )2 7−→
(
F
(
2−n−1, x, ω1

)
+ F

(
t− 2−n−1, x, ω2

)
− x

F
(
t− 2−n−1, F (2−n−1, x′, ω1), ω2

) )
under γ2 when t ∈ (2−n−1, 2−n]. Finally, for n ≥ 0 and (t, x) ∈ [0,∞)×RN ,
define µ̃n(t, x) ∈M1(RN × RN ) so that µ̃n(0, x) = δx × δx and

µ̃n(t, x) =
∫
Q̃n(t−m2−n, y, y′) µ̃n(m2−n, dy × dy′)

for m2−n ≤ t ≤ (m + 1)2−n. Then µ̃n(t, x) is a coupling of Pn(t, x) to
Pn+1(t, x) and there exists a K <∞, depending only on the value of σ and
b at the origin and their uniform Lipschitz norms, such that∫

|y − y′|2 µ̃n(t, x, dy × dy′) ≤ 2−neKt(1 + |x|2).

Proof: Once one remembers that the distribution of (ω1, ω2) c1ω1+c2ω2

under γ2 is the same as the distribution of ω (c21 + c22)
1
2ω under γ, it is

easy to verify that µ̃n(t, x) is a coupling of Pn(t, x) to Pn+1(t, x).
To prove the asserted estimate, set

q̃n(t, x, x′) =
∫
|y′ − y|2 Q̃n(t, x, x′, dy × dy′) for t ∈ [0, 2−n].

Clearly,

un(t, x) ≡
∫
|y′ − y|2 µ̃n(t, x, dy × dy′)

=
∫
q̃n
(
t−m2−n, y, y′) µ̃n(m2−n, x, dy × dy′)

for m2−n ≤ t ≤ (m+ 1)2−n.
Set C = supx′ 6=x |x′ − x|−2

(
2|b(x′)− b(x)|2 + ‖σ(x′)− σ(x)‖2H.S.

)
. When

t ∈ [0, 2−n−1],

q̃n(t, x, x′) =
∣∣(x′ − x) + t

(
b(x′)− b(x)

)∣∣2 + t‖σ(x′)− σ(x)‖2H.S.
≤
(
1 + (1 + C)t

)
|x′ − x|2,
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and so

(*)
un(t, x) ≤

(
1 + (1 + C)τ

)
un(m2−n, x)

for m2−n ≤ t ≤ (2m+ 1)2−n−1 and τ = t−m2−n.

When t ∈ [2−n−1, 2−n] and τ = t− 2−n−1, q̃n(t, x, x′) equals∫ [∣∣(y′ − y) + τ
(
b(y′)− b(x)

)∣∣2
+ τ
∥∥σ(y′)− σ(x)

∥∥2

H.S.

]
Q̃n(2−n−1, x, x′, dy × dy′)

≤ (1 + τ)q̃n(2−n−1, x, x′)

+ τ

∫ [
2
∣∣b(y′)− b(x)

∣∣2 +
∥∥σ(y′)− σ(x)

∥∥2

H.S.

]
Q̃n(2−n−1, x, x′, dy × dy′)

≤ (1 + τ)q̃n(2−n−1, x, x′)

+ 2τ
∫ [

2
∣∣b(y′)− b(y)

∣∣2 +
∥∥σ(y′)− σ(y)

∥∥2

H.S.

]
Q̃n(2−n−1, x, x′, dy × dy′)

+ 2τ
∫ [

2
∣∣b(y)− b(x)

∣∣2 +
∥∥σ(y)− σ(x)

∥∥2

H.S.

]
Q(2−n−1, x, dy)

≤
(
1 + (1 + 2C)τ

)
q̃n(2−n−1, x, x′) + 2Cτ

∫
|y − x|2Q(2−n−1, x, dy)

=
(
1 + (1 + 2C)τ

)
q̃n(2−n−1, x, x′) + 2Cτ2−n−1

[
|b(x)|2 + Trace

(
a(x)

)]
.

Since |b(x)|2 + Trace
(
a(x)

)
≤ λ(1 + |x|2), we now can use (1.1.21) to arrive

at

un(t, x) ≤
(
1+(1+2C)τ

)
un
(
(2m+1)2−n−1, x)+2Cλe(1+λ)tτ2−n−1

(
1+|x|2

)
for (2m+ 1)2−n−1 ≤ t ≤ (m+ 1)2−n and τ = t− (2m+ 1)2−n−1.

Putting this together with (*), we conclude there is a C ′ <∞, with the
required dependence, such that

(**) un(t, x) ≤ (1 + C ′τ)un(m2−n, x) + C ′eC
′tτ2−n

(
1 + |x|2

)
for m ∈ N, τ ∈ [0, 2−n], and t = m2−n + τ . Finally, working by induction
on m and remembering that un(0, x) = 0, one obtains from (**) first that

un(m2−n, x) ≤ 2−n
(
eC
′t(1 + |x|2)

(
1 + C ′2−n

)m − 1
)

for m ≤ 2nt

and then that the asserted estimate holds with K = 2C ′. �
Proof of Theorem 1.2.1: Given the preceding, we know that

∣∣〈ϕ, Pn(t, x)〉 − 〈ϕ, Pm(t, x)〉
∣∣ ≤ n−1∑

`=m

∣∣〈ϕ, P`+1(t, x)〉 − 〈ϕ, P`(t, x)〉
∣∣

≤ eKt2 (1 + |x|2)
1
2 Lip(ϕ)

n−1∑
`=m

2−
`
2
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and therefore that

(1.2.7)
∣∣〈ϕ, Pn(t, x)〉 − 〈ϕ, Pm(t, x)〉

∣∣ ≤ 2−
m
2

2
1
2 − 1

e
Kt
2 (1 + |x|2)Lip(ϕ)

for any 0 ≤ m < n. Starting from (1.2.7), it is easy to check that the
sequence {Pn : n ≥ 0} converges in C

(
[0,∞) × RN ; M1(RN )

)
. Indeed,

by applying (1.2.7) to ϕ = eξ and setting fn(t, x, ξ) = [P̂n(t, x)](ξ), we
see that {fn : n ≥ 0} is Cauchy convergent in the metric of uniform
convergence on compact subsets of [0,∞)×RN ×RN . Hence, not only does
it converge uniformly on compacts to some f ∈ Cb([0,∞)× RN × RN ; C),
but, by Theorem 1.1.13, there is a continuous (t, x) ∈ [0,∞) × RN 7−→
P (t, x) ∈ M1(RN ) such that f(t, x) = P̂ (t, x) and to which Pn converges
in C

(
[0,∞) × RN ; M1(RN )

)
. Furthermore, by the general considerations

in the introduction to this section, (t, x) P (t, x) is a transition probability
function. Also, (1.2.3) and (1.2.4) as well as (1.2.5) for ϕ ∈ C2(RN ; C)
with bounded second order derivatives are all applications of the analogous
statements in § 1.1. �

Corollary 1.2.8. Let everything be as in Theorem 1.2.1. Given ν ∈
M1(RN ), define {µn : n ≥ 0} as in (1.1.17). Then µn(t) =

∫
Pn(t, x) ν(dx)

and t µn(t) converges to

t µ(t) ≡
∫
P (t, x) ν(dx) in C

(
[0,∞); M1(RN )

)
.

Furthermore, (1.1.11) holds for all ϕ ∈ C2
c (RN ; C). Finally, µ(t) satisfies

(1.1.12), and, when
∫
|y|2 ν(dy) < ∞, (1.1.11) continues to hold for all

ϕ ∈ C2(RN ; C) with bounded second order derivatives.

Proof: Because, as we have already noted, µn(t) =
∫
Pn(t, x) ν(dx), ev-

erything follows immediately from Theorem 1.2.1 combined with Fubini’s
Theorem. �

1.3 Some Important Extensions
In the sequel, it will be important for us to have available several exten-

sions and refinements of the results in §§ 1.1 and 1.2.
1.3.1. Higher Moments: Here we want to show that the mean-square
results which we have been proving admit higher moment analogs. A key
step in proving these analogs is the development of higher moment estimates
to replace ∫

|y|2Q(t, x, dy) = |x+ tb(x)|2 + tTrace
(
a(x)

)
.

When doing computations involving an operator L of the sort in (1.1.8),
it is useful to have checked that

(1.3.1) L(f ◦ ϕ) = 1
2

(
∇ϕ, a∇ϕ

)
RN f

′′ ◦ ϕ+ (Lϕ)f ′ ◦ ϕ

for f ∈ C2(R; C) and ϕ ∈ C2(RN ; R).
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Lemma 1.3.2. For each r ∈ [1,∞), there exists a universal κr <∞ such
that∫

(1 + |Ty|2)r Q(t, x, dy)

≤ (1 + |Tx|2)r + κrt
(

(1 + |Tx|2)r + |Tb(x)|2r +
(
TraceTa(x)T>

)r)
for (t, x) ∈ (0, 1]× RN and T ∈ Hom(RN ,RN ′).

Proof: Begin by observing that, without loss in generality, we may assume
that N ′ = N and T = I. Indeed, the distribution of y Ty under Q(t, x, · )
is Q′(t, Tx, · ), where Q′(t, x′, · ) is defined relative to Tb(x) and Ta(x)T>.
Thus, we will proceed under this assumption.

Given an RN -valued normal random variable X with mean 0 and covari-
ance A, |X|2 has the same distribution as

∑N
i=1 αiY

2
i , where {α1, . . . , αN}

are the eigenvalues of A and the Yi’s are independent, R-valued standard
normal variables. Thus, for any p ∈ [2,∞), |X|2p has the same distribution

as
(∑N

i=1 αiY
2
i

)p
. Therefore, if Mr is the rth moment of |Y1|, then, by

Minkowski’s inequality,

E
[
|X|2p

]
= E

[(
N∑
i=1

αiY
2
i

)p]
≤
(
TraceA

)p
M2p

when p ≥ 1, and

E
[
|X|2p

]
≤ E

[
|X|2

]p =
(
TraceA

)p
if p ∈ (0, 1]. That is,

E
[
|X|2p

]
≤
(
TraceA

)p
Mp∨2 for all p ∈ (0,∞).

Applying this to ω σ(x)ω, we see that∫
(1 + |y|2)pQ(t, x, dy) =

∫ (
1 + |x+ tb(x) + t

1
2σ(x)ω|2

)p
γ(dω)

≤ 2(p−1)+
[
1 +

∫
|x+ tb(x) + t

1
2σ(x)ω|2p γ(dω)

]
≤ 2(p−1)+

[
1 + 3(2p−1)+

(
|x|2p + |b(x)|2p +

(
Trace a(x)

)p
Mp∨2

)]
for any p ∈ (0,∞) and t ∈ (0, 1]. Hence, for each p ∈ (0,∞) there is a
universal Cp <∞ such that

(*)
∫

(1 + |y|2)pQ(t, x, dy) ≤ Cp
[
(1 + |x|2)p + |b(x)|2p +

(
Trace a(x)

)p]
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for t ∈ (0, 1].
Now let r ≥ 1 be given, and apply (1.3.1) with f(ξ) = ξr and ϕ(y) =

1 + |y|2 to see that Lx(1 + |y|2)r equals

2r(r − 1)
(
y, a(x)y

)
RN (1 + |y|2)r−2

+ r
(
Trace a(x)

)
(1 + |y|2)r−1 + 2r

(
y, b(x)

)
RN (1 + |y|2)r−1

≤ r
[
(2r − 1)

(
Trace a(x)

)
+ |b(x)|

]
(1 + |y|2)r−1.

Hence, by (1.1.15) applied to ϕ(y) = (1 + |y|2)r,

d

dt

∫
(1 + |y|2)r Q(t, x, dy)

≤ r
[
(2r − 1)

(
Trace a(x)

)
+ |b(x)|

] ∫
(1 + |y|2)r−1Q(t, x, dy).

Clearly the desired estimate follows when one combines this with (*) for
p = r − 1 and then applies the Fundamental Theorem of Calculus. �

Our first application of Lemma 1.3.2 is to the situation described in
Lemma 1.1.19.

Lemma 1.3.3. Under the hypotheses in Lemma 1.1.19, for each r ∈ [1,∞)
there exists a λr <∞, depending only on r and the λ in (1.1.20), such that

sup
n≥0

∫
|y|2r µn(t, dy) ≤ eλrt

∫
(1 + |x|2r) ν(dx).

Proof: By Lemma 1.3.2 and (1.1.20),∫
(1 + |y|2)r Q(t, x, dy) ≤

(
1 + κr(1 + λr)t

)(
1 + |x|2)r

for (t, x) ∈ [0, 1] × RN . Hence, we can find a λr, with the required depen-
dence, such that∫

(1 + |y|2)r Q(t, x, dy) ≤ (1 + λrt)(1 + |x|2)r for (t, x) ∈ [0, 1]× RN .

Starting from here, the rest of the proof differs in no way from the derivation
of (1.1.21). �

In the following theorem and elsewhere, a function ϕ : RN −→ C is said
to be slowly increasing if it has at most polynomial growth at infinity in
the sense that |ϕ(x)| ≤ C

(
1 + |x|2r

)
for some C <∞ and r ∈ [0,∞). Also,

we will say that a set S of functions is uniformly slowly increasing if the
choice of C and r can be made independent of ϕ ∈ S.
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Theorem 1.3.4. Refer to the hypotheses and notation in Theorem 1.2.1.
Then, for each r ∈ (0,∞) there exists λr ∈ (1,∞), depending only on r,
‖σ(0)‖H.S., |b(0)|, and the Lipschitz norms of σ and b, such that

sup
n≥0

∫
|y|2r Pn(t, x, dy) ≤ eλrt

(
1 + |x|2r

)
.

In particular, ∫
|y|2r P (t, x, dy) ≤ eλrt

(
1 + |x|2r

)
and

〈ϕn, Pn(tn, xn)〉 −→ 〈ϕ, P (t, x)〉

when (tn, xn) −→ (t, x) and {ϕn : n ≥ 0} ⊂ C(RN ; C) is a uniformly
slowly increasing sequence which tends to ϕ uniformly on compacts; and
(1.2.5) holds for any ϕ ∈ C2(RN ; C) whose second derivatives are slowly
increasing.

Proof: In view of Lemma 1.3.3, only the final two assertions need com-
ment. For this purpose, choose ψ ∈ C∞c

(
B(0, 2); [0, 1]

)
so that ψ = 1 on

B(0, 1), and set ψR(y) = ψ(R−1y). Since we already know that Pn −→ P
in C

(
[0,∞) × RN ; M1(RN )

)
, we know that the desired convergence takes

place when ϕn and ϕ are replaced by ψRϕn and ψRϕ. At the same time,
for any r ≥ 1,

lim
R→∞

sup
n≥0

∫
B(0,R){

(1 + |y|2r)
(
Pn(tn, x, dy) + P (t, x, dy)

)
= 0.

Thus, because the ϕn’s are uniformly slowly increasing, the convergence
continues to hold for the original ϕn’s and ϕ. The proof of (1.2.5) for ϕ’s
with slowly increasing second derivatives is another application of the same
cut-off procedure. �

1.3.2. Introduction of a Potential: In this subsection we will consider
L + V , where L is given by (1.1.8) and V ∈ C1

b(RN ; R). Because, at least
when L = 1

2∆, such operators arise as the Hamiltonian in Schrödinger
mechanics, in which case V is the potential energy, V is called a potential.
Our goal is to produce a map (t, x) PV (t, x) which plays the same role
for L+ V as (t, x) P (t, x) does for L.

We begin by observing that we cannot expect PV (t, x) will be a prob-
ability measure. Indeed, when V is constant, it should be clear that
PV (t, x) = etV P (t, x). Thus, we will have to deal with M(RN ), the
space of finite, non-negative Borel measures on RN . Like M1(RN ), we
will give M(RN ) the topology corresponding to weak convergence. That
is, a sequence {νn : n ≥ 0} ⊆ M(RN ) converges to ν in M(RN ) if
〈ϕ, νn〉 −→ 〈ϕ, ν〉 for every ϕ ∈ Cb(RN ; C). Equivalently, νn −→ ν if
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ν(RN ) = limn→∞ νn(RN ) and, when ν(RN ) > 0, ν̄n −→ ν̄ in M1(RN ),
where

ν̄n =

{
νn

νn(RN )
if νn(RN ) > 0

δ0 if νn(RN ) = 0
and ν̄ =

ν

ν(RN )
.

Now assume L is given by (1.1.8) where a = σσ>, and assume that σ
and b are uniformly Lipschitz continuous. To carry out our construction,
define9

(
t, (x, ξ)

)
∈ [0,∞)× RN × R 7−→ Q̄

(
t, (x, ξ)

)
∈M1(RN × R) to be

the distribution under (cf. (1.1.14)) γ of

ω ∈ RM 7−→
(
x
ξ

)
+ t

1
2

(
σ(x)

0

)
ω +

(
b(x)
V (x)

)
∈ RN × R,

and, for n ≥ 0, define P̄n
(
t, (x, ξ)

)
so that P̄n

(
0, (x, ξ)

)
= δ(x,ξ) and

P̄n
(
t, (x, ξ)

)
=
∫
Q̄
(
t−m2−n, (y, η)

)
P̄
(
m2−m, (x, ξ), dy × dη

)
for m2−n < t ≤ (m+ 1)2−n. Then Theorem 1.2.1 applies to {P̄n

(
t, (x, ξ)

)
:

n ≥ 0} and says that there is a continuous
(
t, (x, ξ)

)
 P̄

(
t, (x, ξ)

)
to which

the P̄n
(
t, (x, ξ)

)
’s converge in C

(
[0,∞)×RN ×R; M1(RN ×R)

)
. Moreover,

it is easy to check that

(1.3.5)

∫
ψ(y, η)P̄n

(
t, (x, ξ), dy × dη

)
=
∫
ψ(y, ξ + η)P̄n

(
t, (x, 0), dy × dη

)
and P̄n

(
t, (x, 0),RN × [−t‖V −‖u, t‖V +‖u]{

)
= 0,

and therefore that
(
t, (x, ξ)

)
 P̄

(
t, (x, ξ)

)
inherits the same properties.

Theorem 1.3.6. Suppose that σ and b are uniformly Lipschitz contin-
uous, and let L be given by (1.1.8) with a = σσ>. Next, given V ∈
C1

b(RN ; R), refer to the preceding, and define (t, x) ∈ [0,∞) × RN 7−→
PV (t, x) ∈M(RN ) so that

PV (t, x,Γ) =
∫

Γ×R
eη P̄

(
t, (x, 0), dy × dη

)
.

Then, (t, x) PV (t, x) ∈M(RN ) is continuous,

e−t‖V
−‖u ≤ PV (t, x,RN ) ≤ et‖V

+‖u , and for all r ≥ 1∫ ∣∣y|2r PV (t, x, dy) ≤ et(λr+‖V ‖u)
(
1 + |x|2r

)
.

9 The “bar” here is simply a device to distinguish the “barred” quantities from “un-

barred” ones. It does not indicate complex conjugate.
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Moreover,

PV (s+ t, x) =
∫
PV (t, y)PV (s, x, dy),

and for all ϕ ∈ C2(RN ; C) with slowly increasing second order derivatives,

〈ϕ, PV (t, x)〉 − ϕ(x) =
∫ t

0

〈(L+ V )ϕ, PV (τ, x)〉 dτ.

Proof: We need only address the last part of the statement. To this end,
first observe that, by the preceding discussion,

eξPV (t, x,Γ) =
∫

Γ×R
eη P̄

(
t, (x, ξ), dy × dη

)
.

Hence, by the Chapman–Kolmogorov equation for
(
t, (x, ξ)

)
 P̄

(
t, (x, ξ)

)
,

PV (s+ t, x,Γ) is equal to∫ (∫
Γ×R

eξ
′′
P̄
(
t, (x′, ξ′), dx′′ × dξ′′

))
P̄
(
s, (x, 0), dx′ × dξ′

)
=
∫
eξ
′
(∫

Γ×R
eξ
′′
P̄
(
t, (x′, 0), dx′′ × dξ′′

))
P̄
(
s, (x, 0), dx′ × dξ′

)
=
∫
PV (t, y,Γ)PV (s, x, dy).

Finally, given ϕ ∈ C2(RN ; C) with bounded second order derivatives, set
ϕ̄(x, ξ) = ϕ(x)eξ. Then, taking into account the second line of (1.3.5), we
know that

d

dt
〈ϕ, PV (t, x)〉 =

d

dt
〈ϕ̄, P̄

(
t, (x, 0)

)
)〉

= 〈L̄ϕ̄, P̄
(
t, (x, 0)

)
〉 = 〈(L+ V )ϕ, PV (t, x)〉,

where L̄ is the operator corresponding to (ξ, x) 
(
a(x) 0

0 0

)
, (ξ, x) 

(
b(x)

0

)
. �

1.3.3. Lower Triangular Systems: In Chapters 2 and 3, we will need
to know how to deal with coefficients which, although they are smooth,
have unbounded derivatives. Even in the setting of ordinary differential
equations, such coefficients can cause problems. For example, consider the
R-valued equation Ẋ(t) = X(t)2 with X(0) = 1. Obviously, the one and
only solution is X(t) = (1 − t)−1, which explodes as t ↗ 1. On the other
hand, the R2-valued equation

d

dt

(
X1(t)
X2(t)

)
=
(

X1(t)
X1(t)2 +X2(t)

)
with

(
X1(0)
X2(0)

)
=
(

1
1

)
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has no such problems. Namely, its solution is(
X1(t)
X2(t)

)
=
(
et

e2t

)
.

Of course, the point is that this is a lower triangular system and the
quadratic growth of the coefficients occurs only in the second line and is
only in the direction of the first coordinate.

With this example in mind, we will look at coefficients

(1.3.7)

x =
(
x1

x2

)
∈ RN1 × RN2

7−→ σ(x) =
(
σ1(x1)
σ2(x)

)
∈ Hom(RM ; RN1 × RN2)

x =
(
x1

x2

)
∈ RN1 × RN2

7−→ b(x) =
(
b1(x1)
b2(x)

)
∈ RN1 × RN2 ,

where, for some r1 ≥ 1 and C1 <∞,

(1.3.8) ‖σ2(x)‖2H.S. + 2|b2(x)|2 ≤ C1

(
1 + |x1|2r1 + |x2|2

)
.

The replacement for Lemma 1.3.3 in this setting is the following.

Lemma 1.3.9. Let σ and b have the form in (1.3.7), and assume that
(1.3.8) holds. If

(1.3.10) sup
n≥0

∫
|y1|2rr1 µn(t, dy) ≤ AreArt

∫
(1 + |x1|2rr1) ν(dx)

for some r ≥ 1 and Ar <∞, then

sup
n≥0

∫
|y|2r µn(t, dy) ≤ AeAt

∫
(1 + |x|2rr1) ν(dx)

for an A <∞ which depends only on r, Ar, and the r1 and C1 in (1.3.8).

Proof: Using Lemma 1.3.2, with T equal to orthogonal projection onto
the second coordinates, and (1.3.8), one sees that, when t ∈ [0, 1],∫

(1 + |y2|2)r Q(t, x, dy) ≤ (1 + C ′t)(1 + |x2|2)r + C ′t|x1|2rr1 ,

for a C ′ < ∞ depending only on r and C1. Hence, for m2−n ≤ t ≤
(m+ 1)2−n and τ = t−m2−n, (1.3.10) says that∫

(1 + |y2|2)r µn(t, dy) ≤ (1 + C ′τ)
∫

(1 + |y2|2)r µn(m2−n, dy)

+ArC
′eArtτ

∫ (
1 + |x1|2rr1

)
ν(dx),

from which the desired result follows by the same reasoning as was used at
the analogous place at the end of the proof of Lemma 1.2.6. �

We next want to development a replacement for Lemma 1.2.6.
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Lemma 1.3.11. Let σ and b be as in Lemma 1.3.9, and assume that
(1.3.8), (1.3.10) with r = r1, and

(1.3.12)

‖σ1(x1)‖2H.S. + 2|b1(x1)|2 ≤ C
(
1 + |x1|2r1

)
‖σ2(x′)− σ2(x)‖2H.S. + 2|b2(x′)− b2(x)|2

≤ C
[(

1 + |x′|r1−1 + |x|r1−1
)
|x′1 − x1|2 + |x′2 − x2|2

]
all hold. If (t, x) µ̃n(t, x) is defined for σ and b as in Lemma 1.2.6, and if

(1.3.13)
∫
|y′1 − y1|2 µ̃n(t, x, dy × dy′) ≤ 2−nρCeCt(1 + |x1|2r1)

for some ρ ∈ (0, 1], then there is a C ′ <∞, depending only on C, r1, Ar1 ,
and ρ, such that∫

|y′ − y|2 µ̃n(t, x, dy × dy′) ≤ 2−
ρn
2 C ′eC

′t(1 + |x|2r
2
1 ).

Proof: Obviously, it is sufficient to prove the asserted estimate with |y′−
y|2 replaced by |y′2 − y2|2 in the integrand on the left-hand side. Thus, set

un(t, x) =
∫
|y′2 − y2|2 µ̃n(t, x, dy × dy′).

Then,

un(t, x) =
∫
q̃n
(
t− [t]n, y, y′) µ̃n

(
[t]n, x, dy × dy′

)
,

where, for t ∈ [0, 2−n],

q̃n(t, x, x′) ≡
∫
|y′2 − y2|2 Q̃n(t, x, x′, dy × dy′)

and Q̃n(t, x, x′) is defined as in Lemma 1.2.6, only now for σ and b.
Proceeding as in the proof of Lemma 1.2.6, we see that when t ≤ 2−n−1,

q̃n(t, x, x′) is equal to∣∣(x′2 − x2) + t
(
b2(x′)− b2(x)

)∣∣2 + t‖σ2(x′)− σ2(x)‖2H.S.

and is therefore dominated by10

(
1 + (1 + 2C)t

)
|x′2 − x2|2 + 2Ct

(
1 + |x|r1−1 + |x′|r1−1

)
|x′1 − x1|2

≤ (1 + C ′t)|x′2 − x2|2 + C ′t
(
1 + |x|2r1 + |x′|2r1

) 1
2 |x′1 − x1|.

10 In this proof, we will adopt the convention that C′ stands for a constant, with the

required dependence, which can change from line to line.
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Thus, if m2−n ≤ t ≤ (2m + 1)2−n−1 and τ = t −m2−n, then un(t, x) is
dominated by

(1 + C ′τ)un(m2−n, x)

+ τC ′
∫ (

1 + |y|2r1 + |y′|2r1
) 1

2 |y′1 − y1| µ̃n(m2−n, x, dy × dy′)

≤ (1 + C ′τ)un(m2−n, x)

+ τC ′
(∫ (

1 + |y|2r1 + |y′|2r1
)
µ̃n(m2−n, x, dy × dy′)

) 1
2

×
(∫
|y′1 − y1|2 µ̃n(m2−n, x, dy × dy′)

) 1
2

,

and because∫ (
1 + |y|2r1 + |y′|2r1

)
µ̃n(m2−n, x, dy × dy′)

= 1 +
∫
|y|2r1

(
Pn(m2−n, x, dy) + Pn+1(m2−n, x, dy)

)
,

this, together with our hypotheses and Lemma 1.3.9, shows that

(*)
un(t, x) ≤ (1 + C ′τ)un(m2−n, x) + τ2−

ρn
2 C ′eC

′t(1 + |x|2r
2
1 )

for t = m2−n + τ with τ ≤ 2−n−1.

If t = 2−n−1 + τ for some τ ∈ [0, 2−n−1], then, just as in the proof of
Lemma 1.2.6,

q̃n(t, x, x′) =
∫ [∣∣(y′2 − y2) + τ

(
b2(y′)− b2(x)

)∣∣2
+ τ
∥∥σ2(y′)− σ2(x)

∥∥2

H.S.

]
Q̃n(2−n−1, x, x′, dy × dy′)

≤ (1 + τ)q̃n(2−n−1, x, x′)

+ 2τ
∫ [

2
∣∣b2(y′)− b2(y)

∣∣2
+
∥∥σ2(y′)− σ2(y)

∥∥2

H.S.

]
Q̃n(2−n−1, x, x′, dy × dy′)

+ 2τ
∫ [

2
∣∣b2(y)− b2(x)

∣∣2 +
∥∥σ2(y)− σ2(x)

∥∥2

H.S.

]
Q(2−n−1, x, dy)

≤
(
1 + (1 + 2C)τ

)
q̃n(2−n−1, x, x′)

+ 2Cτ
∫ (

1 + |y′|2r1 + |y|2r1
) 1

2 |y′1 − y1| Q̃n(2−n−1, x, x′, dy × dy′)

+ 2Cτ
∫ (

1 + |y|2r1 + |x|2r1
) 1

2 |y1 − x1|Q(2−n−1, x, dy)

+ 2Cτ
∫ ∣∣y2 − x2

∣∣2Q(2−n−1, x, dy),
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and so, if t = (2m+1)2−n−1 +τ with τ ≤ 2−n−1, then un(t, x) is dominated
by

(1 + C ′τ)un
(
(2m+ 1)2−n−1, x

)
+ C ′τ

∫ (
1 + |y′|2r1 + |y|2r1

) 1
2 |y′1 − y1| µ̃n

(
(2m+ 1)2−n−1, x, dy × dy′)

+ C ′τ

∫ (∫ (
1 + |y|2r1 + |ξ|2r1

) 1
2

× |y1 − ξ1|Q(2−n−1, ξ, dy′)
)
Pn(m2−n, x, dξ)

+ C ′τ

∫ (∫ ∣∣y2 − ξ2
∣∣2Q(2−n−1, ξ, dy)

)
Pn(m2−n, x, dξ).

Using the same reasoning as in the derivation of (*), one can dominate
the second term by τ2−

ρn
2 C ′eC

′t(1 + |x|2r2
1 ). At the same time, the inner

integral in third term is dominated by(∫ (
1 + |y|2r1 + |ξ|2r1)Q(2−n−1, ξ, dy)

) 1
2
(∫
|y1 − ξ1|2Q(2−n−1, ξ, dy)

) 1
2

,

and so the third term is dominated by a constant times

τ

(
1 +

∫
|y|2r1

[
Pn
(
(2m+ 1)2−n−1, x, dy

)
+ Pn

(
m2−n, x, dy

)]) 1
2

×
(

2−n−1

∫ (
|b1(y1)|2 + ‖σ1(y1)‖2H.S.

)
Pn(m2−n, x, dy)

) 1
2

≤ τ2−
n+1

2 C ′eC
′t(1 + |x|2r

2
1 ).

Similarly, but with less effort, one can show that 2−n−1C ′eC
′t(1 + |x|2r2

1 )
dominates the fourth term. Hence,

un(t, x) ≤ (1 + C ′τ)un
(
(2m+ 1)2−n−1, x

)
+ τ2−

ρn
2 C ′eC

′t
(
1 + |x|2r

2
1
)

for t = (2m+ 1)2−n−1 + τ with τ ≤ 2−n−1. After combining this with (*),
one gets the desired estimate by the same argument as we used at the end
of the proof of Lemma 1.2.6. �

We are now ready to prove the result for which we have been preparing.
In its statement, ` ≥ 1, N =

∑`
k=1Nk, where {N1, . . . , N`} ⊂ Z+, σk ∈

C1
(
RN1 ×· · ·×RNk ; Hom(RM ; RNk)

)
, bk ∈ C1

(
RN1 ×· · ·×RNk ; RNk

)
, and

σ(x) =


σ1(x1)

σ2(x1, x2)
...

σ`(x1, . . . , x`)

 and b(x) =


b1(x1)

b2(x1, x2)
...

b`(x1, . . . , x`)


for RN 3 x = (x1, . . . , x`) ∈ RN1 × · · · × RN` . Finally, (t, x) ∈ [0,∞) ×
RN 7−→ Pn(t, x) ∈M1(RN ) is defined, as in § 1.2.1, relative to σ and b.
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Theorem 1.3.14. Referring to the preceding, assume that

∑̀
k=1

Nk∑
i=1

(∥∥∂(xk)iσk
∥∥

u
+
∥∥∂(xk)ibk

∥∥
u

)
<∞

and that, for 2 ≤ k ≤ ` and 1 ≤ j < k, ∂(xj)iσk and ∂(xj)ibk are slowly
increasing. Then there exists an r ≥ 1 such that

sup
n≥0

sup
x∈RN

(1 + |x|rr)−1

∫
|y|r Pn(t, x, dy) <∞ for all r > 0.

Furthermore, there exists a continuous transition probability function (t, x)
 P (t, x) to which {Pn : n ≥ 0} converges in C

(
[0,∞)×RN ; M1(RN )

)
. In

particular,

sup
x∈RN

(1 + |x|rr)−1

∫
|y|r P (t, x, dy) <∞ for all r ∈ [1,∞)

and
〈ϕn, Pn(tn, xn)〉 −→ 〈ϕ, P (t, x)〉

if (tn, xn) −→ (t, x) and {ϕn : n ≥ 0} ⊆ C(RN ; C) is uniformly slowly
increasing and ϕn −→ ϕ uniformly on compacts. Finally, if L is defined as in
(1.1.8) with a = σσ> and b = b, then (1.2.5) holds for any ϕ ∈ C2(RN : C)
with slowly increasing second derivatives.

Proof: The proof is done by induction on ` ≥ 1. The case when ` = 1 is
covered by Theorem 1.3.4, and assuming the result for `−1 for some ` ≥ 2,
it follows for ` when one combines Lemma 1.3.9 with Lemma 1.3.11 and
applies them with the roles of σ1, b1, σ2, and b2 there being played here by σ1

...
σ`−1

,

 b1
...

b`−1

, σ`, and b`. The details are left to the reader. �

1.4 Historical Notes and Some Commentary

Kolmogorov’s equations appear in [29], which can be considered the birth-
place of modern Markov process theory. In view of the fact that his moti-
vation was probabilistic, it is interesting that Kolmogorov’s own treatment
of his equations is more or less purely analytic. It is also interesting that
he seems to have been unaware of the much earlier work [35] on parabolic
equations by E.E. Levi, who initiated the parametrix method which, after
several iterations, led to the construction by W. Pogorzelski [48] and D.
Aronson [3] of fundamental solutions for second order parabolic equations
with uniformly elliptic, Hölder continuous coefficients. Even though it ap-
peared in 1964, A. Friedman’s exposition [19] remains an excellent source
for this line of research, as does the more encyclopedic treatment in [34].
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Anyone familiar with the work [24] of K. Itô will recognize that the
presentation given in this chapter is a poor man’s adaptation of his ideas.
In particular, it was Itô who interpreted Kolmogorov’s forward equation as
the equation for an integral curve in M1(RN ). Further, he realized that,
just as a vector field in RN can be integrated by concatenating straight
lines, so too solutions of Kolmogorov’s forward equation can be built by
concatenating infinitely divisible flows, which are the analog in M1(RN ) of
straight lines. See [55] for a more detailed account of these matters.

From a technical standpoint, the main advantage of adopting Itô’s ap-
proach is that it allows one to work entirely in the realm of probability
measures. There are two reasons why this is important. First, it provides
one with an easy and powerful way to handle questions of compactness. In
the traditional analytic approach to solving equations like Kolmogorov’s,
one looks for solutions which are functions and one attempts to construct
them by an approximation procedure which requires one to check a com-
pactness criterion for an appropriate space of functions. In Itô’s approach,
both the solution and the approximates are probability measures, for which
compactness is relatively trivial. The second advantage of Itô’s approach is
that it makes no use of ellipticity (i.e., strict positive definiteness) of the dif-
fusion matrix a. Thus, his theory handles degenerate coefficients (i.e., ones
for which a can degenerate) just as well as it does elliptic ones. Of course,
this advantage becomes something of a liability when it comes to prov-
ing regularity results which are true only under suitable non-degeneracy
conditions, but even so I think its virtues outweigh its flaws.



chapter 2

Non-Elliptic Regularity Results

Let L be an operator of the form in (1.1.8). In the preceding chapter,
we studied Kolmogorov’s forward equation ∂tµ(t) = L>µ(t) and showed
that, in great generality, solutions exist in the sense that, for each initial
ν ∈ M1(RN ), there is a continuous t µ(t) ∈ M1(RN ) such that (1.1.11)
holds for all ϕ ∈ C2

c (RN ; C). Moreover, in the generality that we have been
working, this is the best sense in which one can hope to have solutions.
For example, if a ≡ 0 and b(x) ≡ b, then the only solution, in the sense of
Schwartz distributions, to the corresponding forward equation with initial
value ν is t µ(t), where

〈ϕ, µ(t)〉 =
∫
ϕ(x+ tb) ν(dx).

In particular, if ν = δx, then µ(t) = δx+tb.
Now suppose that (t, x) P (t, x) is a continuous transition probability

which solves Kolmogorov’s forward equation in the sense that (1.2.5) is
well defined and holds for all ϕ ∈ C2(RN ; C) with slowly increasing sec-
ond order derivatives. For example, by Theorems 1.2.1, such a P (t, x)
will exist when a = σσ> and σ and b are uniformly Lipschitz continu-
ous. Although we know that (t, x) P (t, x) will, in general, be no better
than continuous, when tested against smooth functions, it may nonethe-
less possess smoothness properties. For instance, in the preceding example,
〈ϕ, P (t, x)〉 = ϕ(x+bt), and so (t, x) 〈ϕ, P (t, x)〉 will be just as smooth as
ϕ. The reason why we are interested in this possibility is that it provides
solutions to Kolmogorov’s backward equation

(2.0.1) ∂tu = Lu in (0,∞)× RN with lim
t↘0

u(t) = ϕ.

To understand this, let ϕ ∈ Cb(RN ; C) be given, and set

(2.0.2) uϕ(t, x) ≡ 〈ϕ, P (t, x)〉.

Further, assume that uϕ(t, · ) has slowly increasing second order derivatives
for each t ∈ (0,∞). Then, by the Chapman–Kolmogorov equation and

28



2.1 The Existence-Uniqueness Duality 29

(1.2.5),

uϕ(t+ h, x)− uϕ(t, x) = 〈uϕ(t), P (h, x)〉 − uϕ(t, x)

=
∫ h

0

〈Luϕ(t), P (τ, x)〉 dτ,

and so uϕ is differentiable with respect to t ∈ (0,∞) and ∂tuϕ = Luϕ.
Hence, since uϕ(t, x) −→ ϕ(x) as t ↘ 0, it follows that uϕ is a solution to
(2.0.1).

In this chapter, we will find conditions under which P (t, x) has the
smoothness property required for the preceding line of reasoning to work.
However, before doing so, we will explain how the existence of solutions
to one of Kolmogorov’s equation can be used to prove the uniqueness of
solutions to his other equation. See, for example Corollaries 2.1.4, 2.1.6,
and 2.1.7 below.

2.1 The Existence-Uniqueness Duality
For anyone familiar with operator theory, what is going on here is a

simple manifestation of the general duality principle that existence for an
equation implies uniqueness for the adjoint equation.
2.1.1. The Basic Duality Result: Let L be the operator defined from
a : RN −→ Hom(RN ; RN ) and b : RN −→ RN , as in (1.1.8). Before stating
our main result, we will need to have the contents of the following lemma.

Lemma 2.1.1. Assume that a and b satisfy the condition in (1.1.20), and
let t µ(t) be any continuous solution to (1.1.11) for ϕ ∈ C2

c (RN ; C). Then,
there is a non-decreasing function r ∈ [0,∞) 7−→ λr ∈ [0,∞), depending
only on r and the λ in (1.1.20), such that λ0 = 0 and

(2.1.2)
∫
|y|2r µ(t, dy) ≤ eλrt

∫
(1 + |x|2r) ν(dx).

In particular, if
∫
|x|2r ν(dx) <∞, then (1.1.11) continues to hold for any

ϕ ∈ C2(RN ; C) satisfying

sup
x∈RN

|ϕ(x)|+
(
∇ϕ(x), a(x)∇ϕ(x)

) 1
2

RN + |Lϕ(x)|
1 + |x|2r

<∞.

Proof: We begin by proving the last statement under the assumption that
t 
∫
|y|2r µ(t, dy) is bounded on compact intervals. To this end, choose

ψ ∈ C∞c (RN ; [0, 1]) so that ψ = 1 on B(0, 1) and ψ = 0 off of B(0, 2), and
set ψR(x) = ψ(R−1x) and ϕR = ψRϕ for R ≥ 1. Clearly, by (1.1.11) and
Lebesgue’s Dominated Convergence Theorem,

〈ϕ, µ(t)〉 − 〈ϕ, ν〉 = lim
R→∞

∫ t

0

〈LϕR, µ(τ)〉 dτ,
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and so we need only show that the limit on the right equals
∫ t

0
〈Lϕ, µ(τ)〉 dτ .

But

LϕR(x) = ψR(x)Lϕ+
(
∇ϕ(x), a(x)∇ψR(x)

)
RN + ϕ(x)LψR(x),

and so, again by Lebesgue’s Dominated Convergence Theorem, it suffices
to show that∫ t

0

(∫ ((
∇ϕ(y), a(y)∇ψR(y)

)
RN + ϕ(x)LψR(y)

)
µ(τ, dy)

)
dτ −→ 0.

For this purpose, first note that, because a(y) is symmetric and non-
negative definite,∣∣(∇ϕ(y),a(y)∇ψR(y)

)
RN
∣∣2

≤
(
∇ϕ(y), a(y)∇φ(y)

)
RN
(
∇ψR(y), a(y)∇ψR(y)

)
RN .

Because (
∇ψR(y),a(y)∇ψR(y)

)
RN

≤
∥∥∇ψ∥∥2

u
sup

R≤|y′|≤2R

Trace
(
a(y′)

)
R2

1B(0,R){(y),

we now see that there is a C <∞ such that∣∣(∇ϕ(y), a(y)∇ψR(y)
)

RN
∣∣ ≤ C(1 + |y|2r)1B(0,R){(y).

Similarly, one can show |LψR(y)| is also bounded by a constant, indepen-
dent of R ≥ 1, times (1 + |y|2r)1B(0,R){(y). Thus, the desired conclusion
follows after yet another application of Lebesgue’s Dominated Convergence
Theorem.

Returning to the proof of (2.1.2), consider the functions

ϕr,ε(x) =
(

1 + |x|2

1 + ε|x|2

)r
for r ∈ (0,∞) and ε ∈ (0, 1).

Then

∇ϕr,ε(x) =
2r(1− ε)ϕr,ε(x)

(1 + ε|x|2)(1 + |x|2)
1
2

x

(1 + |x|2)
1
2

and

∇2ϕr,ε(x) =
2r(1− ε)ϕr,ε(x)

(1 + |x|2)(1 + ε|x|2)

[
I + 2

(
(r + 1)(1− ε)

1 + ε|x|2
− 2
)

x⊗ x
1 + |x|2

]
.

In particular, the preceding result (applied with the r there equal to 0)
shows that

〈ϕr,ε, µ(t)〉 ≤ 〈ϕr,ε, ν〉+ λr

∫ t

0

〈ϕr,ε, µ(τ)〉 dτ

for some λr < ∞ which is independent of ε and depends only on the λ in
(1.1.20). Hence, by Fatou’s Lemma and Gronwall’s inequality,∫

(1 + |y|2r)µ(t, dy) = lim
ε↘0
〈ϕr,ε, µ(t)〉 ≤ eλrt

∫
(1 + |x|2)r ν(dx). �
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Theorem 2.1.3. Assume that a and b satisfy the growth condition in
(1.1.20), and suppose that t ∈ [0,∞) −→ µ(t) ∈ M1(RN ) is a continuous
solution to (1.1.11) for all ϕ ∈ C2

c (RN ; C). If
∫
|x|2r ν(dx) < ∞ for some

r ∈ [0,∞) and if, for some T ∈ (0,∞), u ∈ C1,2
(
[0, T ]×RN ; C

)
is a solution

to ∂tu = Lu which satisfies

sup
t∈[0,T ]×RN

|u(t, x)|+
(
∇u(t, x), a(x)∇u(t, x)

) 1
2

RN

1 + |x|2r
<∞,

then
〈u(0), µ(T )〉 = 〈u(T ), ν〉.

Proof: By Lemma 2.1.1 we know that (2.1.2) holds. Now define ψR, R
≥ 1, as in the preceding proof, and set uR = ψRu. Then, by Lebesgue’s
Dominated Convergence Theorem,

〈u(0), µ(T )〉 − 〈u(T ), ν〉 = lim
R→∞

(
〈uR(0), µ(T )〉 − 〈uR(T ), ν〉

)
= lim
R→∞

∫ T

0

d

dt
〈uR(T − t), µ(t)〉 dt

= lim
R→∞

∫ T

0

〈LuR(T − t)− ψRLu(T − t), µ(t)〉 dt

= lim
R→∞

∫ T

0

〈
u(T − t)LψR +

(
∇u(T − t), a∇ψR

)
RN , µ(t)

〉
dt.

By the argument used in the preceding proof, both u(T − t, x)LψR(x) and∣∣(∇u(T − t, x), a(x)∇ψR(x)
)

RN
∣∣ are bounded by a constant, independent

of t ∈ [0, T ] and R ≥ 1, times (1 + |x|2r)1B(0,R){(x). Hence, by Lebesgue’s
Dominated Convergence Theorem,

lim
R→∞

∫ T

0

〈
u(T − t)LψR +

(
∇u(t), a∇ψR

)
RN , µ(t)

〉
dt = 0. �

2.1.2. Uniqueness of Solutions to Kolmogorov’s Equations: Our
first application of Theorem 2.1.3 shows that the existence of solutions to
Kolmogorov’s forward equation guarantees uniqueness for the solutions of
his backward equation.

Corollary 2.1.4. Let a and b be as in Theorem 2.1.3, define L from a
and b by (1.1.8), and assume that (t, x) P (t, x) is a continuous transition
probability function for which (1.2.5) holds whenever ϕ ∈ C∞c (RN ; R).
Then, for each slowly increasing ϕ ∈ C(RN ; C) there is at most one solution
u ∈ C1,2

(
(0,∞)× RN ; C

)
to (2.0.1) which satisfies the growth condition

sup
t∈[0,T ]×RN

|u(t, x)|+
(
∇u(t, x), a(x)∇u(t, x)

) 1
2

RN

1 + |x|2r
<∞, T ∈ (0,∞),

for some r ∈ [0,∞). In fact, u(t, x) = 〈ϕ, P (t, x)〉.
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Proof: By applying the preceding to (t, x) ∈ [0, T ]×RN 7−→ u(s+t, x) ∈ C
for 0 < s < T and 0 ≤ t ≤ T − s, we see that u(s+ T, x) = 〈u(s), P (T, x)〉,
and so the result follows when we let s↘ 0. �

Remark 2.1.5. By considering the Markov process whose transition prob-
ability function is (t, x) P (t, x) and using Doob’s Stopping Time The-
orem, one can dispense in the preceding with the growth condition on
(∇u, a∇u)RN .

Finally, we apply Theorem 2.1.3 to show that uniqueness for solutions to
(1.1.11) is implied by the existence of solutions to (2.0.1).

Corollary 2.1.6. Again let a and b be as in Theorem 2.1.3, and assume
that for each ϕ ∈ C2

c (RN ; R) there is a solution u ∈ C1,2
(
(0,∞) × RN ; R

)
to (2.0.1) satisfying

sup
(t,x)∈[0,T ]×RN

‖∇2u(t, x)‖H.S.
1 + |x|2r

<∞

for some r ∈ [0,∞) and all T ∈ (0,∞). Then, for each ν ∈ M1(RN )
with moments of all orders, there is at most one t µ(t) satisfying (1.1.11)
for all ϕ ∈ C2

c (RN ; R). In particular, if t P (t, x) is the solution with
ν = δx and {Pn(t, x) : n ≥ 0} is defined relative to a and b as in § 1.2,
then (t, x) P (t, x) is a continuous probability function and {Pn : n ≥ 0}
converges to P in the sense that

〈ϕn, Pn(tn, xn)〉 −→ 〈ϕ, P (t, x)〉

whenever (tn, xn)→ (t, x) in [0,∞)×RN and {ϕn : n ≥ 0} ⊆ C(RN ; C) is
a uniformly slowly increasing sequence which converges to ϕ uniformly on
compacts.

Proof: Using the same argument as we used in the proof of Corollary
2.1.4, one sees that

〈u(T ), ν〉 = lim
s↘0
〈u(s), µ(T )〉 = 〈ϕ, µ(T )〉.

Thus µ(T ) is uniquely determined for each T ∈ [0,∞). To prove the as-
serted convergence result, suppose that (tn, xn) −→ (t, x), and note that,
starting from (1.1.21), we can use the argument given in the proof of the
last part of Lemma 1.1.19 to check that {Pn(tn, xn) : n ≥ 1} is relatively
compact in C

(
[0,∞)×RN ; RN

)
. Thus, since every limit will be a solution

to (1.2.5) and, as we just showed, there is only one such solution, it follows
that {Pn(tn, xn) : n ≥ 0} converges in M1(RN ) to the unique P (t, x) satis-
fying (1.2.5). Hence, we now know Pn −→ P in C

(
[0,∞)×RN ; M1(RN )

)
.

In particular, this means that (t, x) P (t, x) is continuous. To see that it is
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a transition probability function, one can use the remark given in introduc-
tion to § 1.2. Alternatively, one can argue by uniqueness. That is, observe
that both

t P (s+ t, x) and t 
∫
P (t, y)P (s, x, dy)

satisfy (1.1.11) with ν = P (s, x) and therefore, by uniqueness, must be
equal. Finally, to complete the proof, suppose the {ϕn : n ≥ 0} and ϕ
are as the final assertion. To prove the asserted convergence, note that,
by Lemma 1.3.3, supn≥0

∫
|y|2r Pn(t, x, dy) < ∞ for each r ≥ 1. Hence,

exactly the same argument as was used to prove Theorem 1.3.4 applies
here. �

Before moving on, we mention a somewhat technical extension of Corol-
lary 2.1.6, one which is useful in borderline situations.

Corollary 2.1.7. In the setting of Corollary 2.1.6, all the conclusions
there continue to hold if, for each ϕ ∈ C∞c (RN ; R) and T > 0, there exists
a sequence {uk : k ≥ 1} ⊆ C1,2

(
[0, T ] × RN : R

)
with the properties that

uk(0) −→ ϕ uniformly on compacts, and there exists an rT ≥ 0 such that

sup
k≥0

sup
(t,x)∈[0,T ]

|∂tuk(t, x)| ∨ |∇uk(t, x)| ∨ ‖∇2uk(t, x)‖H.S.
1 + |x|2rT

<∞

and

lim
k→∞

sup
(t,x)∈[0,T ]×RN

|(∂t − L)uk(t, x)|
1 + |x|2rT

= 0.

Proof: By looking at its proof, one realizes that everything in Corollary
2.1.6 will follow once we prove the uniqueness statement. For this purpose,
choose ψ ∈ C∞c

(
B(0, 2); [0, 1]

)
so that ψ = 1 on B(0, 1), and set vk(t, x) =

ψ(k−1x)uk(t, x), ϕk = vk(0), and gk = (L−∂t)vk. Then the argument used
in the proof of Corollary 2.1.4 shows that

〈ϕk, µ(T )〉 − 〈vk(T ), ν〉 =
∫ T

0

〈gk(T − t), µ(t)〉 dt.

At the same time, it is easy to check that

lim
k→∞

sup
(t,x)∈[0,T ]×RN

|ϕk(x)− ϕ(x)| ∨ |gk(t, x)|
1 + |x|2(rT+1)

= 0.

Hence, by (2.1.2) and Lebesgue’s Dominated Convergence Theorem, 〈ϕ, µ(T )〉
= limk→∞〈vk(T ), ν〉. �

2.2 Smoothness in the Backward Variable

Let σ : RN −→ Hom(RM ; RN ) and b : RN −→ RN be smooth functions,
and assume that their first derivatives are bounded and that their higher
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order derivatives are slowly increasing. Let (t, x) P (t, x) be the corre-
sponding transition probability function constructed in § 1.2. In this sec-
tion we will show that x 〈ϕ, P (t, x)〉 is `-times continuously differentiable
whenever ϕ is a function which is `-times differentiable with derivatives
that are slowly increasing.
2.2.1. Differentiating the Backward Variable: Let σ and b be as
above, and define {Pn : n ≥ 0} accordingly, as in § 1.2. That is, Pn(0, x) =
δx and, for m2−n ≤ t ≤ (m+ 1)2−n,

Pn(t, x) =
∫
Q(t−m2−n, y)Pn(m2−n, x, dy),

where Q(t, x) is the distribution of

ω ∈ RM 7−→ F (t, x, ω) ≡ x+ t
1
2σ(x)ω + tb(x) ∈ RN

under γ.
Next, set Ω = (RM )Z+

and Γ = γZ+
. Define Xn : [0,∞)×RN×Ω −→ RN

so that

(2.2.1)
Xn(0, x,ω) = x & Xn(t, x,ω) = F

(
t−m2−n, Xn(m2−n,ω), ωm+1

)
for m2−n ≤ t ≤ (m+ 1)2−n and ω = (ω1, . . . , ωm, . . . ) ∈ Ω.

Notice that, for t ≤ m2−n, ω Xn(t, x,ω) depends only on (ω1, . . . , ωm)
and is therefore independent of σ({ω` : ` ≥ m+ 1}) under Γ.

Lemma 2.2.2. For each n ≥ 0 and (t, x) ∈ [0,∞) × RN , Pn(t, x) is the
distribution of ω Xn(t, x,ω) under Γ. That is, for any slowly increasing
ϕ ∈ C(RN ; C),

〈ϕ, Pn(t, x)〉 =
∫
ϕ ◦Xn(t, x,ω) Γ(dω).

Proof: Obviously, there is nothing to do when t = 0. Now assume the
result for t ∈ [0,m2−n], and let t = m2−n + τ , where τ ∈ [0, 2−n]. Then,
by the preceding remark about independence,

〈ϕ, Pn(t, x)〉 =
∫
〈ϕ,Q(τ, y)〉Pn(m2−n, x, dy)

=
∫ 〈

ϕ,Q
(
τ,Xn(m2−n, x,ω)

)〉
Γ(dω)

=
∫ (∫

ϕ ◦ F
(
τ,Xn(m2−n, x,ω), ωm+1

)
γ(dωm+1)

)
Γ(dω)

=
∫
ϕ ◦Xn(t, x,ω) Γ(dω).
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Hence, by induction, on m ≥ 0, we are done. �
Before taking the next step, we need to introduce some notation. Given

` ≥ 1 and Φ ∈ C`(RN ; RN ′), we use ∇`Φ to denote the mapping from RN
into Hom

(
(RN )⊗`; RN ′

)
determined by

∇`Φ(x)ξ1 ⊗ · · · ⊗ ξ` =
∂`

∂t1 · · · ∂t`
Φ

(
x+

∑̀
k=1

tkξk

)∣∣∣∣
t1=···=t`=0

for (ξ1, . . . , ξ`) ∈ (RN )`. Using the chain rule and induction on `, one can
check that if Φ ∈ C`(RN ; RN ′) and Ψ ∈ C`(RN ′ ; RN ′′), then

(2.2.3) ∇`(Ψ ◦ Φ) =
∑̀
k=1

∑
β∈B(k,`)

cβ
(
(∇kΦ) ◦ Φ

)
∇⊗βΨ,

where B(k, `) =
{
β ∈ (Z+)k :

∑k
j=1 βj = `

}
, ∇⊗βΦ = ∇β1Φ⊗· · ·⊗∇βkΦ,

and the coefficients cβ are given by the prescription: cβ = 1 if β ∈ B(1, `)∪
B(`, `) and, for β ∈ B(k, `+ 1) with 2 ≤ k ≤ `,

cβ = δβ1,1c(β2,...,β`+1) +
∑

α∈P(β)

cα,

where P(β) (the “parents of β”) is the set of α ∈ B(k, `) with the property
that βj = δi,j + αj , 1 ≤ j ≤ k, for some 1 ≤ i ≤ k.

Using (2.2.1), (2.2.3), and induction on m ≥ 0, one sees that, for each
(t,ω) ∈ [m2−n, (m + 1)2−n] × Ω, x Xn(t, x,ω) is `-times continuously
differentiable. In fact, if X`

n(t, x,ω) ≡ ∇`Xn(t, x,ω) (the differentiation
being with respect to the x-variables only), then

(2.2.4)

X`
n(t, x,ω)

=
∑̀
k=1

∑
β∈B(k,`)

cβ∇kF
(
τ,Xn(m2−n, x,ω), ωm+1

)
X⊗βn (m2−n, x,ω)

for m2−n ≤ t ≤ (m+ 1)2−n and τ = t−m2−n,

where X⊗βn ≡ Xβ1
n ⊗ · · · ⊗Xβk

n . In addition, under the conditions we have
imposed on σ and b, we know that there exist C <∞ and r ≥ 1 for which

|F (τ, x, ω)| ∨ max
1≤k≤`

‖∇kF (τ, x, ω)‖H.S. ≤ C(1 + |x|)r(1 + |ω|)

when (τ, x, ω) ∈ [0, 1]×RN ×RM , and so one can use (2.2.4) to check that,
for each n ∈ N, r ≥ 1, t ∈ (0,∞), and R > 0,∫

sup
|x|≤R

(
|Xn(t, x,ω)| ∨ max

1≤k≤`
‖Xk

n(t, x,ω)‖H.S.
)2r

Γ(dω) <∞.
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Lemma 2.2.5. Given a slowly increasing ϕ ∈ C(RN ; C), set

uϕ,n(t, x) =
∫
ϕ(y)Pn(t, x, dy).

If ϕ is `-times differentiable and its derivatives are slowly increasing, then,
for each n ≥ 0 and t ∈ [0,∞), uϕ,n(t, · ) is `-times continuously differen-
tiable and

∇`uϕ,n(t, x) =
∑̀
k=1

∑
β∈B(k,`)

cβ

∫
∇kϕ

(
Xn(t, x,ω)

)
X⊗βn (t, x,ω) Γ(dω).

Proof: The result is an immediate consequence of (2.2.3) and an applica-
tion of the preceding integrability estimate to justify differentiation under
the integral sign. �

2.2.2. The Distribution of Derivatives: Based on the result in Lemma
2.2.5, we now want to prove that (cf. (2.0.2)) uϕ(t, · ) is just as smooth as ϕ
and the coefficients σ and b are. For this purpose, we will use the contents
of § 1.3.3 to control what happens when we let n→∞ in Lemma 2.2.5.

Given ` ≥ 1, set E` = Hom
(
(RN )⊗`; RN

)
, E(`) = E1 × · · · × E`, and

‖J‖E(`) =

(∑̀
k=1

‖Jk‖2H.S.

) 1
2

and Jβ = Jβ1
1 ⊗ · · · ⊗ J

β`
`

for J = (J1, . . . , J`) ∈ E(`) and β ∈ (Z+)`. Next, define σ` : RN ×E(`) −→
Hom(RM ;E`) and b` : RN ×E(`) −→ E` so that

σ`(x,J)ω =
∑̀
k=1

∑
β∈B(k,`)

cβ∇k
(
σ(x)ω

)
J⊗β

and

b`(x,J) =
∑̀
k=1

∑
β∈B(k,`)

cβ∇kb(x)J⊗β

for x ∈ RN and J = (J1, . . . , J`) ∈ E(`). Finally, determine σ(`) : RN ×E(`)

−→ Hom(RM ; RN ×E(`)) and b(`) : RN ×E(`) −→ RN ×E(`) by

σ(`)(x,J) =


σ(x)

σ1(x, J1)
...

σ`(x,J)

 and b(`)(x,J) =


b(x)

b1(x, J1)
...

b`(x,J)

 .
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We next define P
(`)
n

(
t, (x,J)

)
in terms of σ(`) and b(`) by the usual

prescription. That is, P (`)
n

(
0, (x,J)

)
= δ(x,J) and

P (`)
(
t, (x,J)

)
=
∫
Q(`)

(
t− [t]n, (x′,J′)

)
P (`)
n

(
[t]n, (x,J), dx′ × dJ′

)
),

where Q(`)
(
t, (x,J)

)
is the distribution of

ω 

(
x
J

)
+ t

1
2σ(`)(x,J)ω + tb(`)(x,J) under γ.

By repeating the argument used to prove Lemma 2.2.2, we see that, for any
slowly increasing ϕ ∈ C

(
RN ×E(`); C

)
,

(2.2.6)

∫
ϕ
(
Xn(t, x,ω), X1

n(t, x,ω), · · · , X`(t, x,ω)
)

Γ(dω)

=
〈
ϕ, P (`)

(
t, (x,J0)

)〉
, where J0 ≡ (I, 0, . . . , 0).

Theorem 2.2.7. Assume that σ and b are smooth functions whose first
derivatives are bounded and whose higher order derivatives are slowly in-
creasing. Set

C1 = sup
x∈RN

(
‖∇b(x)‖2H.S. + ‖∇σ(x)‖2H.S.

)
,

and, for k ≥ 2, take rk ∈ [0,∞) so that

Ck = sup
x∈RN

‖∇kb(x)‖2H.S. + ‖∇kσ(x)‖2H.S.
1 + |x|2rk

<∞.

Then, for each ` ≥ 1, there is an r(`) ∈ [1,∞) and a continuous map

r ∈ [1,∞) 7−→ C
(`)
r ∈ (0,∞), depending only on `, ‖σ(0)‖H.S., |b(0)|,

max1≤k≤` rk, and max1≤k≤` Ck, such that

sup
n≥0

∫ (
|x′|2r + ‖J′‖2rE(`)

)
P (`)
n

(
t, (x,J), dx′ × dJ′

)
≤ C(`)

r eC
(`)
r t
(
1 + |x|2rr

(`)
+ ‖J‖2rr

(`)

E(`)

)
.

Furthermore, there is a continuous transition probability function
(
t, (x,J)

)
 P (`)

(
t, (x,J)

)
to which {P (`)

n : n ≥ 0} converges in C
(
[0,∞) × RN ×

E(`); M1(RN ×E(`))
)
. In particular,∫ (

|x′|2r + ‖J′‖2rE(`)

)
P (`)

(
t, (x,J), dx′ × dJ′

)
≤ C(`)

r eC
(`)
r t
(
1 + |x|2rr

(`)
+ ‖J‖2rr

(`)

E(`)

)
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and
〈ϕn, P (`)

n

(
tn, (xn,Jn)

)
〉 −→ 〈ϕ, P (`)

(
t, (x,J)

)
〉

if
(
tn, (xn,Jn)

)
−→

(
t, (x,J)

)
in [0,∞) × RN × E(`) and {ϕn : n ≥ 0} ⊆

C
(
RN × E(`); C

)
is a uniformly slowly increasing sequence which tends to

ϕ uniformly on compacts. Finally, if σ, b, and their derivatives of order
through ` are bounded, then, for each r ∈ [0,∞), there is a continuous

r ∈ [0,∞) 7−→ C
(`)
r ∈ (0,∞), depending only on the bounds on σ, b, and

their derivatives through order `, such that (cf. (2.2.6))

sup
n≥0

∫ (
|x′ − x|2r + ‖J′‖2rE(`)

)
P (`)
n

(
t, (x,J0), dx′ × dJ′

)
≤ C(`)

r eC
(`)
r t

and ∫ (
|x′ − x|2r + ‖J′‖2rE(`)

)
P (`)

(
t, (x,J0), dx′ × dJ′

)
≤ C(`)

r eC
(`)
r t.

Proof: Because, for each k ≥ 1, σk is linear as a function of Jk, all but
the final assertion are simple applications of Theorem 1.3.14.

Now assume that σ, b, and their derivatives through order ` are bounded.
One way to prove the asserted estimates is to trace through the proof given
and check that, under these boundedness conditions, the right-hand side can
be made independent of x. A second way is to begin by observing that these
assumptions are translation invariant. Next, check that, for each x ∈ RN ,
P (`)

(
t, (x,J0)

)
is equal to P

(`)
x

(
t, (0,J0)

)
, where P

(`)
x is defined relative

to the translated coefficients σ(x + · ) and b(x + · ). Hence, the asserted
estimate follows from the previous one applied to P (`)

x

(
t, (0,J0)

)
. �

Corollary 2.2.8. Refer to the conditions and notation in Theorem
2.2.7. If ϕ ∈ C`(RN ; C) satisfies

∑̀
k=0

sup
x∈RN

‖∇kϕ(x)‖H.S.
1 + |x|r

<∞

for some r ∈ [1,∞) and uϕ is given by (2.0.2), then, for each t ≥ 0,
uϕ(t) ∈ C`(RN ; C),

∇`uϕ(t, x) =
∑̀
k=1

∑
β∈B(k,`)

cβ

∫
∇kϕ(y)J⊗β P(`)

(
t, (x,0), dy × dJ),

and so

‖∇`uϕ(t, x)‖H.S. ≤ κ`eκ`t(1 + |x|)(r+`)r(`) ∑̀
k=0

sup
y∈RN

‖∇kϕ(y)‖H.S.
1 + |y|r

,
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where C`(ϕ) depends only on `, r, C, ‖σ(0)‖H.S., |b(0)|, max1≤k≤` Ck,
and max1≤k≤` rk. In particular, if ` = 2m, where m ≥ 1, then uϕ ∈
Cm,2m

(
[0,∞) × RN ; C

)
and ∂mt uϕ = Lmuϕ. Finally, if σ, b, and their

derivatives through order ` are all bounded, then

‖∇`uϕ(t)‖u ≤ κ`eκ`t
∑̀
k=0

‖∇kϕ‖u.

Proof: The differentiability of uϕ and the formula for ∇`uϕ(t, x) follow
immediately from Lemma 2.2.5, (2.2.6), and Theorem 2.2.7. Given the
formula for ∇`uϕ(t, x), the stated estimates follow from the estimates in
Theorem 2.2.7 and Schwarz’s inequality.

Turning to the derivatives of uϕ with respect to t, we can apply the ar-
gument used in the derivation of (2.0.1). Namely, knowing that uϕ(t, · ) is
twice continuously differentiable with slowly increasing second order deriva-
tives, that argument shows that ∂tuϕ = Luϕ. Assuming the result for m−1,
use the Chapman–Kolmogorov equation to see that

∂m−1
t uϕ(t+ h, x) = ∂m−1

t

∫
uϕ(t, y)P (h, x, dy)

=
∫
Lm−1uϕ(t, y)P (h, x, dy),

and apply the reasoning for (2.0.1), with Lm−1uϕ(t) replacing ϕ, to get the
desired conclusion. �
2.2.3. Uniqueness of Solutions to Kolmogorov’s Equation: By
combining Corollaries 2.1.6 and 2.2.8, we arrive at the following uniqueness
statement for solutions to Kolmogorov’s forward equation. See Theorem
Theorem 2.4.6 below for an important extension.

Theorem 2.2.9. Let L be given by (1.1.8), where a = σσ> and σ and
b are twice continuously differentiable functions whose first derivatives are
bounded and whose second derivatives are slowly increasing. Then the hy-
potheses of Corollary 2.1.7 are satisfied and therefore all the conclusions
drawn in Corollary 2.1.6 hold. In particular, there is a unique continu-
ous transition probability function (t, x) P (t, x) satisfying (1.2.5) and, for
each ν with moments of all orders, t µ(t) =

∫
P (t, x) ν(dx) is the one and

only solution to (1.1.11).

Proof: We must construct a sequence {uk : k ≥ 1} of the sort described in
Corollary 2.1.7. To this end, choose ρ ∈ C∞c

(
B(0, 1); [0,∞)

)
with integral

1, and set ρk(x) = kNρ(kx), σk = ρk ? σ, and bk = ρk ? b. Then, for each k,
σk and bk are smooth and have slowly increasing derivatives of all orders.
Moreover,

sup
k≥1

sup
x∈RN

‖σk‖2H.S. + ‖bk(x)‖2H.S.
1 + |x|2

<∞
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and

sup
k≥1

sup
x∈RN

‖∇2σk‖2H.S. + ‖∇2bk(x)‖2H.S.
1 + |x|2r

<∞

for some r ≥ 0. Now let (t, x) P k(t, x) denote the transition probability
function constructed in § 1.2 for ak = σkσ

>
k and bk, and set uk(t, x) =

〈ϕ, P k(t, x)〉, where ϕ is a given element of C∞c (RN ; R). For each k, uk is
a smooth solution to ∂tu = Lku with u(0) = ϕ, where Lk is defined by
(1.1.8) with a = ak and b = bk. Moreover, ‖uk‖u ≤ ‖ϕ‖u and, for each
T > 0, {∇uk(t, · ) : k ≥ 1} and {∇2uk(t, · ) : k ≥ 1} are uniformly slowly
increasing sequences. Hence, for some r′ ≥ 0,

|(∂t − L)uk(t, x)|
1 + |x|r′

=
|(Lk − L)uk(t, x)|

1 + |x|r′
−→ 0

uniformly for (t, x) ∈ [0, T ]× RN . �

2.3 Square Roots
One of the most severe weaknesses of the theory developed in §§ 1.2 and

2.2 is that it relies on our being able to take a good square root of the
matrix a. Indeed, when a can degenerate and we need its square root to
be smooth, this flaw is fatal: In general, there is simply no way to take a
smooth square root of a, even when a is analytic. Nonetheless, as we are
about to see, there is no problem when a is non-degenerate and, if all that
one requires is Lipschitz continuity, there is no problem as long as a is twice
differentiable.
2.3.1. The Non-Degenerate Case: In the following, when a is a non-
negative definite and symmetric matrix, a

1
2 denotes the non-negative defi-

nite, symmetric square root of a.

Lemma 2.3.1. Assume that a : RN −→ Hom(RN ; RN ) is an `-times contin-
uously differentiable, symmetric, non-negative definite matrix-valued func-
tion for some ` ≥ 1. Further, assume that a(x) is strictly positive definite,

and let λmin(x) denote its smallest eigenvalue. Then a
1
2 is `-times contin-

uously differentiable at x and there is a universal constant C` < ∞ such
that

‖∇`a 1
2 (x)‖H.S. ≤ C`λmin(x)

1
2

∑̀
k=1

(
‖a(x)‖(k)

H.S.

λmin(x)

)k
,

where ‖a(x)‖(`)H.S. = max1≤k≤` ‖∇ka(x)‖H.S..

Proof: Given R ∈ (1,∞), let A(R) be the space of symmetric N × N -
matrices a satisfying R−1I < a < RI, and define ΦR : A(R) −→ A(R

1
2 )

by

ΦR(a) = R
1
2

∞∑
m=0

( 1
2

m

)(
R−1a− I

)m
,
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where
( 1

2
m

)
is the coefficient of ξm in the Taylor’s expansion of x (1+ξ)

1
2 at

0. By testing its action on the eigenvectors of a, one sees that a
1
2 = ΦR(a).

Hence, by (2.2.3), in order to prove the result, it suffices to check that
there exists a B` <∞ such that, for any symmetric matrices E1, . . . , E` ∈
Hom(RN ; RN ) with ‖Ek‖H.S. = 1,∥∥∥∥ ∂`

∂E1 · · · ∂E`
ΦR(a)

∥∥∥∥ ≤ B`λ 1
2−`,

where λ is the smallest eigenvalue of a. But clearly

∂`

∂E1 · · · ∂E`
ΦR(a) = R

1
2

∞∑
m=`

( 1
2

m

)
D(m)(a),

where D(m)(a) is the sum of m!
(m−`)! terms, each of which is the product of

m factors: ` being Ek’s and the other (m− `) being a
R − I. In particular,

‖D(m)(a)‖H.S. ≤
∥∥ a
R − I

∥∥m−`
op

∏
k=1

‖Ek‖H.S. =
(
1− λ

R

)m−`
,

Hence∥∥∥∥ ∂`

∂E1 · · · ∂E`
ΦR(a)

∥∥∥∥
H.S.

≤ R 1
2

∞∑
m=`

∣∣∣∣( 1
2

m

)∣∣∣∣ m!
(m− `)!

(
1− λ

R

)m−`
= (−1)`+1 d`

dξ`

(
R

1
2

∞∑
m=0

( 1
2

m

)(
ξ
R − 1

)m)∣∣∣∣
ξ=λ

= (−1)`+1 d`

dξ`
ξ

1
2

∣∣∣∣
ξ=λ

= `!
∣∣∣∣( 1

2

`

)∣∣∣∣λ 1
2−`. �

2.3.2. The Degenerate Case: Obviously, Lemma 2.3.1 is very satisfac-
tory as long as a is bounded below by a positive multiple of the identity.
When a can degenerate, the following is essentially the best which one can
say in general.

The basic fact which allows us to deal with degenerate a’s is an elemen-
tary observation about non-negative functions. Namely, if f ∈ C2

(
R; [0,∞)

)
,

then

(2.3.2) |f ′(t)| ≤
√

2‖f ′′‖u f(t), t ∈ R.

To see this, use Taylor’s theorem to write 0 ≤ f(t + h) ≤ f(t) + hf ′(t) +
h2

2 ‖f
′′‖u for all h ∈ R. Hence |f ′(t)| ≤ h−1f(t) + h

2 ‖f
′′‖u for all h > 0, and

so (2.3.2) results when one minimizes with respect to h.
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Lemma 2.3.3. Assume that a : RN −→ Hom(RN ; RN ) is a twice contin-
uously differentiable, non-negative definite, symmetric matrix valued func-
tion. If

Λ ≡ sup
{
‖∂2
ea(x)‖op : x ∈ RN and e ∈ SN−1

}
<∞,

then ∥∥a 1
2 (y)− a 1

2 (x)
∥∥

H.S.
≤ N
√

2Λ |y − x|.

Proof: First observe that it suffices to handle a’s which are uniformly
positive definite. Indeed, given the result in that case, we can prove the
result in general by replacing a with a+εI and then letting ε↘ 0. Thus, we
will, from now on, assume that a(x) ≥ εI for some ε > 0 and all x ∈ RN .
In particular, by Lemma 2.3.1, this means that a

1
2 is twice continuously

differentiable and that the required estimate will follow once we show that

(*)
∥∥∂ea 1

2 (x)
∥∥

H.S.
≤ N
√

2Λ

for all x ∈ RN and e ∈ SN−1.
To prove (*), let x be given, and choose an orthonormal basis (e1, . . . , eN )

with respect to which a(x) is diagonal. Then, from a = a
1
2 a

1
2 and Leibniz’s

rule, one obtains

∂eaij = ∂ea
1
2
ij(x)

(√
aii (x) +

√
ajj(x)

)
,

where aij =
(
ei, aej

)
RN . Hence, because

√
α+
√
β ≥
√
α+ β for all α, β ≥

0, ∣∣∂ea 1
2
ij(x)

∣∣ ≤ |∂eaij(x)|√
aii(x) + ajj(x)

.

To complete the proof of (*), set

f±(t) =
(
ei ± ej , a(x+ te)ei ± ej

)
RN ≥ 0,

note that ∣∣∂eaij(x)
∣∣ =
|f ′+(0)− f ′−(0)|

4
≤
|f ′+(0)|+ |f ′−(0)|

4
,

and apply (2.3.2) to get

(2.3.4)
∣∣∂eaij(x)

∣∣ ≤√2Λ
(
aii(x) + ajj(x)

)
,

which, in conjunction with the preceding, leads first to∣∣∂ea 1
2
ij(x)

∣∣ ≤ √2Λ
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and thence to (*). �
As we mentioned earlier, even if a is real analytic as a function of x, it

will not always be possible to find a smooth σ such that a = σσ>. The
reasons for this have their origins in classical algebraic geometry. Indeed,
D. Hilbert showed that it is not possible to express every non-negative
polynomial as a finite sum of squares of polynomials. After combining this
fact with Taylor’s theorem, one realizes that it rules out the existence of a
smooth choice of σ. Of course, the problem arises only at the places where
a degenerates: Away from degeneracies, as the proof of Lemma 2.3.1 shows,
the entries of a

1
2 are analytic functions of the entries of a.

In spite of the preceding, it should be recognized that, although Lipschitz
continuity is the best one can do in general, there are circumstances in
which one can do better, especially if one is willing to consider square
roots other than the non-negative, symmetric one. For example, consider
a : R2 −→ Hom(R2; R2) given by a(x)ij = xixj . Because a(x)2 = |x|2a(x),
a

1
2 (x) = |x|−1a(x), which is not smooth at the origin. On the other hand,

σ(x) =
(
x1

x2

)
is smooth everywhere, and a(x) = σ(x)σ(x)>.

2.4 Oleinik’s Approach
As the preceding section makes clear, basing our theory on properties of

σ instead of a creates a serious weakness in degenerate situations. Thus,
it is important to know that there is a way of getting estimates of the sort
in Corollary 2.2.8 without relying on the existence of a smooth σ. The key
ideas here are due to O. Oleinik.
2.4.1. The Weak Minimum Principle: In this subsection, a : RN −→
Hom(RN ; RN ) and b : RN −→ RN are bounded, measurable functions; a(x)
is symmetric and non-negative definite for each x ∈ RN ; and L is defined
from a and b as in (1.1.8).

Lemma 2.4.1. If u ∈ C1,2((0, T ]× RN ; R) is bounded below and satisfies

(L− ∂t)u ≤ 0 on (0, T ]× RN and lim
t↘0

inf
x∈B(0,R)

u(t, x) ≥ 0 for R > 0,

then u ≥ 0 on (0, T ]× RN .

Proof: We first show that if (L− ∂t)u < 0 on (0, T ]×RN , then u cannot
achieve a minimum there. To this end, suppose that u achieved a minimum
at (t0, x0). Then, by the first and second derivative tests, ∂tu(t0, x0) ≤
0, ∇u(t0, x0) = 0, and ∇2u(t0, x0) would be symmetric and non-negative
definite. But this would lead to the contradiction that (L− ∂t)u(t0, x0) ≥
0, since the product of two symmetric, non-negative matrices has a non-
negative trace.

We now return to the original assumptions. For δ > 0 and ε > 0, set

uε,δ(t, x) = u(t, x) + δt+ εet|x|2.
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Then

(L− ∂t)uε,δ(t, x) ≤ −δ + εet
[
−|x|2 + Trace

(
a(x)

)
+ 2
(
x, b(x)

)
RN

]
≤ −δ + εet

[
|b(x)|2 + Trace

(
a(x)

)]
.

Thus, for each δ > 0, there exists an ε(δ) > 0 such that (L − ∂t)uε,δ < 0
in (0, T ] × RN when ε < ε(δ). In addition, for any δ > 0 and ε > 0,
uε,δ(t, x) −→ ∞ uniformly in t ∈ (0, T ] as |x| → ∞. Hence, if uε,δ were
to become negative somewhere in (0, T ] × RN , then there would exist a
sequence {(tn, xn) : n ≥ 1} ⊆ (0, T ]×RN which converges to some (t0, x0) ∈
[0, T ]× RN and for which

0 > inf{uε,δ(t, x) : (t, x) ∈ (0, T ]× RN} = lim
n→∞

uε,δ(tn, xn).

Moreover, by the second assumption made about u, t0 > 0, and so (t0, x0) ∈
(0, T ]×RN would be a point at which uε,δ achieves its minimum value. In
particular, because this cannot happen when ε < ε(δ), we have now shown
that uε,δ ≥ 0 for ε < ε(δ). Now let ε↘ 0 and then δ ↘ 0. �

Theorem 2.4.2. Assume that u ∈ C1,2
(
(0, T ] × RN ; R

)
∩ Cb

(
[0, T ] ×

RN ; R
)

satisfies (
L− ∂t + c(t)

)
u ≥ −g(t) on (0, T ]× RN ,

where c and g are continuous R-valued functions on [0, T ]. Then

u(t, x) ≤ ‖u(0, · )‖ueC(t) +
∫ t

0

g(τ)eC(t)−C(τ) dτ,

where C(t) ≡
∫ t

0
c(τ) dτ .

Proof: Set

v(t, x) = ‖u(0, · )‖u − u(t, x)e−C(t) −
∫ t

0

g(τ)e−C(τ) dτ,

and check that (L − ∂t)v ≤ 0 on (0, T ] × RN and limt↘0 infx∈RN v(t, x) ≥
0. Hence, by Lemma 2.4.1, v ≥ 0, which is equivalent to the asserted
estimate. �
2.4.2. Oleinik’s Estimate: Let a, b, and L be as in the preceding section.
An important role in Oleinik’s argument is played by the following.

Lemma 2.4.3. Given any symmetric H ∈ Hom(RN ; RN ) and e ∈ SN−1, N∑
i,j=1

∂ea(x)ijHij

2

≤ 4N2ΛTrace
(
Ha(x)H

)
,

where Λ ≡ sup
{
‖∂2
ea(x)‖op : x ∈ RN & e ∈ SN−1

}
.
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Proof: Let x ∈ RN be given, choose an orthogonal transformation O so
that O>a(x)O is diagonal, and set ā(y) = O>a(y)O and H̄ = O>HO.
Then ∑

ij

∂eaij(x)Hij =
∑
ij

∂eāij(x)H̄ij ,

and so, by Schwarz’s inequality and (2.3.4),∑
ij

∂eaij(x)Hij

2

≤ N2
∑
ij

(
∂eāij(x)

)2
H̄2
ij ≤ 4N2Λ

∑
ij

ā(x)iiH̄2
ij

= 4N2ΛTrace
(
Ha(x)H

)
. �

Recall the notation

∂αx f =
∂‖α‖f

∂α1
x1 · · · ∂αNxN

for α ∈ NN ,

where ‖α‖ ≡
∑N

1 αi. In addition, define

‖f‖(`)u =

 ∑
‖α‖≤`

‖∂αf‖2u

 1
2

for ` ≥ 0. Finally, write β ≤ α when βk ≤ αk for each 1 ≤ k ≤ N .

Theorem 2.4.4. Assume that a and b have ` ≥ 2 bounded continuous
derivatives, and let c ∈ C`b(R; R) be given. Given u ∈ C0,`+2

b

(
[0, T ]×RN ; R

)
with ∂αu ∈ C1,0

(
[0, T ]× RN ; R

)
for each ‖α‖ ≤ `, set

g(t, x) =
(
∂t − L− c

)
u(t, x).

Then

‖u(t, · )‖(`)u ≤ A`
[
‖u(0, · )‖(`)u + sup

τ∈[0,t]

‖g(τ, · )‖(`)u

]
eB`t,

where A` <∞ and B` <∞ can be chosen to depend only on N , `, ‖a‖(`)u ,

‖b‖(`)u , and ‖c‖(`)u .

Proof: For ‖α‖ ≤ `, set uα = ∂αu and gα = ∂αg, and use Leibniz’s rule
and induction to check that

∂tuα = Luα +
1
2

∑
k

′ N∑
i,j=1

αk(∂xkaij
)
∂xi∂xjuα̂k +

∑
β≤α

cα,βuβ = −gα,

where
∑
k
′ denotes summation over 1 ≤ k ≤ N with αk > 0; the cα,β ’s are

linear combinations of a, b, c and their derivatives up to order ‖α‖; and,
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when αk > 0, α̂k is obtained from α by replacing αk by αk − 1 and leaving
the other coordinates unchanged. Now remember that Lf2 = 2fLf +
(∇f, a∇f)RN , and use this to see that if 1 ≤ `′ ≤ ` and w`′ ≡

∑
‖α‖=`′ u

2
α,

then

∂tw`′ = Lw`′ +
∑
‖α‖=`′

∑
k

′ N∑
i,j=1

αkuα(∂xkaij)∂xi∂xjuα̂k

−
∑
‖α‖=`′

(
∇uα, a∇uα

)
RN + 2

∑
‖α‖=`′

uαgα +
∑
β≤α

cα,βuαuβ

 .

At first sight, the preceding looks bad: There are (`′ + 1)st order deriva-
tives appearing in places where they should not be. Oleinik’s crucial obser-
vation is that Lemma 2.4.3 allows us to eliminate them. Namely, set Λ =
sup(x,e)∈RN×SN−1 ‖∂2

ea(x)‖op, and conclude that∑
k

′ N∑
i,j=1

αkuα(∂xkaij)∂xi∂xjuα̂k

2

≤ u2
α

(∑
k

′
α2
k

)∑
k

′

 N∑
i,j=1

(∂xkaij)∂xi∂xjuα̂k

2

≤ 4(N`′)2Λu2
α

∑
k

′
Trace

(
∇2uα̂ka∇2uα̂k

)
.

In particular, this shows that there is a C`′ <∞, depending only on N , `′,
and ‖a‖(2)

u , such that ∑
‖α‖=`′

∑
k

′ N∑
i,j=1

αkuα(∂xkaij)∂xi∂xjuα̂k

2

≤ 4C`′w`′
∑
‖α‖=`′

(
∇uα, a∇uα

)
RN ,

and therefore

∑
‖α‖=`′

∑
k

′ N∑
i,j=1

αkuα(∂xkaij)∂xi∂xjuα̂k −
∑
‖α‖=`′

(
∇uα, a∇uα

)
RN ≤ C`′w`′ .

Using the preceding estimate in the equation for ∂tw`′ , we arrive at

(L− ∂t + C`′)w`′ ≥ −2
∑
‖α‖=`′

∑
β≤α

cα,βuαuβ − 2
∑
‖α‖=`′

uαgα.
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Note that

2

∣∣∣∣∣∣
∑
‖α‖=`′

∑
β≤α

cα,βuαuβ

∣∣∣∣∣∣ ≤ 2

 ∑
‖α‖=‖β‖=`′

‖cα,β‖2u

 1
2

w`′

+

∑
α=`′

β<`′

‖cα,β‖2u


1
2 (
‖u(t, · )‖(`

′−1)
u

)2
,

whereas

2

∣∣∣∣∣∣
∑
‖α‖=`′

uαgα

∣∣∣∣∣∣ ≤ w`′ +
(
‖g(t, · )‖(`

′)
u

)2
.

Hence, after adjusting C`′ , we have

(**) (L− ∂t + C`′)w`′ ≥ −C`′
(
‖u(t, · )‖(`

′−1)
u

)2 − (‖g(t, · )‖(`
′)

u

)2
.

Given (**), one proceeds by induction on `′. By Theorem 2.4.2, we know
that

‖u(t, · )‖u ≤ eB0t

(
‖u(0, · )‖u + sup

τ∈[0,t]

‖g(τ, · )‖u

)
,

where B0 = ‖c‖u. Next, one applies Theorem 2.4.2 to (**) to carry out
each inductive step. �

Corollary 2.4.5. Under the conditions in Theorem 2.4.4, for each ϕ ∈
C`b(RN ; R) there is a sequence {un : n ≥ 1} ⊆ C1,∞([0,∞)× RN ; R) with
the properties that limn→∞ ‖un(0, · )− ϕ‖u = 0 and

sup
t∈[0,T ]

sup
n≥1
‖un(t, · )‖(`)u <∞

sup
t∈[0,T ]

‖(L− ∂t)un(t, · )‖u −→ 0
for all T ∈ (0,∞).

Moreover, there exists a unique uϕ ∈ Cb(RN ; R) to which any such sequence
converges uniformly on [0, T ] × RN for each T ∈ (0,∞). In particular,
uϕ ∈ C1,`−1

(
[0,∞) × RN ; R

)
and, for each T > 0 and 0 ≤ k < `, ∇kuϕ �

[0, T ]×RN is bounded and uniformly Lipschitz continuous. Finally, if ` ≥ 3,
then uϕ ∈ C1,2

(
[0,∞)× RN ; R

)
and uϕ solves (2.0.1).

Proof: Choose ρ ∈ C∞c
(
B(0, 1); [0,∞)

)
with total integral 1; set ρk(x) =

kNρ(kx); take ak(x) = ρk ? a(x) + 1
k I, bk = ρk ? b, and ϕk = ρk ? ϕ; and

define Lk accordingly from ak and bk. Because, by Lemma 2.3.1, the posi-
tive definite, symmetric square root σk of ak has bounded derivatives of all
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orders, Corollary 2.1.6 guarantees that Lk determines a transition probabil-
ity function (t, x) P k(t, x) and Corollary 2.2.8 says that (t, x) uk(t, x) =
〈ϕk, P k(t, x)〉 is smooth and solves ∂tu = Lnu. Furthermore, because ϕk,
σk, bk, and their derivatives are all bounded, the last part of Corollary 2.2.8
says that, for each k ≥ 1, supt∈[0,T ] ‖uk(t, · )‖(`)u < ∞. But, because the
derivatives of ak, bk, and ϕk up to order ` are bounded independent of k ≥ 1,
Theorem 2.4.4 allows us to say that supk≥1 supt∈[0,T ] ‖uk(t, · )‖(`)u <∞. In
particular, gk ≡ (L − ∂t)uk −→ 0 uniformly on [0, T ] × RN . Finally, by
Theorem 2.4.2, for 1 ≤ k1 < k2,

|uk2(t, x)− uk1(t, x)| ≤ ‖ϕk2 − ϕk1‖u +
∫ t

0

‖gk2(τ)− gk1(τ)‖u dτ,

and so there is a uϕ ∈ Cb

(
[0,∞)×RN ; R

)
to which {uk : k ≥ 1} converges

uniformly on [0, T ]× RN for each T ∈ (0,∞). �

As an immediate consequence of Corollaries 2.4.5 and 2.1.7, we have the
following.

Theorem 2.4.6. Assume that a and b are twice continuously differ-
entiable and that they and their derivatives are bounded. Then all the
conclusions in Theorem 2.4.6 and Corollary 2.1.6 hold.

2.5 The Adjoint Semigroup

Up until now we have not given an operator-theoretic interpretation of
our transition probabilities (t, x) P (t, x). However, for the purposes of
this section, it will be important for us to do so now. Thus, define

Ptϕ(x) =
∫
ϕ(y)P (t, x, dy)

for Borel measurable ϕ : RN −→ R which are bounded below. Because
(t, x) P (t, x) is continuous, it is clear that (t, x) Ptϕ is Borel measurable
and that it is continuous when ϕ ∈ Cb(RN ; R). In fact, because P (t, x) is a
probability measure, ϕ ≥ 0 =⇒ Ptϕ ≥ 0, Pt1 = 1, and so ‖Ptϕ‖u ≤ ‖ϕ‖u.
Moreover, the Chapman–Kolmogorov equation for (t, x) P (t, x) becomes
the semigroup property Ps+t = Pt ◦ Pt for the Pt’s. Because it preserves
non-negativity and the constant function 1, the family {Pt : t ≥ 0} is said
to be a Markov semigroup.

We now want to examine the Pt’s as operators on L2(RN ; R). In par-
ticular, we want to work under conditions which guarantee that Pt is a
bounded operator there and to describe its adjoint P>t . Namely, we will
assume that σ : RN −→ Hom(RM ; RN ) and b : RN −→ RN are bounded
smooth functions with bounded derivatives of all orders and will take L to
be the operator given by (1.1.8) with a = σσ>. Then the formal adjoint
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L> of L is the operator

(2.5.1)

L>ϕ =
1
2

N∑
i,j=1

∂xi∂xj
(
aijϕ

)
−

N∑
i=1

∂xi
(
biϕ
)

=
1
2

N∑
i,j=1

aij∂xi∂xjϕ+
N∑
i=1

b>i ∂xiϕ+ V >ϕ,

where

(2.5.2) b>i = −bi +
N∑
j=1

∂xjaij and V > =
1
2

N∑
i,j=1

∂xi∂xjaij −
N∑
i=1

∂xibi.

That is, for ϕ,ψ ∈ C2(RN ; C), one can easily check that

(2.5.3)
(
ϕ,Lψ

)
L2(RN )

=
(
L>ϕ,ψ

)
L2(RN )

if either ϕ or ψ has compact support. Next, referring to § 1.3.2, let (t, x)
 P>(t, x) be the transition function associated with L>. Our main goal
is to show that the adjoint P>t of Pt as an operator on L2(RN ; R) is given
by

(2.5.4) P>t ψ(y) =
∫
ψ(x)P>(t, y, dx).

2.5.1. The Adjoint Transition Function: Proceeding as in § 1.3.2, we
now define

(
t, (y, ξ)

)
∈ [0,∞) × (RN × R) 7−→ P̄>n

(
t, (y, ξ)

)
∈ M1(RN )

relative to (cf. (2.5.2))

σ̄>(y, ξ) =
(
σ(y)

0

)
and b̄>(y, ξ) =

(
b>(y)
V >(y)

)
.

If (t, y) ∈ [0,∞)× RN 7−→ P>(t, y) ∈M(RN ) is given by

(2.5.5) P>(t, y,Γ) =
∫

Γ×R
eη P̄>

(
t, (y, ξ), dx× dη

)
,

where P̄>
(
t, (y, ξ)

)
= limn→∞ P̄>n

(
t, (y, ξ)

)
, then

(2.5.6)

e−t‖(V
>)−‖u ≤ P>(t, y,RN ) ≤ et‖(V

>)+‖u ,

P>(s+ t, x) =
∫
P>(t, y)P>(s, x, dy), and

〈ψ, P>(t, x)〉 − ψ(y) =
∫ t

0

〈L>ψ, P>(τ, x)〉 dτ
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for ψ ∈ C2(RN ; C) with bound second order derivatives. Furthermore, if
ψ ∈ C2

b(RN ; C) and
u>ψ (t, y) = 〈ψ, P>(t, y)〉,

then u>ψ ∈ C1,2
(
[0,∞) × RN ; C

)
, ∂tu>ψ = L>u>ψ , and, for each T > 0,

u>ψ � [0, T ]×RN ∈ C1,2
b

(
[0, T ]×RN ; C

)
. To check these last assertions, first

note that
u>ψ (t, y) = 〈ψ̄, P̄

(
t, (y, 0)

)
〉,

where ψ̄(y, ξ) = eξψ(y), remember (cf. (1.3.5))

P̄>
(
t, (y, 0),RN × [−t‖V >‖u, t‖V >‖u]{

)
= 0,

and apply Theorem 2.2.7 to check the required smoothness properties.
Then, use (2.5.6) to justify

∂tu
>
ψ (t, y) = lim

h↘0

1
h

∫ h

0

〈L>uψ(t), P>(τ, y)〉 dτ = L>u>ψ (t, y).

There is one more matter with which we must deal before we can prove
(2.5.4). Indeed, as yet, we have not discussed the integrability properties
of either Ptϕ or P>t ψ. For this purpose, we will use the following simple
lemma.

Lemma 2.5.7. For each q ∈ (0,∞) there exists a Cq <∞ such that∫ (
1 + |y − x|2

) q
2 P (t, x, dy) ∨

∫ (
1 + |y − x|2

) q
2 P>(t, x, dy) ≤ CqeCqt.

In particular, if ϕ, ψ ∈ Cc(RN ; R), then

lim
|x|→∞

(1 + |x|q) sup
τ∈[0,t]

∣∣Pτϕ(x)
∣∣ ∨ ∣∣P>τ ψ(x)

∣∣ = 0

for all t ∈ [0,∞) and q ∈ (0,∞).

Proof: For any q ∈ R, set

wq(t) = sup
x∈RN

∫ (
1 + |y − x|2

) q
2 P (t, x, dy).

Obviously, wq(t) ≤ 1 when q ∈ (−∞, 0]. Moreover, because

d

dt

∫ (
1 + |y − x|2)

q
2 P (t, x, dy)

=
∫ [

q(q − 2)
(
y − x, a(y)(y − x)

)
RN

2(1 + |y − x|2)
+
q

2
Trace

(
a(y)

)
+ q
(
b(y), y − x

)
RN

](
1 + |y − x|2

) q
2−1

P (t, x, dy),
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we can find a C <∞, depending only on the bounds on a and b, such that

wq(t) ≤ 1 + C(1 + q2)
∫ t

0

(
wq−1(τ) + wq−2(τ)

)
dτ.

Thus, proceeding by induction on m ∈ N, one gets the required estimate
on P (t, x) for m < q ≤ (m + 1). Essentially the same argument works for
P>(t, x). The only change is that one picks up an extra factor of et‖V

>‖u .
Given the preceding, the second part follows easily. Namely, if ϕ vanishes

outside of B(0, R), then, for q ∈ (0,∞) and |x| > R,

∣∣Ptϕ(x)
∣∣ ≤ ‖ϕ‖u

(|x| −R)q

∫
|y − x|q P (t, x, dy),

and similarly for |P>t ψ|. �

Theorem 2.5.8. If (t, x) P>(t, x) is given by (2.5.5) and P>t denotes
the adjoint of Pt as an operator on L2(RN ; R), then (2.5.4) holds. In
particular, for any q ∈ [1,∞),

‖Ptϕ‖Lq(RN ;R) ≤ e
t
q ‖V

>‖u‖ϕ‖Lq(RN ;R).

Proof: To prove the first assertion, let ϕ, ψ ∈ C∞c (RN ; R) be given, and
set u(t) = Ptϕ and v(t) = P>t ψ. Then, by Lemma 2.5.7 and the last part
of Corollary 2.2.8, we know that, for any t > 0 and q ∈ [1,∞),

sup
(τ,x)∈[0,t]×RN

[
(1 + |x|)q

(
|u(τ, x)| ∨ |v(τ, x)|

)]
∨ |∇u(τ, x)| <∞.

Now choose η ∈ C∞c
(
B(0, 2); [0, 1]

)
so that η = 1 on B(0, 1), and set

ηR(x) = η(R−1x). Then, by (2.5.3), for any R > 0,

d

dτ

∫
ηR(x)u(τ, x)v(t− τ, ξ) dx

=
∫
ηR(x)v(t− τ)Lu(τ, x) dx−

∫
ηR(x)u(τ, x)L>v(t− τ, x) dx

= −
∫
v(t− τ, x)

((
∇ηR(x), a(x)∇u(τ, x)

)
RN + u(τ, x)LηR(x)

)
dx,

and the above estimates on u and v are more than sufficient to show that, as
R→∞, the right-hand side tends to 0 uniformly in τ ∈ [0, t] and therefore
that (

P>t ψ,ϕ
)
L2(RN ;R)

−
(
ψ,Ptϕ

)
L2(RN ;R)

= 0

first for ϕ, ψ ∈ C∞c (RN ; R), and then, after mollifying and taking limits, for
ϕ ∈ Cc(RN ; R). Hence, once we prove the estimate in the second assertion,
we will be done.
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To prove the second assertion, let ϕ ∈ Cc

(
RN ; R) be given. Then, by

Jensen’s inequality, |Ptϕ|q ≤ Pt|ϕ|q, and so, for each R > 0,∫
ηR(x)

∣∣Ptϕ(x)
∣∣q dx ≤ ∫ ηR(x)

[
Pt|ϕ|q

]
(x), dx

=
∫

P>t ηR(x)|ϕ(x)|q dx ≤ et‖(V
>)+‖u‖ϕ‖q

Lq(RN ;R)
. �

2.6 Historical Notes and Commentary

Except for those in § 2.4, the techniques in this chapter, like the ones in
Chapter 1, are natural stochastic analogs of techniques which are familiar in
the theory of ordinary differential equations. Basically, they simply confirm
the principle, well known in the analysis of flows, that the dependence of the
solution on its initial value will be as smooth as the vector field generating
the flow. As such, they entirely miss possible smoothing provided by ellip-
ticity when it is present. Thus, from the standpoint of aficionados in elliptic
equations, the results in this chapter look rather pale, even though most
experts in elliptic theory would be hard put to prove them. The idea of
differentiating Itô’s representation with respect to the starting point seems
to have been introduced first by I.I. Gikhman (cf. [20]), although the first
time I encountered it was in H.P. McKean’s [39].

Besides their inability to produce elliptic regularity results, the tech-
niques in § 2.2 suffer from their dependence on Itô’s representation of so-
lutions to Kolmogorov’s forward equation. Specifically, his theory requires
one to take the square root of the diffusion matrix. As was pointed out in
§ 2.3, taking the square root of a non-negative function which can vanish
is a dicey business, one which will, in general, destroy regularity properties
possessed by the original function. For this reason, the contents of § 2.4,
which are taken from [46], are significant and may come as a surprise to
practitioners of Itô’s art. Indeed, I know no way to prove them using only
Itô’s theory.



chapter 3

Preliminary Elliptic Regularity Results

So far, all our results depend only on the smoothness properties of the
coefficients a and b. As a consequence, the regularity results which we
obtained in Chapter 2 are modest: They simply say that the heat flow
“does no harm.” That is, if a, b, and ϕ are all sufficiently smooth, then
the uϕ in (2.0.2) is smooth as well. They do not say that the heat flow
“improves” data in the sense that uϕ(t, · ) for t > 0 is smoother than ϕ. Of
course, seeing as uϕ(t, x) = ϕ(x+ tξ) when a ≡ 0 and b ≡ ξ, we should not
have expected any such improvement in the absence of further conditions
on a.

The canonical example of a heat flow which is smoothing is the classic
heat flow, when a ≡ I and b ≡ 0, in which case

uϕ(t, x) = (2πt)−
N
2

∫
e−
|y−x|2

2t ϕ(y) dy.

Thus, one should suspect that the additional condition needed on a is a
non-degeneracy assumption. More important, one can guess the role that
non-degeneracy should play. Indeed, we already know (cf. Corollary 2.2.8)
that

∇uϕ(t, x) =
∫
∇ϕ(y)J P (1)

(
t, (x, I), dy × dJ

)
.

In order to use this formula to show that uϕ(t, · ) may be differentiable
even when ϕ itself is not, one has to remove the derivatives of ϕ from the
right-hand side, and the only way to do so is to move them, via integration
by parts, to P (1)

(
t, (x, I)). But before integrating by parts, we must check

that P (1)
(
t, (x, I), dy × dJ

)
can be differentiated as a function of y, and

the only reason why this might be possible is that P (t, x) is built out of
the smooth measure γ. In other words, we are hoping to show that P (t, x)
inherits the smoothness of γ. But γ enters P (t, x) only after multiplication
by σ = a

1
2 , and so, when a is degenerate the smoothness of γ might not get

transferred. The purpose of this chapter is to show that the smoothness of
γ does get transferred to P (t, x) when a is non-degenerate.

53
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3.1 Integration by Parts
As we just said, the basic tool which will allow us to capitalize on the

non-degeneracy of a is integration by parts. In this section, we will develop
the requisite integration by parts formulas on which our analysis will rest.
3.1.1. Gaussian Integration by Parts: We return to the notation in-
troduced in § 2.2.1. Thus, Ω = (RM )Z+

and (cf. (1.1.14)) Γ = γZ+
. Given a

Hilbert space E, we use C∞0 (Ω;E) to denote the space of smooth, E-valued
functions Φ on Ω which depend on only a finite number of coordinates and
write DmΦ to denote the gradient of Φ with respect to the mth coordinate.
Given an h = (h1, . . . , hm, . . . ) : Ω −→ Ω, we will say that h is adapted
function if h1 is constant and, for m ≥ 2, ω hm(ω) is a measurable func-
tion of (ω1, . . . , ωm−1). Finally, given Φ ∈ C∞0 (Ω;E) and a measurable
h : Ω −→ Ω, define DhΦ : Ω −→ E by

DhΦ(ω) ≡ d

dξ
Φ(ω + ξh)

∣∣
ξ=0

=
∞∑
m=1

(
DmΦ(ω), hm(ω)

)
RM .

Lemma 3.1.1. Let Φ ∈ C∞0 (Ω;E), and assume that DmΦ = 0 for m ≥
mΦ. Next, let h : Ω −→ Ω be an adapted function. Finally, assume that∫ ( mΦ∑

m=1

(
|DmΦ(ω)|2 + |hm(ω)|2

))
Γ(dω) <∞.

Then ∫
DhΦ(ω) Γ(dω) =

∫ ( mΦ∑
m=1

(
hm, ωm

)
RM

)
Φ(ω) Γ(dω).

Proof: Clearly, it suffices for us to prove that, for each 1 ≤ m ≤ mΦ,

(*)
∫ (

DmΦ(ω), hm(ω)
)

RM Γ(dω) =
∫ (

hm(ω), ωm
)

RMΦ(ω) Γ(dω).

Moreover, by an obvious approximation argument, while proving (*) we
may and will assume that Φ, DmΦ, and hm are all bounded. Proceeding
under these conditions, first note that the left-hand side of (*) equals∫ (∫ (

DmΦ(ω), hm(ω)
)

RM γ(dωm)
)

Γ(dω).

Next, remember that hm does not depend on ωm, and use integration by
parts to check that∫ (

DmΦ(ω), hm(ω)
)

RM γ(dωm) =
∫ (

hm(ω), ωm
)

RMΦ(ω) γ(dωm).
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Finally, observe that the right-hand side of (*) equals

∫ (∫ (
hm(ω), ωm

)
RMΦ(ω) γ(dωm)

)
Γ(dω). �

3.1.2. A General Formula: Assume that σ : RN −→ Hom(RM ; RN ) and
b : RN −→ RN are smooth, slowly increasing functions; define Xn : [0,∞)×
RN × Ω −→ RN accordingly, as in (2.2.1); set X1

n(t, x,ω) = ∇Xn(t, x,ω);
and assume that, for each r ∈ [1,∞) and T ∈ (0,∞), there exists a Cr <∞
such that

(3.1.2)
sup
n≥0

sup
t∈[0,T ]

∫ (
|Xn(t, x,ω)|2 + ‖X1

n(t, x,ω)‖2H.S.
)r Γ(dω)

≤ Cr(1 + |x|2r).

Next, referring to § 1.2 and § 2.2.1, define (t, x) ∈ [0,∞)×RN 7−→ Pn(t, x) ∈
M1(RN ) and

(
t, (x, J)

)
∈ [0,∞)×(RN×E1) 7−→ P

(1)
n

(
t, (x, J)

)
∈M1(RN×

E1), as we did there. In particular, Pn(t, x) and P
(1)
n

(
t, (x, I)

)
are the dis-

tributions of, respectively, ω Xn(t, x,ω) and ω 
(
Xn(t, x,ω), X1

n(t, x,ω)
)

under Γ. We will assume that the P (1)
n ’s converge to a continuous

(
t, (x, J)

)
 P (1)

(
t, (x, J)

)
) in the sense that

〈ϕn, P (1)
n (tn, xn, Jn)〉 −→ 〈ϕ, P (1)

(
t, (x, J)

)
〉

if (tn, xn, Jn) → (t, x, J) in [0,∞) × RN × E1 and {ϕn : n ≥ 0} ⊆
C
(
RN×E1; C) is a uniformly slowly increasing sequence which converges to

ϕ uniformly on compacts. Finally, set P (t, x,A) = P (1)
(
t, (x, I), A×E1) =

limn→∞ Pn(t, x,A).

Theorem 3.1.3. Suppose that ξ ∈ SN−1 has the property that (ξ, b)RN ≡
0, and let ϕ ∈ C1(RN ; C) be a function whose derivatives are slowly increas-
ing. If (ξ, x)RN = 0, then

(3.1.4)

∫ t

0

(∫ (∫ (
∇ϕ(x′′), J ′′a(x′)ξ

)
RN

× P (1)
(
t− τ, (x′, I), dx′′ × dJ ′′)

)
P (τ, x, dx′)

)
dτ

=
∫
ϕ(y)

(
ξ, y)RN P (t, x, dy),

where a = σσ>.
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Proof: First note that it suffices to prove (3.1.4) for a dense set of t ∈
(0,∞). Hence, from now on, we will assume that 2n0t ∈ Z+ for some
n0 ∈ N. Next, let n ≥ n0 be given, and define hn : Ω −→ Ω so that

hn,m(ω) = 2−
n
2 σ
(
Xn

(
(m− 1)2−n, x,ω

))>
ξ for m ∈ Z+.

Obviously, hn is adapted. In order to compute DhnXn(t, x,ω), first note
that

Xn(t, x,ω) = Xn

(
t−m2−n, Xn(m2−n, x,ω), Smω

)
,

where Sm : Ω −→ Ω is the shift map defined by

Sm(ω1, . . . , ωj , . . . ) = (ωm+1, . . . , ωm+j , . . . ).

Thus,

DmXn(t, x,ω)

= 2−
n
2 X1

n

(
t−m2−n, Xn(m2−n, x,ω), Smω

)
σ
(
Xn

(
(m− 1)2−n, x,ω

))
,

and so

Dhnϕ
(
Xn(t, x,ω)

)
= 2−n

2nt∑
m=1

(
∇ϕ
(
Xn(t, x,ω)

)
, X1

n

(
t−m2−n, Xn(m2−n, x,ω), Smω

)
× a
(
Xn

(
(m− 1)2−n, x,ω

))
ξ
)

RN
.

Next observe that our integrability assumptions are more than enough to
guarantee that the difference between the right-hand side of the preced-
ing and the same expression with a

(
Xn

(
(m − 1)2−n, x,ω)

)
replaced by

a
(
Xn(m2−n, x,ω)

)
goes to 0 in L1

(
Γ; Hom(RN ; RN )

)
as n → ∞. At the

same time, because Xn(t, x,ω) = Xn

(
t−m2−n, Xn(m2−n, x,ω, Smω)

)
,∫ (

∇ϕ
(
Xn(t, x,ω)

)
, X1

n

(
t−m2−n, Xn(m2−n, x,ω), Smω

)
× a
(
Xn(m2−n, x,ω)

)
ξ
)

RN
Γ(dω)

=
∫ (∫ (

∇ϕ(x′′), J ′′a
(
Xn(m2−n, x,ω)

)
ξ
)

RN

× P (1)
n

(
t−m2−n, (Xn(m2−n, x,ω), I), dx′′ × dJ ′′

))
Γ(dω)

=
∫ (∫ (

∇ϕ(x′′), J ′′a(x′)ξ
)

RN P
(1)
n (t−m2−n, (x′, I), dx′′ × dJ ′′)

)
× Pn(m2−n, x, dx′).
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Hence, we have now proved that∫
Dhnϕ

(
Xn(t, x,ω)

)
Γ(dω)

tends to the left-hand side of (3.1.4).
To complete the proof, we apply Lemma 3.1.1 to see that∫

Dhnϕ
(
Xn(t, x,ω)

)
Γ(dω)

=
∫
ϕ
(
Xn(t, x,ω)

) 2nt∑
m=1

(
hm(ω), ωm

)
RN Γ(dω).

In addition, because (b, ξ)RN ≡ 0 and (x, ξ)RN = 0,

2nt∑
m=1

(
hm(ω), ωm

)
RN =

(
ξ,Xn(t, x,ω)

)
RN .

Thus, ∫
Dhnϕ

(
Xn(t, x,ω)

)
Γ(dω) =

∫
ϕ(y)

(
ξ, y
)

RN Pn(t, x, dy),

and this tends to the right-hand side of (3.1.4). �

3.2 Application to the Backward Variable
By combining Corollary 2.2.8 and Theorem 3.1.3, in this section we will

derive our first elliptic regularity result. Namely, we will show that when a
and b are bounded and have bounded derivatives, and, in addition, a is uni-
formly elliptic (i.e., uniformly positive definite), derivatives of (cf. (2.0.2))
uϕ(t, · ) for t > 0 can be estimated in terms of ‖ϕ‖u. Thus, throughout this
section we will be assuming that a, b and all their derivatives are bounded
and that

(3.2.1)
(
ξ, a(x)ξ

)
RN ≥ ε|ξ|

2, (x, ξ) ∈ RN × RN ,

for some ε > 0. Also, we will take σ to be the non-negative definite,
symmetric square root of a, and therefore M = N . By Lemma 2.3.1, we
know that σ is also smooth and has bounded derivatives of all orders.
3.2.1. A Formula of Bismut Type: Before attempting to handle higher
order derivatives, we will examine the gradient of uϕ(t, · ), which turns
out to admit a particularly pleasing expression, discovered originally, in a
different setting, by J.-M. Bismut.

In order to state and prove the result, we need to make a few prepara-
tions. Recall (cf. § 2.2.2) that, because M = N here, E` = Hom(RN ; RN⊗`)
and E(`) =

∏`
k=1Ek, and define (x,J) ∈ RN × E(`) 7−→ P (`)

(
t, (x,J)

)
∈

M1(RN ×E(`)) accordingly, as in Theorem 2.2.7.
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Lemma 3.2.2. P (1)
(
t, (x, J)

)
is the distribution of (x′, J ′) (x′, J ′J) un-

der P (1)
(
t, (x, I)

)
. Next, suppose that τ ∈ C2

(
RN × E1; Hom(RN ; RN )

)
has bounded first order derivatives, set

σ̃(x̃) =

 σ(x)
∇σ(x)J
τ(x̃)

 and b̃(x̃) =

 b(x)
∇b(x)J

0


for x̃ = (x, J, χ) ∈ RN ×E1 ×RN , and define (t, x̃) P̃ (t, x̃) and (t, x̃, J̃) 
P̃ (1)

(
t, (x̃, J̃)

)
accordingly. If

(3.2.3) J̃ =

 J̃(11) J̃(12) J̃(13)

J̃(21) J̃(22) J̃(23)

J̃(31) J̃(32) J̃(33)


with the blocks corresponding to RN × E1 × RN , then

P̃ (1)
(
t, (x, J, χ, Ĩ), {J̃ ′ : J̃ ′(ij) = 0 for 1 ≤ i < j ≤ 3 & J ′ = J̃ ′(11)J}

)
= 1,

and the distribution of

(x̃′, J ′, χ′, J̃ ′) 


x′

J ′(
J̃ ′(11) J̃ ′(12)

J̃ ′(21) J̃ ′(22)

)
 under P̃ (1)

(
t, (x, I, χ, Ĩ)

)

is the same as that of

(x′, J ′1, J
′
2) 

 x′

J ′(
J ′1 0
J ′2 J ′1 ⊗ I

)
 under P (2)

(
t, (x, I)

)
.

Proof: To prove the first assertion, it suffices to first observe (cf. (2.2.1)
and (2.2.4)) that P (1)

n

(
t, (x, J)

)
is the distribution of

ω 

(
Xn(t, x,ω)
X1
n(t, x,ω)J

)
under Γ,

and then to pass to the limit as n→∞.
To verify the second assertion, note that the distribution of

J̃ ′ 
(
J̃ ′(11), J̃

′
(12), J̃

′
(13), J̃

′
(23)

)
under P̃ (1)

(
t, (x, I, χ, Ĩ)

)
is the limit as n→∞ of the distribution under Γ of

ω 
(
∇xXn(t, x,ω),∇JXn(t, x,ω),∇χXn(t, x,ω),∇χX1

n(t, x,ω)
)

=
(
X1
n(t, x,ω), 0, 0, 0

)
.
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Turning to the final assertion, begin with the observation that, when
X̃n

(
t, (x, J, χ),ω

)
is defined from σ̃ and b̃ by the prescription in (2.2.1), its

first and second components are, respectively, Xn(t, x,ω) and X1
n(t, x,ω)J .

Thus, since

X2
n(t, x,ω) = ∇xX1

n(t, x,ω) and X1
n(t, x,ω)⊗ I = ∇J

(
X1
n(t, x,ω)J

)
,

the distribution of

(x̃′, J ′, χ′, J̃ ′) 


x′

J ′(
J̃ ′(11) J̃ ′(12)

J̃ ′(21) J̃ ′(22)

)
 under P̃ (1)

(
t, (x, I, χ, Ĩ)

)

is the limit as n→∞ of the distribution of

ω 


Xn(t, x,ω)
X1
n(t, x,ω)(

X1
n(t, x,ω) 0

X2
n(t, x,ω) X1

n(t, x,ω)⊗ I

)
 under Γ,

and this latter limit is the distribution of

(x′, J ′1, J
′
2) 

 x′

J ′(
J ′1 0
J ′2 J ′1 ⊗ I

)
 under P (2)

(
t, (x, I, 0)

)
. �

Now define σ̃ : RN × E1 × RN −→ Hom(RN ; RN × E1 × RN ) and b̃ :
RN × E1 × RN −→ RN × E1 × RN by

σ̃(x, J, χ) =

 σ(x)
∇σ(x)J
J>σ(x)−1

 and b̃(x, J, χ) =

 b(x)
∇b(x)J

0

 ,

and let
(
t, (x, J, χ)

)
 P̃

(
t, (x, J, χ)

)
be defined for σ̃ and b̃ as in § 1.2. By

Theorem 2.2.7, all the conditions in § 3.1 are satisfied, and so Theorem 3.1.3
applies.

Theorem 3.2.4. Let ϕ ∈ Cb(RN ; C) be given, and define uϕ as in (2.0.2).
Then, for each t > 0, uϕ(t, · ) ∈ C1

b(RN ; C) and

∇uϕ(t, x) = t−1

∫
ϕ(x′)χ′ P̃

(
t, (x, I, 0), dx′ × dJ ′ × dχ′).

In particular, there is a constant C1 < ∞, depending only on the bounds
on the first derivatives of a and b, such that (cf. (3.2.1))

|∇uϕ(t, x)| ≤ C1

ε
1
2 (1 ∧ t 1

2 )
‖ϕ‖u.
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Proof: By an obvious approximation argument, it suffices for us to treat
ϕ’s which are smooth and have bounded derivatives of all orders. Thus, we
will make this assumption about ϕ throughout.

The proof of the initial statement is mostly a matter of bookkeeping.
Given ξ ∈ RN , use Corollary 2.2.8 with ` = 1 to write(

ξ,∇uϕ(t, x)
)

RN =
∫ (
∇ϕ(x′), J ′ξ

)
RN P

(1)
(
t, (x, I), dx′ × dJ ′

)
,

where
(
t, (x, J)

)
∈ (0,∞)× (RN ×E1) 7−→ P (1)

(
t, (x, J)

)
∈M1

(
RN ×E1

)
is defined relative to σ and b. In order to see how Theorem 3.1.3 applies,
take ϕ̃(x̃) = ϕ(x) when x̃ = (x, J, χ), and note that ∇̃ϕ̃(x̃) = (∇ϕ(x), 0, 0)
and

(3.2.5) ã(x̃) ≡
N∑
k=1

(
σ̃(x̃)ek

)
⊗
(
σ̃(x̃)ek

)
=

 ã(x̃)(11) ã(x̃)(12) ã(x̃)(13)

ã(x̃)(21) ã(x̃)(22) ã(x̃)(23)

ã(x̃)(31) ã(x̃)(32) ã(x̃)(33)

 ,

where

ã(x̃)(11) =
N∑
k=1

σ(x)ek ⊗ σ(x)ek = a(x),

ã(x̃)(12) =
N∑
k=1

(
σ(x)ek

)
⊗
(
∇(σ(x)ek)J

)
,

ã(x̃)(13) =
N∑
k=1

(
σ(x)ek

)
⊗
(
J>σ(x)−1ek

)
= J,

ã(x̃)(22) =
N∑
k=1

(
∇(σ(x)ek)J

)⊗2
,

ã(x̃)(23) =
N∑
k=1

(
∇(σ(x)ek)J

)
⊗
(
J>σ(x)−1ek

)
,

ã(x̃)(33) =
N∑
k=1

(
J>σ(x)−1

)⊗2 = J>a(x)−1J,

{ek : 1 ≤ k ≤ N} is an orthonormal basis in RN , and the block structure

corresponds to RN × E1 × RN . Hence, if ξ̃ =

 0
0
ξ

, then, Lemma 3.2.2,

∫ (
∇̃ϕ(x̃′′), J̃ ′′ã(x′)ξ̃

)
RN×E1×RN P̃

(1)
(
t, (x′, J ′, 0, Ĩ), dx̃′′ × dJ̃ ′′

)
=
∫ (
∇ϕ(x′′), J ′′J ′ξ

)
RN P

(1)
(
t, (x′, I), dx′′ × dJ ′′

)
=
∫ (
∇ϕ(x′′), J ′′ξ

)
RN P

(1)
(
t, (x′, J ′), dx′′ × dJ ′′

)
.
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Thus, by the Chapman-Kolmogorov equation for P (1) and Corollary 2.2.8
with ` = 1,∫ t

0

(∫ (∫ (
∇̃ϕ(x̃′′), J̃ ′′ã(x′)ξ̃

)
RN×E1×RN P̃

(1)
(
t− τ, (x′, I, 0, Ĩ), dx̃′′ × dJ̃ ′′

))
× P̃ (1)

(
τ, (x, I, 0, Ĩ), dx′ × dJ ′ × dχ× dJ̃ ′

))
dτ

= t

∫ (
∇ϕ(x′), J ′ξ

)
RN P

(1)
(
t, (x, I), dx′ × dJ ′

)
= t
(
ξ,∇uϕ(t, x)

)
RN ,

and therefore the first assertion follows from Theorem 3.1.3.
To complete the proof, first note that it suffices to handle t ∈ (0, 1].

Indeed, if t > 1, then, by the Chapman–Kolmogorov equation,

uϕ(t, x) =
∫
uϕ(t− 1, x′)P (1, x, dx′),

and ‖uϕ(t− 1, · )‖u ≤ ‖ϕ‖u. Thus, all that we have to show is that∫
|χ′|2 P̃

(
t, (x, I), dx′ × dJ ′ × dχ′

)
≤ C1t

ε
, t ∈ (0, 1].

To this end, note that∫
|χ′|2 P̃

(
t, (x, I, 0), dx′ × dJ ′ × dχ′

)
=
∫ t

0

(∫
‖σ(x′)−1J ′‖2H.S. P (1)

(
τ, (x, I), dx′ × dJ ′

))
dτ,

and apply the final estimate in Theorem 2.2.7 with ` = 1, remembering that
the first derivatives of σ are bounded by ε−

1
2 times the first derivatives of

a. �

3.2.2. Higher Order Derivatives: Although expressions of the sort in
Theorem 3.2.4 can be developed for higher derivatives of uϕ, they become
increasingly unwieldy and less useful. For this reason, we will use an in-
ductive procedure which gives us estimates but not formulas. Specifically,
we are going to use induction on ` ≥ 1 to prove the following statement.

Theorem 3.2.6. For each ` ≥ 1 there exists a constant K` <∞, depend-
ing only on the ε > 0 in (3.2.1) and the bounds on the derivatives of a and
b up through order `, such that

‖∇`uϕ(t, x)‖H.S. ≤
K`

1 ∧ t `2
‖ϕ‖u for ϕ ∈ Cb(RN ; C).
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In particular, uϕ ∈ C∞
(
(0,∞) × RN ; C

)
, for each m ≥ 1, ∂mt uϕ = Lmuϕ,

and so, for all α ∈ NN , there exists a Km,α <∞, depending only on ε and
the derivatives of a and b up through order 2m+ ‖α‖, such that∣∣∂mt ∂αx uϕ(t, x)

∣∣ ≤ Km,α

1 ∧ t
2m+‖α‖

2

‖ϕ‖u.

Proof: Using the Chapman–Kolmogorov equation as we did at the end
of the proof of Theorem 3.2.4, we can reduce to the case when t ∈ (0, 1].
Thus, t ∈ (0, 1] in what follows.

First note that, by Theorem 3.2.4, there is nothing to do when ` = 1.
Next, assume the estimate holds for derivatives of order k ≤ ` − 1, where
` ≥ 2. To prove that it holds for `, we begin with the formula

∇`uϕ(t, x) =
∑̀
k=1

∑
β∈B(k,`)

cβ

∫
∇kuϕ

(
t
2 , x
′)J′⊗β P(`)

(
t
2 , (x,J0), dx′ × dJ′

)
,

which follows after one combines the result in Corollary 2.2.8 with the Chap-
man–Kolmogorov equation. By the induction hypothesis and our estimates
in the last part of Theorem 2.2.7, the terms∫

∇kuϕ
(
t
2 , x
′)J′⊗β P(`)

(
t
2 , (x,J0), dx′ × dJ′

)
for 1 ≤ k < ` are dominated by a constant, having the required depen-
dence, times

(
t
2

)− k2 ‖ϕ‖u. Hence, all that remains is to handle the term
corresponding to k = `, which we can write as∫

∇`uϕ
(
t
2 , x
′)J ′⊗` P (1)

(
t
2 , (x, I), dx′ × dJ ′

)
.

The entries in this matrix are finite sums of the form

N∑
i2,...,i`=1

∫ (
∇
[
∂xi2 · · · ∂x`uϕ

(
t
2 , x
′)]J ′)

j1

× J ′i2j2 · · · J
′
i`j`

P (1)
(
t
2 , (x, I), dx′ × dJ ′

)
.

Thus, we will be done once we show that, for any ψ ∈ C1
b(RN ; C) and

ξ ∈ SN−1,∫ (
∇ψ(x′), J ′ξ

)
RNJ

′
i2j2 · · · J

′
i`j`

P(1)
(
t, (x, I), dx′ × dJ ′

)
can be dominated by a constant with the required dependence times ‖ψ‖u

t
1
2

.
For this purpose, set

ψ̃(x̃) = ψ(x)Ji2j2 · · · Ji`j` for x̃ = (x, J, χ) ∈ RN × E1 × RN .
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Referring to the notation introduced in the preceding section and applying
Theorem 3.1.3, we see that∫ t

0

(∫ (∫ (
∇̃ψ̃(x̃′′), J̃ ′′ã(x̃′)ξ̃

)
RN×E1×RN

× P̃ (1)
(
t− τ, (x̃′, Ĩ), dx̃′′ × dJ̃ ′′

))
P̃
(
τ, (x, I, 0), dx̃′

))
dτ

=
∫
ψ̃(x̃′)

(
χ′, ξ

)
RN P̃

(
t, (x, I, 0), dx̃′),

where ξ̃ ∈ RN ×E1×RN is chosen, as it was in the proof of Theorem 3.2.4,
so that its first two components are 0 and its final component is ξ. Finally,
splitting the components of ∇̃ψ̃ into two groups, those corresponding to
derivatives with respect to x and the other corresponding to derivatives
with respect to the coordinates of J , we can use the same reasoning as we
did in the proof of Theorem 3.2.4 to see that∫ (∫ ((

∇̃ψ̃(x̃′′), J̃ ′′ã(x̃′)ξ̃
)

RN×E1×RN

× P̃ (1)
(
t− τ, (x̃′, Ĩ), dx̃′′ × dJ̃ ′′

))
P̃
(
τ, (x, I, 0), dx̃′)

)
can be written as the finite sum of∫ (

∇ψ(x′), J ′ξ
)

RNJ
′
i2j2 · · · J

′
i`j`

P (1)
(
t, (x, I), dx′ × dJ ′

)
,

which is the quantity we want to estimate, terms of type T1(τ) (cf. (3.2.5)
and (3.2.3)) given by∫ (∫

ψ(x′′)J ′′i3,j3 · · · J
′′
i`,j`

(J̃ ′′(21)∇σ(x′)J ′σ(x′)>ξ)j`

× P̃ (1)
(
t− τ, (x′, I, 0, Ĩ), dx′′ × dJ′′

))
P̃
(
τ, (x, I, 0), dx′ × dJ̃ ′ × dχ′

)
,

and those of type T2(τ) given by∫ (∫
ψ(x′′)J ′′i3,j3 · · · J

′′
i`,j`

(J̃ ′′(22)∇σ(x′)J ′(J ′)>∇σ(x′)>σ(x′)ξ)j`

× P̃ (1)
(
t− τ, (x′, I, 0, Ĩ), dx′′ × dJ̃ ′′

))
P̃
(
τ, (x, I, 0), dx′ × dJ̃ ′ × dχ′

)
.

Hence, ∫ (
∇ψ(x′), J ′ξ

)
RNJ

′
i2j2 · · · J

′
i`j`

P (1)
(
t, (x, I), dx′ × dJ ′

)



64 3 Preliminary Elliptic Regularity Results

equals

t−1

∫
ψ(x′)J ′i1j1 · · · J

′
i`j`

(
χ′, ξ

)
RN P̃

(
t, (x, I, 0), dx′ × dJ ′ × dχ′

)
minus a finite sum of terms of the form

t−1

∫ t

0

T1(τ) dτ or t−1

∫ t

0

T2(τ) dτ.

By the estimates in Theorem 2.2.7 and the reasoning used at the end of the
proof of Theorem 3.2.4, the first of these is dominated by a constant of the
required sort times t−

1
2 ‖ψ‖u. To handle the terms containing T1(τ) and

T2(τ), one can apply Lemma 3.2.2 to see that both these can be bounded
by of ‖ψ‖u times P (2)

(
t− τ, (x′, I, 0)

)
moments of ‖J′′‖H.S., which, by the

second estimate in Theorem 2.2.7, means that they are bounded, indepen-
dent of τ ∈ [0, t], by constants with the required dependence times ‖ψ‖u.
Thus, these terms cause no problems.

To complete the proof, let t > 0 be given and set ψ = uϕ
(
t
2 , · ). Then,

ψ ∈ C∞b (RN ; C) and so, using induction on m, we see that

∂mt uϕ(t, x) = ∂mt

∫
uψ
(
t
2 , y
)
P
(
t
2 , x, dy) = 2−muLmψ

(
t
2 , x
)
,

which shows that uϕ is smooth in (t, x). Finally, knowing that uϕ is smooth
as a function of (t, x), we can use induction on m to check that ∂mt uϕ =
Lm−1∂tuϕ = Lmuϕ. Hence∣∣∂mt ∂αx uϕ(t, x)

∣∣ =
∣∣∂αx ∂mt uϕ(t, x)

∣∣ =
∣∣∂αxLmuϕ∣∣

≤ Cm
2m+‖α‖∑
k=1

∥∥∇kuϕ(t, x)‖H.S.,

where Cm < ∞ depends only on the bounds on the derivatives of a and b
through order 2m+ ‖α‖. �

3.3 Application to the Forward Variable
We continue in the setting of § 3.2. In particular, a satisfies (3.2.1) and

σ = a
1
2 is the non-negative definite, symmetric square root of a.

In this section, we will use the results in § 3.1 to study regularity prop-
erties of the transition probability function P (t, x, dy) as a function of the
forward variable y. Specifically, we will show that there is a continuous
function (t, x, y) ∈ (0,∞) × RN × RN 7−→ p(t, x, y) ∈ [0,∞) which, for
each (t, x), is the density of P (t, x, dy) with respect Lebesgue measure.
That is, P (t, x, dy) = p(t, x, y) dy. Moreover, we will show that, for each y,
(t, x) p(t, x, y) is a smooth solution to the backward equation ∂tu = Lu.
Thus, since P (t, x, · ) −→ δx as t↘ 0, this will show that (t, x, y) p(t, x, y)
is a fundamental solution to the backward equation.
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3.3.1. A Criterion for Absolute Continuity: In order to carry out our
program, we will need to have a criterion for recognizing when a probability
measure admits a density. The one which we will use is the following
Sobolev type embedding theorem.

Lemma 3.3.1. Let µ ∈M1(RN ) and assume that, for some r ∈ (N,∞),
there is a constant C <∞ for which∣∣∣∣∫ ∇ϕ(y)µ(dy)

∣∣∣∣ ≤ C‖ϕ‖Lr′ (µ;R), ϕ ∈ C1
b(RN ; R),

where r′ = r
r−1 is the Hölder conjugate of r. Then there exists a unique, uni-

formly continuous, bounded f : RN −→ [0,∞) such that µ(dy) = f(y) dy.
Moreover, both the bound on f and its modulus of continuity can be esti-
mated in terms of r and C.

Proof: First observe that, by elementary functional analysis, the condi-
tion given guarantees the existence of a Ψ ∈ Lr(µ; RN ) with the properties
that ‖Ψ‖Lr(µ;RN ) ≤ C and∫

∇ϕ(y)µ(dy) =
∫
ϕ(y)Ψ(y)µ(dy).

Hence, the hypothesis can be restated in the language of Schwartz distri-
butions as the statement that ∇µ = −Ψµ. Thinking in terms of Schwartz
tempered distributions (cf. § 7.1.1), one has that

(*) µ = R ? (µ−∆µ) = R ? µ+
N∑
i=1

Ri ? ∂xiµ = R ? µ+
N∑
i=1

Ri ? (ψiµ),

where

R(y) =
∫ ∞

0

e−tg(2t, y) dt, with g(t, y) ≡ (2πt)−
N
2 e−

|y|2
2t dt,

is the kernel for the resolvent operator (I −∆)−1,

Ri(y) = ∂yiR(y) = −
∫ ∞

0

e−t
yi
2t
g(2t, y) dt,

and ψi is the ith coordinate of Ψ. By Minkowski’s inequality,

A ≡ ‖R‖Lr′ (R) ≤
∫ ∞

0

e−t
(∫

g(2t, y)r
′
dy

) 1
r′

dt

=
∫
e−tt−

N
2r dt

(∫
g(2, y)r

′
dy

) 1
r′

<∞,
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and similarly

B ≡ ‖Ri‖Lr′ (R) ≤
1
2

∫ ∞
0

e−tt−
N
r dt

(∫
|y1|r

′
e−

r′|y|2
4 dy

) 1
r′

<∞

since r > N . In particular, this means that the right-hand side of (*)
determines an f ∈ Lr′(RN ; R), and so µ(dy) = f(y) dy. Clearly, f can be
chosen to be non-negative, and

∫
f(y) dy = 1.

Next set ϕ = f
1
r . We want to check that, as a tempered distribution,

∇ϕ = − 1
rϕΨ. For this purpose, take ϕε,δ = (ρε ? f + δ)

1
r , where ρ ∈

C∞c
(
B(0, 1); [0,∞)

)
has integral 1 and ρε(x) = e−Nρ(ε−1x

)
. Then, as ε↘

0, ϕε,δ −→ (f + δ)
1
r as tempered distributions, and so ∇ϕε,δ −→ ∇(f + δ)

1
r

as tempered distributions. But, as ε↘ 0,

∇ϕε,δ = − 1
rϕ

1
r−1

ε,δ ρε ? (fΨ) −→ − 1
r (f + δ)

1
r−1fΨ,

and so ∇(f + δ)
1
r = − 1

r (f + δ)
1
r−1fΨ. Finally, after δ ↘ 0, this gives the

result.
Knowing that ∇ϕ = − 1

rϕΨ, we have that

ϕ = R ? ϕ+ 1
r

N∑
i=1

Ri ? (ψiϕ).

Because ‖ϕ‖Lr(R;R) = 1 and ‖ψiϕ‖Lr(R;R) = ‖ψi‖Lr(µ;R), this shows that ϕ
is a bounded, uniformly continuous function. In fact,

‖ϕ‖u ≤ A+
B

r

N∑
i=1

‖ψi‖Lr(µ;R)

and

|ϕ(y + h)− ϕ(y)| ≤ ‖R( · + h)−R‖Lr′ (R)

+
1
r

N∑
i=1

‖Ri( · + h)−Ri‖Lr′ (R)‖ψi‖Lr(µ;R),

and so we know that both ‖ϕ‖u and the modulus of continuity of ϕ can be
estimated in terms of r and ‖Ψ‖Lr(µ;RN ). Obviously, since f = ϕr, these
conclusions transfer to f . �

3.3.2. The Inverse of the Jacobian: In view of Lemma 3.3.1, what we
need to prove is an estimate of the form

∣∣〈∇ϕ, P (t, x)〉
∣∣ ≤ C‖ϕ‖Lr′ (P (t,x);R),

and the result in Theorem 3.2.4 seems to provide a starting place. Namely,
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by combining the formula there with the one in Corollary 2.2.8 (with ` = 1),
it says that∫

∇ϕ(y)J P (1)
(
1, (x, I), dy × dJ

)
=
∫
ϕ(y)χ P̃

(
1, (x, 0), dy × dχ

)
.

Since the right-hand side can be estimated by(∫
|χ|r P̃

(
1, (x, 0), dy × dχ

)) 1
r

‖ϕ‖Lr′ (P (t,x);R),

it should be clear that the only problem is that of removing the J from the
left-hand side, and for this purpose we have to investigate the distribution
of J−1, the inverse of J , under P (1)

(
1, (x, I)

)
.

With this goal in mind, remember that the distribution of J under
P (1)

(
1, (x, I)

)
is the limit as n→∞ of the distribution of (cf. (2.2.4)) ω ∈

Ω 7−→ X1
n(1, x,ω) under Γ, where X1

n(t, x,ω) = ∇Xn(t, x,ω). In the case
when σ = 0, Xn(t, x) = Xn(t, x,ω) is independent of ω and Xn(t, x) tends
to the solution of Ẋ(t, x) = b

(
X(t, x)

)
with X(0, x) = x. Since one can eas-

ily check that X1(t, x)−1 is the solution to Ẏ (t, x) = −Y (t, x)∇b
(
X(t, x)

)
with Y (0, x) = I, one might be tempted to guess that the distribution of
the inverse of J should be the limit of the distributions of Yn(t, x,ω), where
Yn(0, x,ω) = I and Yn(t, x,ω)− Yn(m2−n, x,ω) equals

−(t−m2−n)
1
2Yn(m2−n, xω)∇σ

(
Xn(m2−n, x,ω)

)
ωm+1

− (t−m2−n)Yn(m2−n, x,ω)∇b
(
Xn(m2−n, x,ω)

)
for m2−n ≤ t ≤ (m+ 1)2−n. However, if one makes this guess and tries to
show that ‖Yn(t, x,ω)Xn(t, x,ω) − I‖H.S. tends to zero, one realizes that,
due to the presence of the square root on (t−m2−n), this guess is wrong.
The reason is that there will be approximately 2n terms of order 2−n, and,
although they contain random factors, these random factors will not have
mean value 0. Thus, in order to handle these terms, one has to center their
random factors by introducing what practitioners of stochastic integration
would call their “Itô correction.”

For the reason just given, the preceding guess has to be replaced by
Yn(0, x,ω) = I and

Yn
(
(m+ 1)2−n, x,ω

)
− Yn(m2−n, x,ω)

= −2−
n
2 Yn(m2−n, x,ω)

(
∇(σωm+1)

)(
Xn(m2−n, x,ω)

)
+ 2−nYn(m2−n, x,ω)

(
−∇b+ (∇σ)2

)(
Xn(m2−n, x,ω)

))
,

where (
∇σ
)2 ≡ N∑

k=1

(
∇(σek)

)2
.
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Clearly,

ω 

(
Xn(t, x,ω)
Yn(t, x,ω)

)
corresponds to the coefficients

(x, J̌) 
(

σ(x)
−J̌∇σ(x)

)
and (x, J̌) 

(
b(x)

J̌(−∇b(x) + (∇σ)2(x)
)) ,

with initial condition (x, I), and so, for each r ∈ [1,∞) there exists an
Ar <∞, depending only on the bounds on σ, b, and their first derivatives,
such that

sup
n≥0

∫
‖Yn(1, x,ω)‖2rH.S. Γ(dω) ≤ Ar.

Next, set ∆n(m,ω) = Yn(m2−n, x,ω)X1
n(m2−n, x,ω)− I. Then

∆n(m+ 1,ω)−∆n(m,ω)

= −2−nYn(m2−n, x,ω)
( N∑
k,k′=1

Σn(m,ω)ekΣn(m,ω)ek′

×
[(
ek, ωm+1

)
RN
(
ek′ , ωm+1

)
RN − δk,k′

])
X1
n(m2−n, x,ω)

− 2−
3n
2 Yn(m2−n, x,ω)

([
Σn(m,ω)ωm+1, Bn(m,ω)

]
+ Σn(m,ω)ωm+1(∇σ)2

(
Xn(m2−n, x,ω)

))
X1
n(m2−n, x,ω)

− 4−nYn(m2−n, x,ω)Bn(m,ω)
[
(Bn(m,ω)

+ (∇σ)2
(
Xn(m2−n, x,ω)

)]
X1
n(m2−n, x,ω),

where [A1, A2] = A1A2−A2A1 is the commutator ofA1, A2 ∈ Hom(RN ; RN ),

Σn(m,ω)ξ ≡
(
∇(σξ)

)(
Xn(m2−n, x,ω)

)
,

and Bn(m,ω) ≡ ∇b
(
Xn(m2−n, x,ω)

)
.

Because
(
ek, ωm+1

)
RN
(
ek′ , ωm+1

)
RN − δk,k′ has mean value 0 and ωm+1

is independent of Xn(m2−n, x,ω), Yn(m2−n, x,ω), X̌1
n(m2−n, x,ω), and

∆n(m,ω), we see that∫
‖∆n(m+ 1,ω)‖2H.S. Γ(dω) ≤

∫
‖∆n(m,ω)‖2H.S. Γ(dω) + C4−n

for some C <∞. Hence, if ∆n(ω) = ∆n(2n,ω) = Yn(1, x,ω)Xn(t, x,ω)−I,
then ∫

‖∆n(ω)‖2H.S. Γ(dω) ≤ C2−n.
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Now set Bn = {ω : ‖∆n(ω)‖H.S. ≥ 1
2}. Off Bn, I + ∆n(ω) is in-

vertible and its inverse is given by the Newman series
∑∞
m=0

(
−∆n(ω)

)m,
which has Hilbert–Schmidt norm less than or equal to 2. Moreover, from
Yn(1, x,ω)Xn(1, x,ω) = I+ ∆n(ω), it is clear that Xn(1, x,ω) is invertible
when ω /∈ Bn and that Xn(1, x,ω)−1 =

(
I + ∆n(ω)

)−1
Yn(1, x,ω) there.

In particular, this means that∣∣det
(
Xn(1, x,ω)

)∣∣−1 ≤ 2
∣∣det

(
Yn(1, x,ω)

)∣∣ ≤ 2N !‖Yn(1, x,ω)‖NH.S.

for ω /∈ Bn. Finally, define fε : Hom(RN ; RN ) −→ (0,∞) by fε(J) =(
ε+ |det(J)|

)−1. Then, by the preceding, for any q ∈ [1,∞),∫
fε
(
Xn(1, x,ω)

)q Γ(dω)

=
∫
Bn{

fε
(
Xn(1, x,ω)

)q Γ(dω) +
∫
Bn

fε
(
Xn(1, x,ω)

)q Γ(dω)

≤ (2N !)q
∫
‖Yn(1, x,ω)‖NqH.S. Γ(dω) + 2ε−q

∫
‖∆n(ω)‖2H.S. Γ(dω),

and so∫ ∣∣det(J)
∣∣−q P (1)

(
1, (x, I), dy × dJ

)
= lim
ε↘0

∫
fε(J)P (1)

(
1, (x, I), dy × dJ)

≤ (2N !)q sup
n≥0

∫
‖Yn(1, x,ω)‖NqH.S. Γ(dω).

As a consequence, P (1)
(
1, (x, I)

)
-almost surely, J is invertible. Further-

more, since ‖J−1‖H.S. ≤ N !|det(J)|−1‖J‖NH.S., we also know that, for each
r ∈ [1,∞), there is an Ar <∞ such that

(3.3.2)
∫
‖J−1‖2rH.S. P (1)(1, x, dy × dJ) ≤ Ar.

3.3.3. The Fundamental Solution: We now have all the machinery
that we need to prove the following result.

Lemma 3.3.3. For each x ∈ RN there is a uniformly continuous y ∈
RN 7−→ p(1, x, y) ∈ [0,∞) such that P (1, x, dy) = p(1, x, y) dy. Moreover,
‖p(1, x, · )‖u as well as the modulus of continuity of y p(1, x, y) can be
estimated, independent of x, in terms of the ε in (3.2.1) and the bounds on
a and b and their first derivatives.

Proof: In view of Lemma 3.3.1, it suffices for us to prove that, for some
r ∈ (N,∞), there is a constant C, with the required dependence, such that∣∣∣∣∫ ∇ϕ(y)P (1, x, dy)

∣∣∣∣ ≤ C‖ϕ‖Lr′ (P (1,x);R).
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To this end, take σ̃ and b̃ as in Theorem 3.2.4, and apply Theorem 3.1.3 with

ϕ̃k,`(x̃) = ϕ(x)ψk,`(J), where1 ψk,`(J) ≡
(
ek, J

−1e`
)

RN and ξ̃k =

 0
0
ek

,

to obtain∫
ϕ(x′)ψk,`(J ′)

(
χ′, ek

)
RN P̃

(
1, (x, I, 0), dx′ × dJ ′ × dχ′

)
=
∫ 1

0

(∫ (∫ (
∇̃ϕ̃(x̃′′), J̃ ′′ã(x̃′)ξ̃k

)
RN×E1×RN

× P̃ (1)
(
1− τ, (x̃′, Ĩ), dx̃′′ × dJ̃ ′′

))
P̃ (τ, (x, I, 0), dx̃′

))
dτ

=
∫ (
∇ϕ(x′), J ′ek

)
RN
(
ek, (J ′)−1e`

)
RN P

(1)
(
1, (x, I), dx′ × dJ ′

)
+
∫ 1

0

(∫ (∫
ϕ(x′′)

(
∇̃ψk,`(J ′′), J̃ ′′ã(x̃′′)e`

)
RN×E1×RN

× P̃ (1)
(
1− τ, (x̃′, Ĩ), dx̃′′ × dJ̃ ′′

))
P̃ (τ, (x, I, 0), dx̃′

))
dτ.

Thus, after summing over 1 ≤ k ≤ N , we find that∫ (
∇ϕ(y), e`

)
RN P (1, x, dy)

is the sum of N terms of the form∫
ϕ(x′)ψk,`(J ′)

(
χ′, ek

)
RN P̃

(
1, (x, I, 0), dx′ × dJ ′ × dχ′

)
minus the sum of N terms of the form∫ 1

0

(∫ (∫
ϕ(x′′)

(
∇̃ψk,`(J ′′), J̃ ′′ã(x̃′′)e`

)
RN×E1×RN

× P̃ (1)
(
1− τ, (x̃′, Ĩ), dx̃′′ × dJ̃ ′′

))
P̃ (τ, (x, I, 0), dx̃′

))
dτ.

Finally, given any r ∈ (1,∞), apply Hölder’s inequality to see that terms
of the first sort are dominated by(∫

|χ′|r|ψk,`(J ′)|r P̃
(
1, (x, I, 0), dx′ × dJ ′ × dχ′

)) 1
r

‖ϕ‖Lr′ (P (t,x);R).

1 Strictly speaking, we should use an approximation procedure here since we only know

that J−1 exists off a set of measure 0. However, we have ignored this technicality and
leave the concerned reader to fill in the details for himself.
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As for terms of the second sort, Hölder’s inequality allows one to dominate
each of them by∫ 1

0

(∫ (∫ ∣∣(∇̃ψk,`(J ′′), J̃ ′′ã(x̃′′)e`
)

RN×E1×RN
∣∣r

× P̃ (1)
(
1− τ, (x̃′, Ĩ), dx̃′′ × dJ̃ ′′

)) 1
r

P̃
(
τ, (x, I, 0), dx̃′

))
dτ

times∫ 1

0

(∫ (∫
|ϕ(x′′)|r

′
P (1− τ, x′, dx′′)

) 1
r′

P (τ, x, dx′)
)
dτ

≤
∫ 1

0

(∫ (∫
|ϕ(x′′)|r

′
P (1− τ, x′, dx′′)

)
P (τ, x, dx′)

) 1
r′

dτ = ‖ϕ‖Lr′ (P (1,x).

Because of (3.2.5) and the estimates in Theorem 2.2.7 and (3.3.2), it remains
only to note that ∇̃ψk,`(J) = −

(
(J−1)>ek

)
⊗
(
(J−1)>e`

)
. �

We now use Lemma 3.3.3 to produce the fundamental solution advertised
in the introduction to this section.

It should be clear that the argument used to get p(1, x, · ) could have
been used to produce a bounded, uniformly continuous p(t, x, · ) such that
P (t, x, dy) = p(t, x, y) dy for all (t, x) ∈ (0,∞)×RN . However, the estimate
which we would have gotten on p(t, x, · ) as a function of t > 0 would have
been far from optimal as t ↘ 0. For this reason, we will take a different
tack, one which is based on elementary scaling considerations.

Given λ ∈ (0,∞), set aλ(x) = a(λ
1
2x) and bλ(x) = λ

1
2 b(λ

1
2x), and let

(t, x) Pλ(t, x) be the associated transition probability function. We want
to show that

(*)
∫
ϕ(y)P (t, x, dy) =

∫
ϕ
(
λ

1
2 y
)
Pλ
(
λ−1t, λ−

1
2x, dy).

For this purpose, fix x ∈ RN and define µt,λ ∈M1(RN ) so that 〈ϕ, µt,λ〉 is
given by the right-hand side of (*). Then

d

dt
〈ϕ, µt,λ〉 = 〈Lϕ, µt,λ〉 and ϕ(x) = lim

t↘0
〈ϕ, µt,λ〉

for all ϕ ∈ C∞c (RN ; C). Hence, by Corollary 2.1.6, µt,λ = P (t, x), which is
to say that (*) holds.

Now set
p(t, x, y) = t−

N
2 pt
(
1, t−

1
2x, t−

1
2 y
)
,

where y pt(1, x, y) is the density for Pλ(1, x) with λ = t. Then, from (*),
it is easy to check that

(3.3.4) P (t, x, dy) = p(t, x, y) dy.
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Moreover, because, for t ∈ (0, 1], at, bt, and their derivatives are bounded
by the corresponding quantities for a and b, the last part of Lemma 3.3.1
says that

sup
(t,x)∈(0,1]×RN

t
N
2 ‖p(t, x, · )‖u <∞

and
lim
|h|↘0

sup
(t,x,y)∈(0,1]×RN×RN

t
N
2 |p(t, x, y + h)− p(t, x, y)| = 0.

We next want to show that (t, x, y) p(t, x, y) is continuous and smooth
as a function of (t, x). To this end, first note that, by the Chapman–
Kolmogorov equation,

p(s+ t, x, y) =
∫
p(s, x′, y)P (t, x, dx′).

Combined with the results in Theorem 3.2.6, this proves that (t, x) p(t, x, y)
is smooth and that, for each m ∈ N and α ∈ NN , there is a Km,α < ∞,
with the dependence described in that theorem, such that

(3.3.5)
∣∣∂mt ∂αx p(t, x, y)

∣∣ ≤ Km,α

1 ∧ t
2m+‖α‖+N

2

.

In particular, by putting this together with the final part of Lemma 3.3.3,
one sees that (t, x, y) p(t, x, y) is continuous on (0,∞) × RN × RN . At
the same time, one sees that (t, x) p(t, x, y) solves the backward equation.
Hence, for each y ∈ RN ,

(3.3.6)
∂tp(t, x, y) =

[
Lp(t, · , y)

]
(x) on (0,∞)× RN

and lim
t↘0

p(t, · , y) = δy,

which is to say that p(t, x, y) is the fundamental solution to Kolmogorov’s
backward equation (2.0.1). Finally, observe that the Chapman–Kolmogorov
relation above can be rewritten as

(3.3.7) p(s+ t, x, y) =
∫
p(s, x, x′)p(t, x′, y) dx′,

which is the Chapman–Kolmogorov equation for the density of the transition
probability function (t, x) P (t, x).
3.3.4. Smoothness in the Forward Variable: It is possible to prove
the smoothness of y p(t, x, y) by reasoning analogous to that in § 3.3.3
applied to higher derivatives. However, the expressions which one gets are
very cumbersome, and so we will use a different approach. Namely, by
combining (3.3.4) with Theorem 2.5.8, we see that

(3.3.8) P>(t, y, dx) = p(t, y, x) dx.
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Thus, we can prove the smoothness of p(t, x, y) as a function of its forward
variable y by treating y as the backward variable for the adjoint transition
function P>(t, y).

To be more precise, define σ̃ : RN × R × E1 × RN −→ Hom
(
RN ; RN ×

R× E1 × RN
)

and b̃ : RN × R× E1 × RN −→ RN × R× E1 × RN by (cf.
(2.5.2)),

σ̃(ỹ) =


σ(y)

0
∇σ(y)J
J>σ(y)−1

 and b̃(ỹ) =


b>(y)
V >(y)
∇b>(y)J

0


for ỹ = (y, η, J, χ). Then, taking u>ψ (t, x) = 〈ψ, P>(t, x)〉 and proceeding
in exactly the same way as we did in the derivation of Lemma 3.3.3, only
now taking account the presence of eη

′
in equation (2.5.5) for P>(t, y) in

terms of P̄
(
t, (x, 0)

)
by defining ψ̃(ỹ) = ψ(y)eη for ỹ = (y, η, J, χ), we find

that

t∇u>ψ (t, y) =
∫
eη
′
ψ(y′)χ′ P̃

(
t, (y, 0, I, 0), dy′ × dη′ × dJ ′ × dχ′

)
−
∫ t

0

(∫ (∫
eη
′′
ψ(y′′)J̃ ′′(21)J

′P̃ (1)
(
t− τ, (ỹ′, J̃ ′), dỹ′′ × dJ̃ ′′

))
× P̃

(
τ, (y, 0, I, 0), dỹ′

))
dτ.

From this expression, we see that there is a K>1 , depending only on ε and
the bounds on the first derivatives of a, b>, and V >, such that |∇u>ψ (t, y)| ≤
K>1 t

− 1
2 ‖ψ‖u for (t, y) ∈ (0, 1]× RN . Hence, because

u>ψ (s+ t, y) =
∫
u>ψ (t, y′)P>(s, y, dy′),

we can use the same reasoning as we used in § 3.2.2, especially the proof of
Theorem 3.2.6, to arrive at

(*) ‖∇`u>ψ (t, y)‖H.S. ≤
K>` e

t‖V >‖u

1 ∧ t `2
‖ψ‖u,

for a K>` <∞ which depends only on ε and the bounds on the a, b>, and
V > and their derivatives through order `+ 1.

Our interest in the preceding is that it allows us to prove that, for each
n ≥ 1, there exists a An < ∞, depending only on the ε in (3.2.1) and the
bounds on the derivatives of a, b, b>, and V > of orders through n+ 1, such
that

(3.3.9)
∣∣∂mt ∂αx ∂βy p(t, x, y)

∣∣ ≤ Ane
t‖V >‖u

1 ∧ tn+N
2

when 2m+ ‖α‖+ ‖β‖ = n.
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To see this, note that

∂mt ∂
α
x p(2t, x, y) =

∫
∂mt ∂

α
x p(t, x, y

′)p(t, y′, y) dy′ = u>ψ (t, y),

where ψ = ∂mt ∂
α
x p(t, x, · ). Hence, (3.3.9) follows when one combines (*)

with (3.3.5).
Knowing that p(t, x, · ) is smooth and using

d

dt

∫
ϕ(y)P (t, x, dy) =

∫
Lϕ(y)P (t, x, dy), ϕ ∈ C2

c (RN ; R),

to see that (t, y) p(t, x, y) is a solution of Kolmogorov’s forward equation

(3.3.10) ∂tp(t, x, y) = [LT p(t, x, · )](y) with lim
t↘0

p(t, x, · ) = δx.

3.3.5. Gaussian Estimates: We will complete this preliminary discus-
sion of the fundamental solution by proving the following statement.

Theorem 3.3.11. There exists an A0 < ∞, depending only on the ε in
(3.2.1), the bounds on a, b, and (cf. (2.5.2)) b> and V >, and their first
derivatives, such that2

p(t, x, y) ≤ A0

1 ∧ tN2
exp

(
−
(
A0t−

|y − x|2

A0t

)−)
.

Moreover, for each n ≥ 1, there exists an An <∞, depending only on ε and
the bounds on a, b, b>, V >, and their derivatives through order (n + 1),
such that

∣∣∂mt ∂αx ∂βy p(t, x, y)
∣∣ ≤ An

1 ∧ tn+N
2

exp

(
−
(
Ant−

|y − x|2

Ant

)−)

when 2m+ ‖α‖+ ‖β‖ = n

The proof of the first estimate is an application of Theorem 2.2.7, the
Chapman–Kolmogorov, the estimates we already have on p(t, x, y), and
the following lemma. In the computations which follow, it is helpful to
remember (1.3.1).

Lemma 3.3.12. If A =
∥∥Trace(a)

∥∥
u

and B = ‖b‖u, then

∫
e
|y−x|2

4(A+B)t P (t, x, dy) ≤ KeBt where K ≡
∞∑
n=0

(
2n
n

)
2−n <∞,

2 We use ξ− = −(ξ ∧ 0) to denote the negative part of ξ ∈ R.
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and so

P
(
t, x,B(x,R){

)
≤ K exp

((
Bt− R2

4(A+B)t

)−)
.

Proof: Given x ∈ RN , set

un(t) =
∫
|y − x|2n P (t, x, dy) and vn(t) = e−Btun(t).

Then, applying (1.1.3) and using (1.3.1), one sees that

u̇n(t) =
∫ (

2n(n− 1)|y − x|2(n−2)
(
(y − x), a(y)(y − x)

)
RN

+ n|y − x|2(n−1)
[
Trace

(
a(y)

)
+ 2
(
y − x, b(y)

)
RN
])
P (t, x, dy)

≤ An(2n− 1)un−1(t) + 2Bn
∫
|y − x|2n−1 P (t, x, dy),

and so

v̇n(t) ≤ e−Bt
(
An(2n− 1)un−1(t)

+B

∫ (
2n|y − x| − |y − x|2

)
|y − x|2(n−1)

)
P (t, x, dy)

≤
(
An(2n− 1) +Bn2

)
vn−1(t) ≤ (A+B)n(2n− 1)vn−1(t)

for n ≥ 1. Hence, since v0(t) ≤ 1, we can use induction on n to get

vn(t) ≤
(
(A+B)t

)n n∏
m=1

(2m− 1) =
(

2n
n

)(
(A+B)t

2

)n
,

from which the desired conclusion is an easy step since, by Stirling’s for-
mula,

(
2n
n

)
∼ 4n√

πn
. �

Now set R = |y−x|
2 and use the Chapman–Kolmogorov equation to write

p(2t, x, y) =
∫
p(t, x, x′)p(t, x′, y) dx′

≤
∫
B(x,R){

p(t, x, x′)p(t, x′, y) dx′ +
∫
B(y,R){

p(t, x, x′)p(t, x′, y) dx′.

By (3.3.5) with m = 0 and α = 0, there exists a C <∞, with the required
dependence, such that the right-hand side is dominated by

C

1 ∧ tN2

(
P
(
t, x,B(x,R){

)
+ P>

(
t, y, B(y,R){

))
.
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Finally, by the estimate in Lemma 3.3.12, the P
(
t, x,B(x,R){

)
is domi-

nated by C exp
(
Ct− R2

Ct

)
for another C < ∞ depending only on bounds

on a and b. At the same time, (cf. the notation in § 2.5),

P>
(
t, y, B(y,R){

)
=
∫
B(y,R){

eη
′
P̄>
(
t, (y, 0), dy′ × dη′

)
≤ et‖V

>‖u P̄>
(
t, (y, 0), B(y,R){× R

)
,

and another application of Lemma 3.3.12, this time to σ̄σ̄> and b̄>, com-
pletes the proof of the first estimate in Theorem 3.3.11.

To prove the estimates for derivatives of p(t, x, y), we will use a simple,
but rather crude, interpolation argument.

Lemma 3.3.13. Let n ≥ 1, and suppose that F : RN −→ R is an (n+ 1)-
times continuously differentiable function. Given a closed cube Q in RN of
side length 2 and an α with ‖α‖ = n,

‖∂αF‖u,Q ≤ 9‖F‖2
−n

u,Q max
‖β‖≤n+1

‖∂βF‖1−2−n

u,Q ,

where ‖ · ‖u,Q denotes the uniform norm on Q.

Proof: We begin with the case when n = N = 1. Given x ∈ [−1, 0],
Taylor’s Theorem says that, for h ∈ (0, 1],

F (x+h) = F (x)+hF ′(x)+
h2

2
F ′′
(
x+θ(x, h)

)
for some θ(x, h) ∈ [x, x+h].

Hence,

|F ′(x)| ≤ 2
h
‖F‖u,Q +

h

2
‖F ′′‖u,Q for all h ∈ (0, 1].

In particular, by taking h2 = ‖F‖u,Q
‖F‖u,Q∨‖F ′′‖u,Q , we see that

|F ′(x)| ≤ 3‖F‖
1
2
u,Q

(
‖F‖u,Q ∨ ‖F ′′‖u,Q

) 1
2 .

The same argument, with h ∈ [−1, 0), applies to x ∈ [0, 1], and, by working
with one coordinate at a time, one sees that, for any N ,

(*) max
‖α‖=1

‖∂αF‖u,Q ≤ 3‖F‖
1
2
u,Q max
‖β‖≤2

‖∂βF‖
1
2
u,Q.

To complete the proof, we work by induction on n ≥ 1. Thus, assume
the result holds for n, let ‖β‖ = n, and suppose α is obtained from β by
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adding 1 to precisely one of its coordinates. Then, by (*) applied to ∂βF
and the induction hypothesis, we know that

‖∂αf‖u,Q ≤ 3‖∂βF‖
1
2
u,Q max
‖β′‖≤n+1

‖∂β
′
F‖

1
2
u,Q

≤ 9‖F‖2
−(n+2)

u,Q max
‖β′‖≤n+2

‖∂β
′
F‖1−2−(n+1)

u,Q . �

Returning to the proof of Theorem 3.3.11, let (t, x, y) ∈ [1,∞)×RN×RN
be given, and set R = |y − x|. Then we can choose cubes Q1 and Q2, each
of side length 2, so that x ∈ Q1, y ∈ Q2, and |x′ − y′| ≥ R for all x′ ∈ Q1

and y′ ∈ Q2. Hence, by Lemma 3.3.13, we know that

∣∣∂αx ∂βy p(t, x, y)
∣∣ ≤ 9‖∂βy p(t, · , y)‖2

−‖α‖

u,Q max
‖α′‖≤‖α‖+1

‖∂α
′

x ∂
β
y p(t, · , y)‖1−2−‖α‖

u,Q

≤ 81‖p(t, · , ∗)‖2
−‖α‖−‖β‖

u,Q1×Q2
max

‖α′‖≤‖α‖+1
‖β′‖≤‖β‖+1

‖∂α
′

x ∂
β′

y p(t, · , ∗)‖1−2−‖α‖−‖β‖

u,Q1×Q2
,

which, together with (3.3.9) and the estimate already proved for p(t, x, y),
gives the required result when t ≥ 1 and m = 0. Next let t ∈ (0, 1], and
remember (cf. the scaling argument in § 3.3.3) that

p(t, x, y) = t−
N
2 pt(1, t−

1
2x, t−

1
2 y).

Hence, because t ≤ 1 and therefore the coefficients determining pt as well
as their derivatives are bounded by the corresponding quantities for p, the
result is proved for all (t, x, y) when m = 0. Finally, to handle m 6= 0, recall
that ∂mt p(t, x, y) = [Lmp(t, · , y)](x).

3.4 Hypoellipticity

In this subsection we will show how our results thus far, and particularly
Theorem 3.3.11, lead to a proof that L is hypoelliptic. That is, we are going
to show that if u is a distribution (in the sense of L. Schwartz) and Lu is
smooth on an open set W , then u is smooth on W . In fact, after proving
that L itself is hypoelliptic, we will show that the associated heat operator
L+ ∂t is also hypoelliptic.

3.4.1. Hypoellipticity of L: After an elementary translation and rescal-
ing, one sees that it suffices to prove that if u is a distribution and Lu �
B(0, 5) = f ∈ C∞b

(
B(0, 5); R

)
, then u � B(0, 1) ∈ C∞

(
B(0, 1); R

)
. With

this in mind, choose η ∈ C∞c
(
B(0, 4); [0, 1]

)
so that η = 1 on B(0, 3), and

set ũ = ηu. Obviously, it suffices for us to show that ũ � B(0, 1) is smooth.
To this end, define ũθ(x) = 〈p(θ, x, · ), ũ〉 for (θ, x) ∈ (0, 1]× RN . Because
ũ has compact support and p(θ, x, · ) ∈ C∞(RN ; R), there is no question
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that ũθ is well defined. In fact, because (θ, x, y) p(θ, x, y) is smooth, one
can easily check that (θ, x) ũθ(x) is smooth and that (cf. (3.3.10))

d

dθ
ũθ(x) = 〈∂θp(θ, x, · ), ũ〉

=
〈
LT
(
p(θ, x, · )

)
, ũ
〉

= 〈p(θ, x, · ), Lũ〉.

Now, write Lũ = f̃ + ṽ, where f̃ = ηf . Clearly, ṽ is a distribution with
compact support in the open annular region A = B(0, 4) \B(0, 2), and

(*) ũθ(x) = ũ1 −
∫ 1

θ

uf̃ (ξ, x) dξ −
∫ 1

θ

ṽξ(x) dξ,

where ṽξ = 〈p(ξ, x, · ), ṽ〉. The first term on the right-hand side of (*) is
smooth, and, because f̃ ∈ C∞c (RN ; R), we know (cf. Corollary 2.2.8) that
the second term is also smooth and has derivatives which can be bounded
independent of θ ∈ (0, 1]. To handle the third term on the right of (*),
notice that

∂αx ṽθ(x) = 〈∂αx p̄(θ, x, · ), ṽ〉,

where p̄(θ, x, y) = η̄(y)p(θ, x, y) with an η̄ ∈ C∞c
(
A; [0, 1]

)
which is 1 on an

open neighborhood of supp(ṽ). Since, by Theorem 3.3.11, all derivatives of
(x, y) ∈ B(0, 1) × RN 7−→ p̄(θ, x, y) are bounded independent of θ ∈ (0, 1],
it follows that all derivatives of the third term are bounded independent of
θ ∈ (0, 1]. Thus, we have now shown that, for every α ∈ NN ,

sup
θ∈(0,1]

sup
x∈B(0,1)

|∂αx ũθ(x)| <∞.

With the preceding result at hand, all that remains is to check that
ũθ tends, in the sense of distributions, to ũ as θ ↘ 0. For this pur-
pose, let ϕ ∈ C∞c (RN ; R) be given, and set u>ϕ (t, y) = 〈ϕ, P>(t, y)〉. Then
〈ϕ, ũθ〉 = 〈u>ϕ (θ, · ), ũ〉, and so (remember that ũ has compact support) we
will be done once we show that u>ϕ (θ, · ) −→ ϕ in C∞(RN ; R). But, using
(2.5.5) and applying Corollary 2.2.8 to the transition probability function
(t, ȳ) P̄>(t, ȳ), this is easily verified.
3.4.2. Hypoellipicity of L + ∂t: In this section we will prove that the
heat operator L + ∂t is also hypoelliptic. The basic idea is essentially the
same as in § 3.5.1, although the details are slightly more intricate.

Theorem 3.4.1. Let W be a non-empty, open subset of RN ; assume
that a : W −→ Hom(RN ; RN ) and b : W −→ RN are smooth functions
with the property that, for each x ∈ W , a(x) is symmetric and strictly
positive definite; and define the operator L accordingly, as in (1.1.8), on
C2(W ; R). If, for some open interval J 6= ∅ and distribution u on J ×W ,
(L+ ∂t)u = f ∈ C∞

(
J ×W ; R), then u ∈ C∞(J ×W ; R).
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Proof: Without loss of generality, we will assume that a and b are defined
and smooth on all of RN ; that a, b, and all their derivatives are bounded;
and that, for each x ∈ RN , a(x) is symmetric and, for some ε > 0, a(x) ≥
εI. Further, after translation and scaling, we may and will assume that
J = (−5, 5) and W = B(0, 5). What we have to show is that u is smooth
on (−1, 1)×B(0, 1).

We begin by choosing η ∈ C∞c
(
(−4, 4) × B(0, 4); [0, 1]

)
so that η = 1

on [−3, 3] × B(0, 3) and setting ũ = ηu, f̃ = ηf , and ṽ = f̃ − (L + ∂t)ũ.
Clearly, ṽ has compact support in A = [(−4, 4)×B(0, 4)]\

[
[−2, 2]×B(0, 2)

]
.

Next, choose ρ ∈ C∞c
(
(1, 2); [0,∞)

)
with total integral 1, and set ρθ(t) =

θ−1ρ(θ−1t) for θ ∈ (0, 1). Finally, set

ũθ(t, x) =
〈
ρθ( · − t)p( · − t, x, ∗), ũ

〉
,

where the notation is meant to indicate that, for a fixed (t, x), the action
of ũ is on the function (τ, y) ρθ(τ − t)p(τ − t, x, y). In order to compute
d
dθ ũθ(t, x), observe that

d

dθ
ρθ(t) = −ψ̇θ(t), where ψ(t) = tρ(t) and ψθ(t) = θ−1ψ(θ−1t).

Hence, d
dθ ũθ(t, x) equals

−
〈
∂ ·
(
ψθ( · − t)p( · − t, x, ∗)

)
, ũ
〉

+
〈
ψθ( · − t)L>∗ p( · − t, x, ∗), ũ

〉
=
〈
ψθ( · − t)p( · − t, x, ∗), f̃

〉
+
〈
ψθ( · − t)p( · − t, x, ∗), ṽ

〉
,

and so

ũθ(t, x) = ũ1(t, x)−
∫ 1

θ

〈
ψξ( · − t)p( · − t, x, ∗), f̃

〉
dξ −

∫ 1

θ

ṽξ(t, x) dξ,

where ṽθ(t, x) ≡
〈
ψθ( · − t)p( · − t, x, ∗), ṽ

〉
.

Just as before, the first and second terms on the right have derivatives
of all orders which are bounded independent of θ ∈ (0, 1). As for the
third term, ṽθ poses no problems as long as θ ∈

[
1
2 , 1
)
. Thus, suppose

that θ ∈
(
0, 1

2

)
, and consider (t, x) ∈ (−1, 1) × B(0, 1). Next, choose

η̄ ∈ C∞c
(
A; [0, 1]

)
so that η̄ = 1 on an open neighborhood of supp(ṽ), set

p̄θ(t, x; τ, y) = η̄(t, y)ρθ(τ − t)p(τ − t, x, y), and note that ṽθ(t, x) is equal
to 〈p̄θ(t, x; · , ∗), ũ〉. The key to controlling derivatives of this quantity is
the observation that p̄θ(t, x; τ, y) = 0 unless |y − x| ≥ 1. Indeed, because
|x| < 1, |y − x| < 1 =⇒ |y| < 2. Thus, if |y − x| < 1 and |τ | ≤ 2, then
η̄(τ, y) = 0. On the other hand, if |τ | > 2, then, because |t| < 1 and θ ≤ 1

2 ,
ρθ(τ − t) = 0. Knowing that p̄θ(t, x′τ, y) = 0 unless |y−x| ≥ 1, we can now
use Theorem 3.3.11 to check that all derivatives of

(t, x; τ, y) ∈
(
(−1, 1)×B(0, 1)

)
×
(
R× RN

)
7−→ p̄θ(t, x; τ, y) ∈ R
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are bounded independent of θ ∈
(
0, 1

2

]
, the point being that although

derivatives of p̄θ(t, x; τ, y) produce factors which are reciprocal powers of θ
and τ − t ∈ (θ, 2θ), such factors are canceled by the exponential factor in
the estimates from Theorem 3.3.11.

Given the preceding, it remains to check that ũθ −→ ũ in the sense of
Schwartz distributions, and this is done by the same line of reasoning for
the analogous result earlier. �

Remark 3.4.2. There are two remarks worth making about the preceding.
The first is that the same reasoning allows one to conclude that if L is as
in Theorem 3.4.1 and c ∈ C∞(W ; R), then the same conclusion holds when
L + ∂t is replaced by L + c + ∂t. The idea is that, by the technique with
which we handled the 0th order term V > of L> in § 3.3.4, one can produce
a kernel which plays the same role for L + c as p(t, x, y) plays for L. The
second remark is of a less practical nature. Namely, it is interesting to note
that the estimates in Theorem 3.3.11 do not, by themselves, seem sufficient
to conclude hypoellipticity. Indeed, at least our proof requires that one also
knows the “do no harm” sort of results contained in Chapter 2.

3.5 Historical Notes and Commentary

As far as I know, elliptic regularity theory began with H. Weyl’s paper
[57], in which he proved that weak (in the sense of L2) solutions to Laplace’s
equations are classical solutions, thereby laying the groundwork for a rig-
orous treatment of Hodge theory. Since Weyl, a small industry devoted to
extensions and refinements of his result has grown and flourished. Indeed,
these extensions have become essential ingredients in the work of geometers
as well as traditional analysts. For example, the Index Theorem of Atiyah
and Singer and its descendants make heavy use of them.

In this chapter, the approach I have adopted makes minimal use of the
powerful techniques (some of which are explained in Chapter 7) which an-
alysts have developed. Instead, in keeping with the contents of Chapters 1
and 2, I have based the treatment on Itô’s representation of solutions, to
which I have applied a technique which, a long time ago, I dubbed “Malli-
avin’s calculus.” In fact, just as Chapter 1 is a poor man’s version of Itô’s
theory, the present chapter is an equally poor man’s version of Malliavin’s.
Malliavin’s seminal idea in [37] was that Itô’s representation provides a ve-
hicle for transferring smoothness properties of Gaussian measures to the
distribution of a diffusion process. If one is doing true Malliavin calculus,
implementation of his idea requires one to come to terms with all sorts of
technical difficulties3 which arise when doing analysis in infinite dimensions.
In this chapter I have avoided those difficulties by doing all the analysis on

3 All these come down to the uncomfortable fact that, in infinite dimensions, Sobolev’s

embedding theorems are false. Specifically, although the solution to an Itô stochas-
tic integral equation is infinitely smooth in the sense of Sobolev, it need not be even

continuous in a classical sense.
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the approximating quantities, which are finite dimensional. A similar, but
somewhat different, approach was taken by D. Bell in [7].

The treatment of hypoellipticity in § 3.4 is taken from [32]. In that it is
potential theoretic, it bears greater resemblance to Weyl’s [57] than most
modern, analytic approaches, like the one described in Chapter 7.



chapter 4

Nash Theory

In this chapter we will develop a theory which, at least from the proba-
bilistic perspective underlying our thinking up to now, gives results which
are surprising. On the other hand, since, from the outset, the reasoning
here has minimal probabilistic input, maybe the surprise should not be too
great.

Although, as explained in §1.1, (1.1.8) was the probabilistically natural
way for Kolmogorov to write his operators, there are good physical as well
as mathematical reasons (cf. Remark 4.3.10 below) for thinking that it is
preferable to write our operator in divergence form, that is, to write

(4.0.1) Lϕ = 1
2∇ ·

(
a∇ϕ

)
=

1
2

N∑
i,j=1

∂xi
(
aij∂xjϕ

)
.

This is the form in which the operator arises when one is thinking about
conservation laws in physics or about Euler–Legrange equations when doing
variational calculus, and, from a purely mathematical standpoint, it has the
obvious advantage of being formally self-adjoint. In fact, under mild decay
conditions on ϕ and ψ,

(4.0.2)
(
ϕ,Lψ

)
L2(RN ;R)

= − 1
2

(
∇ϕ, a∇ψ

)
L2(RN ;RN )

,

which is the crucial fact on which everything else in this chapter turns.
Under the assumption that a is symmetric and satisfies (3.2.1), we will

show how to systematically exploit the advantages of writing L in diver-
gence form. The most important conclusion which we will draw is that
our upper bound in Theorem 3.3.11 on the fundamental solution can be
complemented with a commensurate lower bound. Of secondary, but con-
siderable, interest will be the freedom of our conclusions from regularity
properties of a. Namely, all our estimates will depend only on N and the
upper and lower bounds on a.

Once we have dealt with operators of the form in (4.0.1), we will show
how to deal with operators containing lower order terms.

82
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4.1 The Upper Bound
Let L be the operator in (4.0.1). Besides (3.2.1), we will be assuming that

a is smooth and has bounded derivatives of all orders. Thus, by the results
in § 3.3, we know that there is a smooth (t, x, y) ∈ (0,∞) × RN × RN 7−→
p(t, x, y) ∈ [0,∞) which is a fundamental solution to the heat equation
∂tu = Lu.

Our first application of (4.0.2) is to check that

(4.1.1) p(t, x, y) = p(t, y, x) for all (t, x, y) ∈ (0,∞)× RN × RN .

One way to check (4.1.1) is to note that L> = L and therefore, by (3.3.8),
§ 3.3.4) that P>(t, x) = P (t, x). Alternatively, for ϕ,ψ ∈ C2

c (RN ; R), one
can use the estimates in Theorem 3.3.11 and (4.0.2) to justify (cf. (2.0.2))

d

ds

(
uϕ(t− s), uψ(s)

)
L2(RN ;R)

= −
(
Luϕ(t− s), uψ(s)

)
L2(RN ;R)

+
(
uϕ(t− s), Luψ(s)

)
L2(RN ;R)

=
(
∇uϕ(t− s), a∇uψ(s)

)
L2(RN ;RN )

−
(
∇uϕ(t− s), a∇uψ(s)

)
L2(RN ;RN )

= 0,

which means that∫∫
ϕ(x)p(t, x, y)ψ(y) dxdy =

(
ϕ, uψ(t)

)
L2(RN ;R)

=
(
ψ, uφ(t)

)
L2(RN ;R)

=
∫∫

ψ(y)p(t, y, x)ϕ(x) dxdy.

As in § 2.5, it is best to employ operator notation here. Thus, we will
write

Ptϕ(x) = uϕ(t, x) =
∫
ϕ(y)P (t, x, dy) =

∫
ϕ(y)p(t, x, y) dy.

Because L = L>, and therefore V > = 0, Theorem 2.5.8 tells us that,
for each r ∈ [1,∞], Pt determines a contraction on Lr(RN ; R), which, by
(4.1.1), is self-adjoint on L2(RN ; R). In particular, these facts have the
consequences that

(4.1.2) ‖Ptϕ‖Lr(RN ) ≤ ‖ϕ‖Lr(RN ) and
(
ψ,Ptϕ

)
L2(RN ;R)

=
(
ϕ,Ptψ

)
L2(RN ;R)

extend to all ϕ ∈ Lr(RN ; R) and ψ ∈ Lr
′
(RN ; R) when r′ is the Hölder

conjugate of r ∈ [1,∞).
4.1.1. Nash’s Inequality: As we have just seen, Pt is a contraction
on Lr(RN ; R) for each r ∈ [1,∞]. However, an examination of our proof
reveals that this property relies only on L = L> and has nothing to do
with ellipticity. To bring ellipticity into play, we exploit (4.0.2), and the
following Sobolev type result is the one which will enable us to do so.
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Lemma 4.1.3. If ϕ ∈ C1(RN ; R) ∩ L1(RN ; R) and ∇ϕ ∈ L2(RN ; RN ),
then

‖ϕ‖2+ 4
N

L2(RN ;R)
≤ CN‖∇ϕ‖2L2(RN ;RN )‖ϕ‖

4
N

L1(RN )
,

where CN <∞ is universal.

Proof: Without loss of generality, we may and will assume that ϕ ∈
C∞c (RN ; R).

There are several ways to prove the asserted inequality. One of them is
to use Parseval’s identity and |∇̂ϕ(ξ)| = |ξ||ϕ̂(ξ)| to write, for each R > 0,

(2π)N‖ϕ‖2L2(RN ;R) =
∫
B(0,R)

|ϕ̂(ξ)|2 dξ +
∫
B(0,R){

|ϕ̂(ξ)|2 dξ

≤ ΩNRN‖ϕ‖2L1(RN ) + (2π)NR−2‖∇ϕ‖2L2(RN ;RN ),

and to then minimize the right-hand side with respect to R. A second and,
in view of the context, perhaps more revealing proof is to set ϕ(t) = g(t)?ϕ,
where g(t, x) = (2πt)−

N
2 exp

(
− |x|

2

2t

)
is the standard heat kernel, and write

(
ϕ,ϕ(t)

)
L2(RN ;R)

= ‖ϕ‖2L2(RN ;R) +
1
2

∫ t

0

(
ϕ,∆ϕ(τ)

)
L2(RN ;R)

dτ.

Note that, because all the operations are translation invariant and therefore
commute with one another,∣∣(ϕ,∆ϕ(τ)

)
L2(RN ;R)

∣∣ =
∣∣(∇ϕ,∇ϕ(τ)

)
L2(RN ;RN )

∣∣
≤ ‖∇ϕ‖L2(RN ;RN )‖g(τ) ?∇ϕ‖L2(RN ;RN ) ≤ ‖∇ϕ‖2L2(RN ;RN ),

where, in the final step, we have used the fact that, since ‖g(τ)‖L1(RN ) = 1,
convolution with g(τ) is a contraction in L2(RN ; RN ). At the same time,(

ϕ,ϕ(t)
)
L2(RN ;R)

≤ ‖ϕ‖L1(RN )‖ϕ(t)‖L∞(RN ) ≤ (2πt)−
N
2 ‖ϕ‖2L1(RN ).

Hence,

‖ϕ‖2L2(RN ;R) ≤ (2πt)−
N
2 ‖ϕ‖2L1(RN ) + t

2‖∇ϕ‖
2
L2(RN ;RN )

for all t > 0. Now minimize with respect to t. �
To give an immediate demonstration of the power of Lemma 4.1.3, let

ϕ ∈ C∞c (RN ; R) with ‖ϕ‖L1(RN ) ≤ 1 be given, and set uϕ(t) = Ptϕ. Since
‖uϕ(t)‖L1(RN ) ≤ 1,

d

dt
‖uϕ(t)‖2L2(RN ;R) = 2

(
uϕ(t), Luϕ(t)

)
L2(RN ;R)

= −
(
∇uϕ, a∇uϕ(t)

)
L2(RN ;RN )

≤ −ε‖∇uϕ‖2L2(RN ;RN ) ≤ −
ε

CN
‖uϕ(t)‖2+ 4

N

L2(RN ;R)
.
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Hence, ‖uϕ(t)‖L2(RN ;R) ≤
(
NCN

2ε

)N
4 t−

N
4 , and so we have shown that the

operator norm ‖Pt‖1→2 of Pt as a mapping from L1(RN ; R) to L2(RN ; R)
satisfies

‖Pt‖1→2 ≤
(
NCN

2ε

)N
4

t−
N
4 .

Working by duality, this also shows that, as a mapping from L2(RN ; R) to
L∞(RN ; R), the norm ‖Pt‖2→∞ of Pt satisfies the same estimate. That is,
by (4.1.2) and Schwarz’s inequality,∣∣(ψ,Ptϕ

)
L2(RN ;R)

∣∣ =
∣∣(Ptψ,ϕ

)
L2(RN ;R)

∣∣
≤ ‖Ptψ‖L2(RN ;R)‖ϕ‖L2(RN ;R) ≤ ‖Pt‖1→2‖ψ‖L1(RN )‖ϕ‖L2(RN ;R),

and so ‖Ptϕ‖L∞(RN ;R) ≤ ‖Pt‖1→2‖ϕ‖L2(RN ;R). Finally, because Pt = P t
2
◦

P t
2
, this means that the norm ‖Pt‖1→∞ of Pt as a mapping from L1(RN ; R)

to L∞(RN ; R) satisfies ‖Pt‖1→∞ ≤ AN (εt)−
N
2 for some universal AN <∞.

Equivalently,∣∣∣∣∫∫ ϕ(x)p(t, x, y)ψ(y) dxdy
∣∣∣∣ ≤ AN (εt)−

N
2 ‖ϕ‖L1(RN ;R)‖ψ‖L1(RN ;R),

from which, because p(t, x, y) is continuous, it is an easy step to the con-
clusion that

(4.1.4) p(t, x, y) ≤ AN

(εt)
N
2
.

Remark 4.1.5. Although (4.1.4) looks like a deficient version of the es-
timate in Theorem 3.3.11, there is a significant difference. Namely, the
estimate in (4.1.4) is independent of the smoothness of a. To understand
why this is important, remember the scaling argument which we used in
§ 3.3.3. Applying it to an operator in divergence form, we see that

(4.1.6) p(t, x, y) = λ−
N
2 pλ

(
λ−1t, λ−

1
2x, λ−

1
2 y
)
,

where pλ is the density corresponding to aλ(x) = a(λ
1
2x). When our esti-

mates depended on smoothness properties, we could not afford to take λ
large, and that is why our estimates in Chapter 3 were actually estimates
for t ∈ (0, 1]. However, when smoothness does not enter we can take any
λ ∈ (0,∞). Thus, for example, scaling allows us to derive (4.1.4) for all
t ∈ (0,∞) from (4.1.4) for t = 1.

A second remark is that (4.1.4) is an estimate for p(t, x, y) on the diagonal
y = x. To see this, use the Chapman–Kolmogorov equation and (4.1.1) to
write

p(t,x, y) =
∫
p
(
t
2 , x, ξ

)
p
(
t
2 , y, ξ

)
dξ

≤
(∫

p
(
t
2 , x, ξ

)2
dξ

) 1
2
(∫

p
(
t
2 , y, ξ

)2
dξ

) 1
2

= p(t, x, x)
1
2 p(t, y, y)

1
2 .

Thus, when L is in divergence form, supx,y p(t, x, y) = supx p(t, x, x).
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4.1.2. Off-Diagonal Upper Bound: We will next show how to replace
(4.1.4) with an off-diagonal estimate like the one in Theorem 3.3.11, only
now the estimate will be sharper and not depend on the smoothness of a.

Given a ψ ∈ C∞(RN ; R) having bounded, continuous first derivatives,
set

pψ(t, x, y) = e−ψ(x)p(t, x, y)eψ(y),

and define the operator Pψ
t by

Pψ
t ϕ(x) =

∫
ϕ(y)pψ(t, x, y) dy

for ϕ ∈ Cb(RN ; R). Because of the estimate in Theorem 3.3.11, there are no
integrability problems in the definition of Pψ

t . In addition, one can easily
check that Pψ

s+t = Pψ
s ◦Pψ

t and

d

dt
Pψ
t ϕ = LψPψ

t ϕ, where Lψϕ = e−ψL(eψϕ).

What we want to do is apply the technique in § 4.1.1 to get an estimate
on ‖Pψ

t ‖2→∞. However, there is a problem here which we did not have
there. Namely, we must find out how to avoid the use which we made there
of Pt1 = 1.

Lemma 4.1.7. Set

(4.1.8) D(ψ) = sup
x∈RN

√(
∇ψ(x), a(x)∇ψ(x)

)
RN .

There is a KN <∞, depending only on N , such that

‖Pψ
t ‖2→∞ ≤

KN

(εδt)
N
4
e

(1+δ)tD(ψ)2

2

for every δ ∈ (0, 1].

Proof: Let ϕ ∈ C2
c

(
RN ; [0,∞)

)
\ {0} be given, and set u(t) = Pψ

t ϕ and
vr(t) = ‖u(t)‖Lr(RN ) for r ∈ [1,∞). Because

‖Pψ
t ϕ‖L1(RN ) =

(
e−ψ,Pt(eψϕ)

)
L2(RN ;R)

=
(
Pte

−ψ, eψϕ
)
L2(RN ;R)

> 0,

it is clear that vr(t) > 0 for all r and t. Next,

v̇2r(t) = v2r(t)1−2r
(
u(t)2r−1, Lψu(t)

)
L2(RN ;R)

,
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and1

(
u(t)2r−1, Lψu(t)

)
L2(RN ;R)

= −1
2

(
∇
(
e−ψu2r−1(t)

)
, a∇

(
eψu(t)

))
L2(RN ;RN )

= −2r − 1
2

(
u(t)2(r−1)∇u(t), a∇u(t)

)
L2(RN ;R)

− (r − 1)
(
u(t)2r−1∇u(t), a∇ψ

)
L2(RN ;RN )

+
1
2
(
u(t)2r∇ψ, a∇ψ

)
L2(RN ;RN )

≤ −r
2
(
u(t)2(r−1)∇u(t), a∇u(t)

)
L2(RN ;RN )

+
r

2
(
u(t)2r∇ψ, a∇ψ

)
L2(RN ;RN )

≤ − ε

2r
‖∇u(t)r‖2L2(RN ;RN ) +

rD(ψ)2

2
v2r(t)2r.

At the same time, by Lemma 4.1.3 applied to u(t)r,

CN‖∇u(t)r‖2L2(RN ;RN ) ≥
‖u(t)r‖2+ 4

N

L2(RN ;R)

‖u(t)r‖
4
N

L1(RN ;R)

=
v2r(t)2r+ 4r

N

vr(t)
4r
N

,

and so we can now say that

(*) v̇2r(t) ≤ −
ε

2CNr
v2r(t)1+ 4r

N

vr(t)
4r
N

+
rD(ψ)2

2
v2r(t).

Applying (*) when r = 1 and ignoring the first term on the right, one

sees that v2(t) ≤ e
tD(ψ)2

2 ‖ϕ‖L2(RN ;R). Before applying (*) when r ≥ 2, set

wr(t) = sup
τ∈[0,t]

τ
N
4r (r−2)vr(τ).

Then, w2(t) ≤ e
tD(ψ)2

2 ‖ϕ‖L2(RN ;R) and (*) can be replaced by

v̇2r(t) ≤ −
ε

2CNr
tr−2v2r(t)1+ 4r

N

wr(t)
4r
N

+
rD(ψ)2

2
v2r(t).

After elementary manipulation, the preceding can be rewritten as

d

dt

(
e−

trD(ψ)2

2 v2r(t)
)− 4r

N

≥ 2ε
NCNwr(t)

4r
N

tr−2e
t2r2D(ψ)2

N ,

1 Here and elsewhere, we make frequent, and occasionally creative, use of the quadratic

inequality |(ξ, aη)RN | ≤
δ
2

(ξ, aξ) + 1
2δ

(η, aη)RN for any symmetric, non-negative definite

a ∈ Hom(RN ; RN ), ξ, η ∈ RN , and δ > 0.
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and therefore, for any δ ∈ (0, 1],

e
t2r2D(ψ)2

N v2r(t)−
4r
N ≥ 2ε

NCNwr(t)
4r
N

∫ t

(1− δ
r2

)t

τ r−2e
τ2r2D(ψ)2

N dτ

≥ 2ε
NCNwr(t)

4r
N

tr−1e
t2r2D(ψ)2

N e−
t2δD(ψ)2

N

∫ 1

1− δ
r2

τ r−2 dτ.

Hence, since

∫ 1

1− δ
r2

τ r−2 dτ =
1

r − 1

(
1−

(
1− δ

r2

)r−1
)
≥ δ

r2
,

for r ≥ 2, we can say first that

v2r(t) ≤
(
NCNr

2

εδ

) N
4r

t
N
4r (1−r)e

tδD(ψ)2

2r wr(t),

and then that

w2r(t) ≤
(
NCNr

2

εδ

) N
4r

e
tδD(ψ)2

2r wr(t), r ≥ 2.

Working by induction on n ≥ 2, we arrive at

w2n(t) ≤ 4
N
4

∑n−1

m=1
m2−m

(
NCN
εδ

)N
4 (1−21−n)

e
(1−21−n)tδD(ψ)2

2 w2(t),

and so, after letting n→∞ and using our estimate on w2(t), we get

‖Pψ
t ϕ‖u ≤ 4N

(
NCN
εδt

)N
4

e
t(1+δ)D(ψ)2

2 ‖ϕ‖L2(RN ;R). �

Because the adjoint of Pψ
t is P−ψt , we can use duality and the result in

Lemma 4.1.7 to get the same estimate for ‖Pψ‖1→2, and therefore, since
Pψ
t = (Pψ

t
2
)2,

‖Pψ
t ‖1→∞ ≤

2
N
2 K2

N

(εδt)
N
2
e
t(1+δ)D(ψ)2

2 .

Equivalently,

p(t, x, y) ≤ 2
N
2 K2

N

(εδt)
N
2

exp
(
ψ(x)− ψ(y) +

t(1 + δ)D(ψ)2

2

)
.
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Obviously, what we want to do now is minimize the right-hand side of the
preceding with respect to ψ and to interpret what that minimization yields.
For this purpose, recall that the Riemannian distance from x to y relative
to the Riemann metric a−1 is

(4.1.9)
d(x, y) = inf

{√∫ 1

0

(
π̇(τ), a

(
π(τ)

)−1
π̇(τ)

)
RN dτ

: π(0) = x & π(1) = y

}
,

where π ∈ C1
(
[0, 1]; RN

)
.

Lemma 4.1.10. For each α > 0,

sup
{
ψ(y)− ψ(x)− αD(ψ)2

2
: ψ ∈ C∞(RN ; R)

}
=
d(x, y)2

2α
.

Proof: Set

D(x, y) = sup
{
|ψ(y)− ψ(x)| : ψ ∈ C∞(RN ; R) & D(ψ) ≤ 1

}
.

Then, after replacing ψ by λψ and minimizing over λ, one sees that

sup
{
ψ(y)− ψ(x)− αD(ψ)2

2
: ψ ∈ C∞(RN ; R)

}
= sup

{(
ψ(y)− ψ(x)

)2
2αD(ψ)2

: ψ ∈ C1(RN ; R)

}
=
D(x, y)2

2α
.

Hence, we will be done once we show that d(x, y) = D(x, y). To this end,
first suppose that ψ ∈ C∞(RN ; R) with D(ψ) ≤ 1, and note that for any
π ∈ C1

(
[0, 1]; RN

)
with π(0) = x and π(1) = y,

|ψ(y)− ψ(x)| =
∣∣∣∣∫ 1

0

(
∇ψ(π(τ)

)
, π̇(τ)

)
RN

dτ

∣∣∣∣
≤
∫ 1

0

∣∣(a 1
2∇ψ)

(
π(τ)

)∣∣∣∣a(π(τ)
)− 1

2 π̇(τ)
∣∣ dτ

≤

√∫ 1

0

(
π̇(τ), a

(
π(τ)

)−1
π̇(τ)

)
RN dτ.

Hence, after minimizing with respect to π, we see that D(x, y) ≤ d(x, y).
To get the opposite inequality, we must check first that D(x, y) ≥ |ψ(y)−

ψ(x)| for any ψ satisfying the Lipschitz condition |ψ(η)−ψ(ξ)| ≤ d(ξ, η) for
all ξ, η ∈ RN . For this purpose, we begin by showing that if ψ ∈ C∞(RN ; R)
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and |ψ(η)− ψ(ξ)| ≤ Cd(ξ, η), then D(ψ) ≤ C. Indeed, given θ ∈ SN−1, set
πt(τ) = x+ tτa(x)

1
2 θ. Then(

ψ
(
x+ ta(x)

1
2 θ
)
− ψ(x)

)2 ≤ C2d
(
x, x+ ta(x)

1
2 θ
)2

≤ C2

∫ 1

0

(
π̇t(τ), a

(
πt(τ)

)−1
π̇t(τ)

)
RN

dτ

= C2t2
∫ 1

0

(
a(x)

1
2 θ, a

(
πt(τ)

)−1
a(x)

1
2 θ
)

RN
dτ,

and so(
a(x)

1
2∇ψ(x), θ

)2
RN = lim

t↘0
t−2
(
ψ
(
x+ ta(x)

1
2 θ
)
− ψ(x)

)2 ≤ C2,

from which it is clear that D(ψ) ≤ C. Next, let ψ be any function satisfying
|ψ(η)−ψ(ξ)| ≤ d(ξ, η) for all ξ, η ∈ RN be given. We want to show that ψ =
lims↘0 ψs, where {ψs : s ∈ (0, 1]} ⊆ C∞(RN ; R) satisfies lims↘0D(ψs) ≤
1. For this purpose, choose ρ ∈ C∞c

(
B(0, 1); [0,∞)

)
with integral 1, and set

ψs = ρs ?ψ, where ρs(ξ) = s−Nρ(s−1ξ). Then each ψs is smooth, ψs −→ ψ
uniformly on compacts as s↘ 0, and

|ψs(η)− ψs(ξ)| ≤
∫
ρs(ζ)d(ξ − ζ, η − ζ) dζ.

Hence, since ∫
ρs(ζ)d(ξ − ζ, η − ζ) dζ ≤ Csd(ξ, η),

where

Cs ≡ sup
{∥∥a(ξ′ − ζ)−1a(ξ′)

∥∥
op

: ξ′ ∈ RN & |ζ| ≤ s
}
↘ 1,

we have that lims↘0D(ψs) ≤ 1. Finally, this means that

D(x, y) ≥ lim
s↘0

|ψs(y)− ψs(x)|
D(ψs)

≥ |ψ(y)− ψ(x)|.

Now take ψ(ξ) = d(x, ξ). By the triangle inequality, |ψ(η) − ψ(ξ)| ≤
d(ξ, η), and so, by the preceding, D(x, y) ≥ |ψ(y)− ψ(x)| = d(x, y). �

By combining Lemma 4.1.10 with the estimate which we already have on
p(t, x, y), we get the following upper bounds.

Theorem 4.1.11. Assume that L is given by (4.0.1), where a : RN −→
Hom(RN ; RN ) is a smooth function which, along with each of its derivatives,
is bounded. Further, assume that, for all x ∈ RN , a(x) is symmetric and
satisfies a(x) ≥ εI for some ε > 0. Then, for each δ ∈ (0, 1],

p(t, x, y) ≤ KN

(εδt)
N
2

exp
(
− d(x, y)2

2(1 + δ)t

)
,
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where KN <∞ is a universal constant depending only on N and d(x, y) is
the Riemannian distance described in (4.1.9). In particular,

lim
t↘0

t log p(t, x, y) ≤ −d(x, y)2

2
,

and

p(t, x, y) ≤ KN

(εt)
N
2

exp
(
−|y − x|

2

4At

)
,

where A ≡ supx∈RN ‖a(x)‖op.

Proof: The first assertion is exactly what we just finished proving, and
the second assertion is an immediate consequence of the first. Finally, to
prove the last assertion, all that one needs to do is take δ = 1 and note
that d(x, y)2 ≥ A−1|y − x|2. This last fact is perhaps most easily checked
by using the equality d(x, y) = D(x, y), which was established in the proof
of Lemma 4.1.10, and taking test functions of the form ψ(x) = (θ, x)RN to
estimate D(x, y). �

4.2 The Lower Bound

In this section we will do our best to develop a lower bound for p(t, x, y)
which complements the upper bound in Theorem 4.1.11. Before getting
down to business, it may help to recognize that the upper bound immedi-
ately gives a lower bound at the diagonal. Namely, from the last estimate
in Theorem 4.1.11, we know that

∫
|y − x|2p(t, x, y) dy ≤ 2KN

(
4πA
ε

)N
2

t.

Hence, because p(t, x, · ) has integral 1,

(4.2.1)

∫
B(x,t

1
2R)

p(t, x, y) dy ≥ 1
2

where R = R
(
A
ε

)
≡ (4KN )

1
2

(
4πA
ε

)N
4

.

In particular, if we use |Γ| to denote the Lebesgue measure of Γ ∈ BRN ,
then

p(2t, x, x) =
∫
p(t, x, y)2 dy ≥

∫
B(x,t

1
2R)

p(t, x, y)2 dy

≥ 1
|B(x, t

1
2R)|

(∫
B(x,t

1
2R)

p(t, x, y) dy

)2

≥ 1
4ΩNRN

t−
N
2 .
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That is, there is an αN ∈ (0, 1], depending only on N , such that

p(t, x, x) ≥ αN
( ε
A

)N2
4
t−

N
2 .

The simplicity with which one gets the preceding estimate is deceptive
because it avoids the real issue. The real problem is to get away from
the diagonal, and the solution to this problem requires us to prove a local
“ergodic” result. That is, we must show that, by time t, the diffusion with
transition density p(t, x, y) has had time to spread more or less evenly over
a ball centered at x of radius proportional to t

1
2 .

4.2.1. A Poincaré Inequality: The ergodic result on which our proof
relies is the Poincaré inequality for the Gauss distribution γ. More precisely,
we will need to know that

(4.2.2) ‖ϕ− 〈ϕ, γ〉‖2L2(γ;R) = 〈ϕ2, γ〉 − 〈ϕ, γ〉2 ≤ ‖∇ϕ‖2L2(γ;RN )

for ϕ ∈ C1(RN ; R) with slowly increasing derivatives.
There are many ways to prove (4.2.2). Among the most elementary is to

use the Mehler kernel,

m(t, x, y) = (2π)
N
2 g
(
1− e−2t, y − e−tx

)
e
|y|2

2

=
(
1− e−2t

)−N2 exp
(
−e
−2t|x|2 − 2e−t(x, y)RN + e−2t|y|2

2(1− e−2t)

)
,

where, as usual, g(t, x) = (2πt)−
N
2 e−

|x|2
2t is the heat kernel for 1

2∆. Next
define

Mtϕ(x) =
∫
m(t, x, y)ϕ(y) γ(dy) =

∫
g
(
1− e−2t, y − e−tx

)
ϕ(y) dy.

Notice that, because m(t, x, y) is symmetric and, for each (t, x), is a prob-
ability density with respect to γ, we can repeat the argument given at the
beginning of § 4.1 to see that Mt is a self-adjoint contraction on L2(γ; R).
Next, assuming that ϕ ∈ C(RN ; R) is slowly increasing, one can easily
check that (t, x) Mtϕ(x) is a smooth function on (0,∞) × RN with, for
each t > 0, slowly increasing derivatives, and that

d

dt
Mtϕ(x) =

(
∆− x · ∇

)
Mtϕ(x) = e

|x|2
2 ∇ ·

(
e−
|x|2

2 ∇Mtϕ
)
(x).

Hence, if ϕ ∈ C1(RN ; R) has slowly increasing derivatives, then

d

dt

(
ϕ,Mtϕ

)
L2(γ)

= −
(
∇ϕ,∇Mtϕ

)
L2(γ;RN )

.
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At the same time, ∇Mtϕ = e−tMt∇ϕ. Thus, because Mt is a contraction
on L2(γ; RN ),

− d

dt

(
ϕ,Mtϕ

)
L2(γ)

= e−t
(
∇ϕ,Mt∇ϕ

)
L2(γ;RN )

≤ e−t‖∇ϕ‖2L2(γ;RN ).

Finally, it is easy to check that

lim
t↘0

Mtϕ = ϕ and lim
t→∞

Mtϕ = 〈ϕ, γ〉

in L2(γ; R), and so (4.2.2) follows when we integrate the preceding over
t ∈ (0,∞).
4.2.2. Nash’s Other Inequality: In this section we will prove the esti-
mates on which our lower bounds will be based. Again, the first of these
was found by Nash.

Lemma 4.2.3. For θ ∈
[
0, 1

2

]
, set pθ(t, x, y) = (1− θ)p(t, x, y) + θ. There

is a non-decreasing κ : [1,∞) −→ (0,∞) with the property that∫
log pθ(1, y + ξ, y) γ(dξ) ≥ −κ(A) for all y ∈ RN and θ ∈

(
0, 1

2

]
whenever I ≤ a(x) ≤ AI for all x ∈ RN .

Proof: By an obvious translation argument, we may and will assume that
y = 0.

Given θ ∈
(
0, 1

2

]
, set uθ(t, ξ) = (1−θ)p(t, ξ, 0)+θ and wθ(t) = 〈log uθ(t), γ〉,

and note that, by Jensen’s inequality and (4.1.1),

wθ(t) ≤ log
(
〈uθ(t), γ〉

)
≤ log

(
(1− θ)(2π)−

N
2 + θ

)
< 0.

Next,

2ẇθ(t) =
∫
g(1, ξ)

2Luθ(t, ξ)
uθ(t, ξ)

dξ

=
∫ (

ξ, a(ξ)∇ log uθ(t, ξ)
)

RN γ(dξ)

+
∫ (
∇ log uθ(t, ξ), a(ξ)∇ log uθ(t, ξ)

)
RN γ(dξ)

≥ −1
2

∫ (
ξ, a(ξ)ξ

)
RN γ(dξ)

+
1
2

∫ (
∇ log uθ(t, ξ), a(ξ)∇ log uθ(t, ξ)

)
RN γ(dξ)

≥ −AN
2

+
1
2

∥∥∇ log uθ(t)
∥∥2

L2(γ;RN )

≥ −AN
2

+
1
2

∫ (
log uθ(t, ξ)− wθ(t)

)2
γ(dξ),
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where, at the final step, we have used (4.2.2).
Remembering that wθ < 0, we see that

(
log uθ(t, ξ)− wθ(t)

)2 ≥ wθ(t)2

2
−
(
log− uθ(t, ξ)

)2
.

Hence, for any λ > 0 and θ ∈
(
0, 1

2

]
,∫ (

log uθ(t, ξ)− wθ(t)
)2
γ(dξ) ≥ −λ2 +

1
2
γ
({
ξ : p(t, ξ, 0) ≥ 2e−λ

})
wθ(t)2.

Now take R as in (4.2.1) with ε = 1. Then, for t ∈
[

1
2 , 1
]
,

1
2
≤
∫
B(0,t

1
2R)

p(t, ξ, 0) dξ ≤
∫
B(0,R)

p(t, ξ, 0) dξ

≤ 2ΩNRNe−λ + 2
N
2 KN

∣∣{ξ ∈ B(0, R) : p(t, ξ, 0) ≥ 2e−λ
}∣∣,

where we have used the last inequality in Theorem 4.1.11 with ε = 1. Hence,
if we take λ = log

(
8ΩNRN

)
, we get

γ
({
ξ : p(t, ξ, 0) ≥ 2e−λ

})
≥ γ

({
ξ ∈ B(0, R) : p(t, ξ, 0) ≥ 2e−λ

})
≥ (2π)−

N
2 e−

R2
2
∣∣{ξ ∈ B(0, R) : p(t, ξ, 0) ≥ 2e−λ

}∣∣ ≥ e−
R2
2

2N+2π
N
2 KN

.

Thus, we have now shown that

ẇθ(t) ≥ −
AN + λ2

2
+

e−
R2
2

2N+3π
N
2 KN

wθ(t)2 for all (θ, t) ∈
(
0, 1

2 ]×
[

1
2 , 1
]
.

In particular, if wθ(t)2 ≤ 2N+3π
N
2 KNe

R2
2 (AN + 2λ2) for some t ∈

[
1
2 , 1
]
,

then

wθ(1) ≥ −AN + λ2

4
−
√

2N+3π
N
2 KNe

R2
2 (AN + λ2).

On the other hand, if the opposite inequality holds for all t ∈
[

1
2 , 1
]
, then

ẇθ(t) ≥
e−

R2
2

2N+4π
N
2 KN

wθ(t)2, t ∈
[

1
2 , 1
]
,

and so wθ(1) ≥ −2N+5π
N
2 KNe

R2
2 . Therefore, in either case, we have that

there is a κ(A) ∈ [1,∞) such that wθ(1) ≥ −κ(A) for all θ ∈
(
0, 1

2

]
. �

In addition to the preceding, we will need the following variation on the
same line of reasoning. In the statement below, ρ ∈ C2

b

(
RN ; [0,∞)

)
has

integral 1 and

H(ρ) ≡
∫
|∇ρ(ξ)|2

ρ(ξ)
dξ <∞.
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For example, one can take ρ = f2, where f ∈ C1(RN ; R) with ‖f‖L2(RN ;R) =
1 and ‖∇f‖L2(RN ;RN ) <∞, in which case H(ρ) = 4‖∇f‖2L2(RN ;RN ). Given
such a ρ and a continuously differentiable path π : [0, t] −→ RN , set

(4.2.4) Eρ(t, π) =
∫ t

0

(
π̇(τ), ρ ? a−1

(
π(τ)

)
π̇(τ)

)
RN

dτ.

Lemma 4.2.5. Let pθ(t, x, y) be as in Lemma 4.2.3. Then, for all (t, y) ∈
(0,∞)× RN , τ ∈ (0,∞), θ ∈

(
0, 1

2

]
, δ ∈ (0, 1], and π ∈ C1

(
[0, t]; RN ) with

π(0) = y,∫
ρ(ξ) log

pθ
(
t+ τ, π(t) + ξ, y

)
pθ(τ, y + ξ, y)

dξ ≥ −AH(ρ)t
2δ

− (1 + δ)Eρ(t, π)
2

.

Proof: We begin by observing that, by (2.3.2), |∇ρ| ≤ Cρ 1
2 , where C <∞

depends only on the bounds on the second derivatives of ρ. Hence, it is
an easy matter to check that we need only prove the result when ρ > 0
everywhere, and so we will make this assumption here.

Now, without loss of generality, assume that y = 0, and set uθ(s, ξ) =
pθ
(
s+ τ, ξ + π(s), 0

)
. Clearly, it suffices for us to show that

d

ds

∫
ρ(ξ) log uθ(s, ξ) dξ ≥ −

AH(ρ)
2δ

− 1 + δ

2

(
π̇(s), ρ ? a

(
π(s)

)−1
π̇(s)

)
RN
.

But if a(s, ξ) = a
(
ξ+π(s)

)
, then the left-hand side of the preceding is equal

to

−1
2

(
∇ ρ

uθ(s)
, a(s)∇uθ(s)

)
L2(RN ;R)

+
(
π̇(s),∇ log uθ(s)

)
L2(RN ;R)

=
1
2

[(
ρ

1
2∇ log uθ(s), a(s)ρ

1
2∇ log uθ(s)

)
L2(RN ;R)

+ 2
(
ρ

1
2 a(s)−1π̇(s)− ∇ρ

2ρ
1
2
, a(s)ρ

1
2∇ log uθ(s)

)
L2(RN ;R)

]
≥ −1

2

([
ρ

1
2 a(s)−1π̇(s)− ∇ρ

2ρ
1
2

]
, a(s)

[
ρ

1
2 a(s)−1π̇(s)− ∇ρ

2ρ
1
2

])
L2(RN ;R)

= − 1
2

(
π̇(s), ρa(s)−1π̇(s)

)
L2(RN ;RN )

+ 1
2

(
π̇(s),∇ρ

)
L2(RN ;RN )

− 1
8

(
∇ρ, ρ−1a(s)∇ρ

)
L2(RN ;RN )

≥ −1 + δ

2

(
π̇(s), ρ ? a−1

(
π(s)

)
π̇(s)

)
RN
− AH(ρ)

2δ
. �

4.2.3. Proof of the Lower Bound: We at last have all the ingredients
needed to prove our lower bound on p(t, x, y), and we begin with a prelim-
inary version of our final result. For now, and until further notice, we will
be assuming that I ≤ a(x) ≤ AI.
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Let x, y ∈ RN be given, and set z = x+y
2 . Then, by Lemma 4.2.5, with

ρ = g(1, · ), τ = δ = 1, t = 1
2 , and π(s) = y + s(x− y),

∫
log pθ

(
3
2 , ξ + z, y

)
γ(dξ) ≥

∫
log pθ(1, ξ + y, y) γ(dξ)− AN

4
− |y − x|

2

2

since H
(
g(1)

)
= N . Similarly, by symmetry,

∫
log pθ

(
3
2 , x, z + ξ

)
γ(dξ) ≥

∫
log pθ(1, x, ξ + x) γ(dξ)− AN

4
− |y − x|

2

2
.

Hence, by the Chapman–Kolmogorov equation, Fatou’s Lemma, Jensen’s
inequality, and Lemma 4.2.3,

log p(3, x, y) = log
(∫

p
(

3
2 , x, ξ

)
p
(

3
2 , y, ξ) dξ

)
= log

(∫
p
(

3
2 , x, z + ξ

)
p
(

3
2 , z + ξ, y) dξ

)
≥ lim
θ↘0

log
(∫

pθ
(

3
2 , x, z + ξ

)
pθ
(

3
2 , z + ξ, y) γ(dξ)

)
≥ lim
θ↘0

[∫
log pθ

(
3
2 , x, z + ξ

)
γ(dξ) +

∫
log pθ

(
3
2 , z + ξ, y

)
γ(dξ)

]
≥ −2κ(A)− AN

2
− |y − x|2,

and so
p(3, x, y) ≥ e−2κ(A)−AN2 e−|y−x|

2
.

Because this estimate depends only on A, we can use scaling (cf. (4.1.6)),
as we have before, to obtain the somewhat crude lower bound

(4.2.6) p(t, x, y) ≥ α(A)

t
N
2
e−

3|y−x|2
t , (t, x, y) ∈ (0,∞)× RN × RN ,

where α(A) ≡ 3
N
2 e−2κ(A)−AN2 .

To improve on (4.2.6), choose ρ as in Lemma 4.2.5, and note that, because
of (4.2.6), we can now use that lemma to say that, for any (t, x) ∈ (0,∞)×
RN , π ∈ C1

(
[0, t]; RN

)
with π(0) = x, and δ ∈ (0, 1],

(*)

∫
ρ(ξ) log p

(
(1 + δ)t, x, ξ + π(t)

)
dξ

≥ logα(A)− N

2
log δt− 3AS(ρ)

δt
− AH(ρ)t

2δ
− (1 + δ)Eρ(t, π)

2
,
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where S(ρ) ≡
∫
|ξ|2ρ(ξ) dξ. Next, let x, y ∈ RN be given, and choose

π ∈ C1
(
[0, t]; RN

)
so that π(0) = x and π(t) = y. Then, by (*) with t

replaced by t
2 ,∫

ρ(ξ) log p
(
(1 + δ) t2 , x, ξ + z)

)
dξ

≥ logαN (A)− N

2
log

δt

2
− 6AS(ρ)

δt
− AH(ρ)t

4δ
−

(1 + δ)Eρ
(
t
2 , π)

2
,

and∫
ρ(ξ) log p

(
(1 + δ) t2 , ξ + z, y)

)
dξ

≥ logαN (A)− N

2
log

δt

2
− 6AS(ρ)

δt
− AH(ρ)t

4δ
−

(1 + δ)Eρ
(
t
2 , π̌)

2
,

where z = π
(
t
2

)
and π̌(s) = π(t − s). Proceeding as before via the

Chapman–Kolmogorov equation, and noting that Eρ
(
t
2 , π
)

+ Eρ
(
t
2 , π̌
)

=
Eρ(t, π), one can pass from these to

log p
(
(1 + δ)t, x, y

)
≥ log

(
1
‖ρ‖u

∫
ρ(ξ)p

(
(1 + δ) t2 , x, ξ + z

)
p
(
(1 + δ) t2 , y, z + ξ

)
dξ

)
≥ − log ‖ρ‖u + 2 logαN (A)−N log

δt

2
− 12AS(ρ)

δt

− AH(ρ)t
2δ

− (1 + δ)Eρ(t, π)
2

.

Now choose and fix a ρ with compact support in B(0, 1), and set ρt(ξ) =
t−

N
2 ρ(t−

1
2 ξ). Then

(4.2.7) ‖ρt‖u = t−
N
2 ‖ρ‖u, S(ρt) = tS(ρ), and H(ρt) =

H(ρ)
t

.

Hence, after replacing ρ by ρt in the preceding, we find that

(**) p
(
(1 + δ)t, x, y

)
≥ 2NαN (A)2

δN‖ρ‖ut
N
2
e−

A(24S(ρ)+H(ρ))
2δ exp

(
− (1 + δ)Eρt(t, π)

2

)

for every π ∈ C1
(
[0, t]; RN

)
with π(0) = x and π(t) = y.

Before stating our final result, set

(4.2.8) dt,ρ(x, y) = inf
{√

Eρt(1, π) : π(0) = x & π(1) = y

}
,
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and note that, because

inf {Eρ(t, π) : π(0) = x & π(t) = y}
= t−1 inf {Eρ(1, π) : π(0) = x & π(1) = y} ,

one can replace (**) by

p(t, x, y) ≥ 2
3N
2 αN (A)2

δN‖ρ‖ut
N
2
e−

κ(ρ)A
δ exp

(
− (1 + δ)2dt,ρ(x, y)2

2t

)
,

where κ(ρ) ≡ 12S(ρ) + 1
2H(ρ).

Theorem 4.2.9. Assume that εI ≤ a(x) ≤ (εΛ)I, x ∈ RN , where ε > 0
and Λ ∈ [1,∞). There is a universal βN : [1,∞) −→ (0, 1) such that

p(t, x, y) ≥ βN (Λ)e−
2κ(ρ)Λ
δ

‖ρ‖u(εδ2t)
N
2

exp
(
− (1 + δ)dεt,ρ(x, y)2

2t

)
for all δ ∈ (0, 1]. In particular,

(4.2.10) lim
t↘0

t log p(t, x, y) = −d(x, y)2

2

and, when κ ≡ κ
(
g(1)

)
= 25N

8 ,

p(t, x, y) ≥ βN (Λ)e−κΛ

(εt)
N
2

exp
(
−2|y − x|2

εt

)
.

Proof: In view of the preceding, the first assertion follows from (**) and
the observation that if pε(t, x, y) is the transition probability density for
ε−1a, then p(t, x, y) = pε(εt, x, y). As for the second assertion, we already
know (cf. Theorem 4.1.11) that limt↘0 t log p(t, x, y) ≤ −d(x,y)2

2 , and clearly

the estimate just proved gives limt↘0 t log p(t, x, y) ≥ −d(x,y)2

2 . Finally, the
last estimate comes from taking ρ = g(1), δ = 1, and using dt,ρ(x, y)2 ≤
ε−1|y − x|2. �

4.3 Conservative Perturbations
As yet, the results in this chapter apply only to uniformly elliptic op-

erators which are in divergence form (cf. (4.0.1)). Our goal now is to see
what can be said about operators which are perturbations of operators in
divergence form, and we begin with perturbations by vector fields which
preserve the basic properties of the unperturbed operator.

Let U ∈ C∞b (RN ; R) be given, and consider the operator L whose action
is

(4.3.1) Lϕ = 1
2∇ ·

(
a∇ϕ

)
+
(
∇U, a∇ϕ

)
RN ,
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where a is as in the preceding sections. Our goal here is to obtain upper
and lower bounds on the associated p(t, x, y) and to show that these can be
made to depend only on

(4.3.2) δ(U) ≡ sup
x∈RN

U(x)− inf
x∈RN

U(x)

in addition to the upper and lower bounds on a.
The observation on which our argument rests is that the operator L is

formally self-adjoint in L2(λU ; R), where λU (dx) = e2U dx. To see this,
notice that

Lϕ = 1
2e
−2U∇ ·

(
e2Ua∇ϕ

)
,

and conclude that

(4.3.3)
(
ϕ,Lψ

)
L2(λU ;R)

= − 1
2

(
∇ϕ, a∇ψ

)
L2(λU ;R)

for all ϕ,ψ ∈ C2(RN ; R) ∩ L2(λU ; R) with Lψ, |∇ϕ|, |∇ψ| ∈ L2(RN ; R).
Starting from (4.3.3), one can proceed, as in the derivation of (4.1.2), to see
that, for each t > 0, the operator Pt given by Ptϕ(x) =

∫
ϕ(y)p(t, x, y) dy

is symmetric in L2(λU ; R) and is therefore a contraction in Lr(λU ; R) for
each r ∈ [1,∞]. Notice that this symmetry statement is equivalent to

(4.3.4) e2U(x)p(t, x, y) = e2U(y)p(t, y, x).

Knowing the preceding, we base our proof of an upper bound on precisely
the same line of reasoning as we used in § 4.1. Namely, begin with the
observation that, just as in the proof of Lemma 4.1.7, (4.3.3) leads to

d

dt
‖Pψ

t ϕ‖L2r(λU ;R)

≤ − ε

2r
‖Pψ

t ϕ‖1−2r
L2r(λU ;R)

∥∥∇(Pψ
t ϕ)r

∥∥
L2(λU ;RN )

+
rD(ψ)2

2
‖Pψ

t ϕ‖L2r(λU ;R).

Next, observe that Lemma 4.1.3 implies

‖ϕ‖2+ 4
N

L2(λU ;R)
≤ CN (U)‖∇ϕ‖2L2(λU ;RN )‖ϕ‖

4
N

L1(λU ;R)
,

where CN (U) ≤ CNe
2(N+4)δ(U)

N . Hence,

d

dt
‖Pψ

t ϕ‖L2r(λU ) ≤ −
ε

2CN (U)r

‖Pψ
t ϕ‖

1+ 4r
N

L2r(λU ;R)

‖Pψϕ‖
4r
N

Lr(λU ;R)

+
rD(ψ)2

2
‖Pψ

t ϕ‖L2r(λU ;R).

At this point, one can repeat the argument used after (*) in the proof of
Lemma 4.1.7 and thereby conclude that, for every δ ∈ (0, 1],

‖Pψ
t ‖2→∞ ≤

KN (U)

(εδt)
N
4
e
t(1+δ)D(ψ)2

2 ,
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where we are now thinking of Pψ
t as a mapping from L2(λU ; R) to L∞(λU ; R)

and KN (U) ≡ 4N
(
NCN (U)

)N
4 . Because P−ψt is the adjoint of Pψ

t in
L2(λU ; R), we also have that ‖Pψ

t ‖1→2 satisfies the same estimate and
therefore that

‖Pψ
t ϕ‖1→∞ ≤

2
N
2 KN (U)2

(εδt)
N
2

e
t(1+δ)D(ψ)2

2

as an operator from L1(λU ; R) to L∞(λU ; R). Equivalently,∣∣∣∣∫∫ e2U(x)−ψ(x)ϕ1(x)p(t, x, y)ϕ2(y)eψ(y) dxdy

∣∣∣∣
≤ 2

N
2 NKN (U)2

(εδt)
N
2

e
t(1+δ)D(ψ)2

2 ‖ϕ1‖L1(λU ;R)‖ϕ1‖L1(λU ;R),

and so

p(t, x, y) ≤ e2δ(U)2
N
2 NKN (U)2

(εδt)
N
2

exp
(
ψ(x)− ψ(y) +

t(1 + δ)D(ψ)2

2

)
.

Finally, just as in the analogous step at the end of § 4.1.2, we arrive at the
existence of a new KN (U), depending only on N and δ(U), such that

(4.3.5) p(t, x, y) ≤ KN (U)

(εδt)
N
2

exp
(
− d(x, y)2

2(1 + δ)t

)
,

where d(x, y) is the Riemannian distance in (4.1.9). In particular,

(4.3.6) p(t, x, y) ≤ KN (U)

(εt)
N
2

exp
(
−|y − x|

2

4At

)
,

where A is the upper bound on ‖a‖op.
Our proof of the lower bound is a little more challenging and leads to

a result which complements (4.3.6) but not (4.3.5). As in § 4.2.3, we will
begin with the case when I ≤ a(x) ≤ AI and, at the end, will rescale time to
reduce the general case to this one. In addition, because nothing is changed
when we add a constant to U , we will assume that supx∈RN U(x) = 0 and
therefore that U ≤ 0 and δ(U) = ‖U‖u.

Given z ∈ RN , set Z(z) =
∫
e2U(z+ξ) γ(dξ). Clearly, 1 ≥ Z(z) ≥ e−2δ(U).

Next, set γ(z, dξ) = Z(z)−1e2U(z+ξ) γ(dξ). Our replacement for Lemma
4.2.3 will be

(4.3.7)

∫
log pθ(1, z + ξ, y) γ(z, dξ) ≥ −κ(A,U)∫
log pθ(1, x, z + ξ) γ(z, dξ) ≥ −κ(A,U)

for |x− z| ∨ |y − z| ≤ 1,
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where κ(A,U) <∞ depends only on A and δ(U). Without loss in general-
ity, we will assume that z = 0 and |x| ∨ |y| ≤ 1. Finally, observe that we
need only prove the first line in (4.3.7), since, by (4.3.4),∫

log pθ(1, x, ξ) γ(0, dξ)

=
∫

log
[
e2U(ξ)−2U(x)(1− θ)p(1, ξ, x) + θ

]
γ(0, dξ)

≥
∫

log
[
e−2δ(U)pθ(1, x, ξ)

]
γ(0, dξ)

=
∫

log pθ(1, ξ, x) γ(0, dξ)− 2δ(U).

To prove the first line of (4.3.7), we want to use the same reasoning
as we did in the proof of Lemma 4.2.3. Thus, set uθ(t, ξ) = pθ(t, ξ, y),
wθ(t) =

∫
log uθ(t, ξ) γ(0, dξ), and proceed as we did there to get

ẇθ(t) ≥ −
1
2

∫ (
y, a(y)y

)
RN γ(0, dy) +

1
2

∥∥∇ log uθ(t)
∥∥2

L2(γ(0);R)
.

Clearly,
1
2

∫ (
y, a(y)y

)
RN γ(0, dy) ≤ AN

2Z(0)
≤ ANe2δ(U).

In order to handle the other term, we need the Poincaré inequality∥∥ϕ− 〈ϕ, γ(0)〉
∥∥2

L2(γ(0);R)
≤ e2δ(U)

∥∥∇ϕ∥∥2

L2(γ(0),RN )
,

which can be derived from Lemma (4.2.2) as follows:∥∥ϕ− 〈ϕ, γ(0)〉
∥∥2

L2(γ(0);R)
≤
∥∥ϕ− 〈ϕ, γ〉∥∥2

L2(γ(0);R)

≤ Z(0)−1
∥∥ϕ− 〈ϕ, γ〉∥∥2

L2(γ;R)
≤ Z(0)−1‖∇ϕ‖2L2(γ;RN )

≤ e2δ(U)‖∇ϕ‖2L2(γ(0);RN ).

With this and the preceding, we now have

ẇθ(t) ≥ −ANe2δ(U) +
e−2δ(U)

2

∥∥log uθ(t)− wθ
∥∥2

L2(γ(0);R)
.

From here, the rest of the argument is essentially the same as the one given
at the end of the proof of Lemma 4.2.3. However, there are two points
which require our attention. First, we cannot guarantee that wθ(t) ≤ 0,
but this causes no real problem since, if wθ(t) ≥ 0 for some t ∈ (0, 1], then
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the preceding says that wθ(1) ≥ −ANe2δ(U). Thus, we may assume that
wθ(t) ≤ 0 for all t ∈ (0, 1], in which case

‖ log uθ(t)− wθ(t)‖2L2(γ(0)) ≥
wθ(t)2

2e2δ(U)
γ
(
{ξ : p(t, ξ, y)(t, ξ) ≥ 2e−λ}

)
− λ2

for any λ > 0 and θ ∈
(
0, 1

2

]
. If we can find λ > 0 and α ∈ (0, 1], depending

only on A and δ(U) so that

γ
(
{ξ : p(t, ξ, (t, ξ, y) ≥ 2e−λ}

)
≥ α, t ∈

[
1
2 , 1
]
,

then we can repeat the argument used at end of the proof of Lemma 4.2.3
to conclude that wθ(1) is bounded below by a finite, negative constant
depending only on A and δ(U). To this end, first note that, by (4.3.4),∫

p(t, ξ, y) dξ = e2U(y)

∫
e−2U(ξ)p(t, y, ξ) dξ ≥ e−2δ(U).

Thus, for any R > 0,

e−2δ(U) ≤
∫
B(0,R)

p(t, ξ, y) dξ +
∫
B(0,R){

p(t, ξ, y) dξ

≤ ΩNRNe−λ + ‖p(t, · , y)‖u
e
R2
2

(2π)
N
2
γ
(
{ξ : p(t, ξ, y) ≥ 2e−λ}

)
+
∫
B(0,R){

p(t, ξ, y) dξ.

Remembering that |y| ≤ 1 and using the estimate in (4.3.6), we can first
choose R so that the last term is less than or equal 1

4e
−2δ(U) for all t ∈ (0, 1]

and then choose λ > 0 so that ΩNRNe−λ ≤ 1
8e
−δ(U), where both R and λ

depend only A and δ(U). Finally, another application of (4.3.6) shows that
supt∈[ 1

2 ,1] ‖p(t, · , y)‖u is bounded by a constant depending only on A and
δ(U), and this gives us our α.

At this point, one should be looking for the analog of Lemma 4.2.5. How-
ever, that does not seem to be available unless one is willing to allow ones
estimates to depend on ‖∇U‖u, in which case one is in the situation dealt
with in the next section. Thus, we must take another, and less delicate,
tack.

Let x, y ∈ RN with |y − x| ≤ 2 be given, and set z = x+y
2 . By the

Chapman–Kolmogorov equation, Jensen’s inequality, and (4.3.7), we have

log p(2, x, y) ≥ lim
θ↘0

log
(
Z(z)

∫
pθ(1, x, z + ξ)pθ(1, z + ξ, y) γ(z, dξ)

)
≥ lim
θ↘0

log
(∫

pθ(1, x, z + ξ)pθ(1, z + ξ, y) γ(z, dξ)
)
− 2δ(U)

≥ −2κ(A,U)− 2δ(U),
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and therefore that there exists an α ∈ (0, 1), depending only on A and
δ(U), such that p(2, x, y) ≥ α whenever |y−x| ≤ 2. Next, note that (4.1.6)
holds when pλ(t, x, y) corresponds to the operator with coefficients a(λ · )
and U(λ · ). Hence, from the preceding, we conclude that

p(t, x, y) ≥ β

t
N
2

when |y − x|2 ≤ t,

where β = 2
N
2 α.

To get further away from the diagonal, we will use a chaining argument,
which, for future reference, we give as a lemma.

Lemma 4.3.8. Assume that q : (0,∞)×RN ×RN −→ [0,∞) is a contin-
uous function which satisfies the Chapman–Kolmogorov equation

q(s+ t, x, y) =
∫
q(s, x, ξ)q(t, ξ, y) dξ.

If, for some β > 0, q(t, x, y) ≥ βt−N2 whenever |y − x|2 ≤ t, then

q(t, x, y) ≥ 1

Mt
N
2
e−

M|y−x|2
t ,

where M ∈ [1,∞) depends only on N and β. If, on the other hand,

q(t, x, y) ≥ βt−N2 only for |y − x|2 ≤ t ≤ 1, then

q(t, x, y) ≥ 1

Mt
N
2
e−Mt−M|y−x|

2

t

for an M ∈ [1,∞) with the same dependence as before.

Proof: In the first case, note that there is nothing to do unless |y−x|
2

t >

1. Thus assume that |y−x|
2

t > 1, and take n to be the smallest integer

dominating 4|x−y|2
t . Next, set τ = t

n , r = |y−x|
2n , zm = x + m(y−x)

n , and
Bm = B(zm, r) for 0 ≤ m ≤ n. If ξ ∈ Bm and ξ′ ∈ Bm+1, then |ξ′ − ξ|2 ≤
16r2 = 4|y−x|2

n2 ≤ t
n = τ , and so, by hypothesis, q(τ, ξ, ξ′) ≥ βτ−

N
2 . Thus,

by the Chapman–Kolmogorov equation,

q(t, x, y) =
∫
· · ·
∫
q(τ, x, ξ1)q(τ, ξ1, ξ2) · · · q(τ, ξn−1, y) dξ1 · · · dξn−1

≥
∫
B1

· · ·
∫
Bn−1

q(τ, x, ξ1)q(τ, ξ1, ξ2) · · · q(τ, ξn−1, y) dξ1 · · · dξn−1

≥ βn(ΩNrN )n−1

τ
nN
2

=
β

τ
N
2

(
βΩN

(
r

τ
1
2

)N)n−1

.
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Since |y − x| ≥ 1
2

√
(n− 1)t and n ≥ 4, r

τ
1
2
≥ 1

4 , and so

q(t, x, y) ≥ βn
N
2

t
N
2
e−λ(n−1) ≥ β

t
N
2

exp
(
−4λ|y − x|2

t

)
,

where λ = − log
(
4−NβΩN

)
. Clearly, this completes the proof of the first

case.
Turning to the second case, note that the argument just given works

when either t ∈ (0, 1] or |x− y| ≥ t ≥ 1. That is, we know that

q(t, x, y) ≥ 1

Mt
N
2
e−

M|y−x|2
t when either t ≤ 1 or |y − x| ≥ t.

Now assume that t > |x − y| ∨ 1, and take n to be the smallest integer
dominating t, τ = t

n , r = τ
1
2 , zm = x + m

n (y − x), and Bm = B(zm, r).
Then τ ≤ 1, |ξ′ − ξ| ≤ 3τ

1
2 if ξ ∈ Bm and ξ′ ∈ Bm+1, and so, proceeding

as we did before, we find that

q(t, x, y) ≥
(
e−9M

Mτ
N
2

)n (
ΩNrN

)n−1 =
n
N
2 e−9M

Mt
N
2

(
ΩNe−9M

M

)n−1

,

and therefore, after making a minor adjustment in M , one arrives at the
desired result. �

Theorem 4.3.9. Let a : RN −→ Hom(RN ; RN ) be a smooth, symmetric
matrix valued function satisfying εI ≤ a(x) ≤ (εΛ)I for some ε > 0 and
Λ ∈ [1,∞). Further, assume that U : RN −→ R is a bounded, smooth
function, and define δ(U) by (4.3.2). Finally, let (t, x, y) ∈ (0,∞) × RN ×
RN 7−→ p(t, x, y) ∈ [0,∞) be the transition probability density associated
with the operator L in (4.3.1). Then there exists a constant M ∈ [1,∞),
depending only on Λ and δ(U), such that

1

M(εt)
N
2
e−

M|y−x|2
εt ≤ p(t, x, y) ≤ M

(εt)
N
2
e−
|y−x|2
Mεt .

Proof: In view of (4.3.6) and the first part of Lemma 4.3.8 plus the es-
timate which precedes it, there is nothing to do when ε = 1. To handle
general ε’s, consider (t, x, y) p(ε−1t, x, y), and argue as we did in proof of
Theorem 4.2.9. �

Remark 4.3.10. There are two good reasons why the results in this sec-
tion may be confusing to people whose primary training is in probability
theory. One of these reasons is terminology. Namely, when L is presented
in the form given in (1.1.8), probabilists call a the diffusion coefficient and
b the drift coefficient. This terminology undoubtedly derives from the fact
it makes perfectly good sense from the probabilistic “path property” per-
spective: a governs the martingale part of the path and b the absolutely



4.3 Conservative Perturbations 105

continuous part. However, this terminology is misleading if one wants the
presence or absence of a drift to be reflected in the absence or presence of
diffusive behavior. To be more precise, say that L has diffusive behavior if
the associated diffusion spreads like t

1
2 in the sense that, for each θ ∈ (0, 1),

there exists an R ∈ (0,∞) such that∫
B(x,t

1
2R)

p(t, x, y) dy ≥ θ for all (t, x) ∈ (0,∞)× RN .

By Lemma 3.3.12, when L is given by (1.1.8), this property holds if “there
is no drift” in the sense that b = 0. On the other hand, we now know
that it also holds when L is given by (4.3.1) with a ≥ εI and U bounded.
Thus, at least when dealing with operators L given by L = 1

2∇ · (a∇) +
b · ∇ with a ≥ εI, diffusivity seems to have more to do with whether
b = a∇U for some bounded U . Hence, in this setting, there is reason
for thinking that the “drift” component of L is the difference between b
and its “projection” onto the space {a∇U : U ∈ C1

b(RN ; R)}. Of course,
before this can be made precise, one has to decide exactly how one is going
to take this projection. Nonetheless, without ambiguity, one can say that
there is no drift present when b = a∇U for some bounded U . Moreover, this
definition has the enormous advantage that it is invariant under coordinate
changes by diffeomorphisms whose Jacobians are uniformly bounded and
non-degenerate. Namely, if one adopts it, then the set of operators which
will be “driftless” are precisely those of the form given by (4.3.1), and,
as distinguished from those in (1.1.8) with b = 0, this set of operators is
the same in all coordinate systems. To verify their coordinate invariance,
use (4.3.3) to describe L and note that a change of coordinates results in
a getting replaced by J>aJ and U by U − 1

2 log |det(J)|, where J is the
Jacobian matrix of the coordinate transformation.

The second probabilistically confusing aspect will bother only aficionados
of Brownian motion. Namely, because probabilists like to think of local time
at 0 as the indefinite integral of δ0 along a (one-dimensional) Brownian path,
Tanaka’s formula (cf. (6.1.7) in [55]) for reflected Brownian motion indicates
that the generator of reflected Brownian motion is the operator 1

2∂
2
x+δ0∂x.

Since one seems to get this same operator when one takes U = 1[0,∞)

in the theory here, and, because our estimates depend only on the size
of U , as opposed to U ′, the fact that reflected Brownian motion never
leaves the right half-line would seem to contradict the lower bound given
in the preceding theorem. Of course, the contradiction is a consequence of
being too casual about ones interpretation of the operator 1

2∂
2
x + δ0∂x, for

which there are at least two rigorous interpretations. The interpretation
which leads to reflected Brownian motion is that the associated heat flow
{Pt : t ≥ 0} satisfies

d

dt

∫
[0,∞)

ψ(x)Ptϕ(x) dx
∣∣∣∣
t=0

= −1
2

∫
[0,∞)

ψ′(x)ϕ′(x) dx
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for all ϕ,ψ ∈ C∞([0,∞); R
)

with compact support. The interpretation
which corresponds to the heat flow in Theorem 4.3.9 is that

d

dt

∫
R
ψ(x)Ptϕ(x)e21[0,∞)(x) dx

∣∣∣∣
t=0

= −1
2

∫
R
ψ′(x)ϕ′(x)e21[0,∞)(x) dx

for all ϕ,ψ ∈ C∞c (R; R).

4.4 General Perturbations of Divergence Form Operators
In this section we want to extend the results in §§ 4.1 and 4.2 to operators

L given by

(4.4.1) Lϕ = 1
2∇ ·

(
a∇ϕ

)
+
(
b, a∇ϕ)RN ,

where a ∈ C∞b
(
RN ; Hom(RN ; RN )

)
, b ∈ C∞b (RN ; RN ), and a is symmetric

and uniformly positive definite. However, because our technique relies on
duality, we are forced to consider a more general class of operators, a class
which is closed under formal adjoints. Thus, in order to get our estimates,
we will have to consider operators given by

(4.4.2) Lϕ = 1
2∇ · (a∇ϕ) +

(
b, a∇ϕ

)
RN −∇ ·

(
ϕab̌

)
+ cϕ,

where b̌ ∈ C∞b (RN ; RN ) and c ∈ C∞b (RN ; R). Notice that the formal adjoint
L> of such an L is the operator obtained by interchanging b and b̌. Also,
observe that an L of this sort can be rewritten in the form

L =
1
2

N∑
i,j=1

aij∂xi∂xj +
N∑
i=1

b̃i∂xi + V,

where b̃ ∈ C∞b (RN ; RN ) and V ∈ C∞b (RN ; RN ). Thus (cf. § 2.5 and the
reasoning used in § 3.3.4), there exists a smooth (t, x, y) ∈ (0,∞)×RN −→
q(t, x, y) ∈ [0,∞) with the properties that

e−t‖V
−‖u ≤

∫
q(t, x, y) dy ≤ et‖V

+‖uand

q(s+ t, x, y) =
∫
q(t, ξ, y)q(s, x, ξ) dξ

and, for all ϕ ∈ Cb(RN ; R),

(t, x, y) ∈ (0,∞)× RN 7−→ Qtϕ(x) ≡
∫
ϕ(y)q(t, x, y) dy

is a smooth solution to ∂tu = Lu with limt↘0 u(t, · ) = ϕ. Furthermore, by
the same sort of argument which we used to prove Theorem 2.5.8 , we can
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identify the adjoint Q>t of Qt in L2(RN ; R) as the operator associated with
L>, and, of course this means that

Q>t ψ(y) =
∫
q>(t, x, y)ψ(y) dx where q>(t, x, y) = q(t, y, x).

Finally, until further notice, we will be assuming that

I ≤ a(x) ≤ AI and that ‖b‖u + ‖b̌‖u ≤ B.

4.4.1. The Upper Bound: With these preliminaries, we are ready to
derive the upper bound for q(t, x, y). Thus, let ϕ ∈ C∞c

(
RN ; [0,∞)

)
\ {0}

be given, and set u(t, · ) = Qtϕ and vr(t) = ‖u(t)‖Lr(RN ) for r ∈ [0,∞).
By the remarks above,∫

Qtϕ(x) dx =
∫
ϕ(y)

(∫
q(t, x, y) dx

)
dy ≥ e−t‖V

>‖u
∫
ϕ(y) dy > 0,

where V > is 0th order term in the operator L> when it is expressed in the
form in (1.1.8 ). Hence, vr(t) > 0. Proceeding as we did in the proof of
Lemma 4.1.7 , we find that

v2r−1
2r v̇2r = −2r − 1

2r2

(
∇ur, a∇ur

)
L2(RN ;RN )

+
(
urbr, a∇ur

)
L2(RN ;RN )

+
(
c, u2r

)
L2(RN ;R)

≤ −r − 1
2r2

(
∇ur, a∇ur

)
L2(RN ;RN )

+ r
(
cr, u

2r
)
L2(RN ;R)

,

where
br =

b

r
+
(
2− 1

r

)
b̌ and cr =

c

r
+

1
2
(
br, abr

)
RN .

In particular, by taking r = 1, we get v̇2 ≤ ‖c1‖uv2 and therefore that

(4.4.3) v2(t) ≤ et‖c1‖u‖ϕ‖L2(RN ;R).

At the same time, when r ≥ 2, Lemma 4.1.3 allows us to say that

v̇2r ≤ −
r − 1

2CNr2

v
1+ 4r

N
2r

v
4r
N
r

+ r‖cr‖uv2r,

and so, by the same reasoning that we used in the proof of Lemma 4.1.7 ,
for each δ ∈ (0, 1],

(4.4.4)
w2r(t) ≤

(
2NCNr2

δ

) N
4r

e
tδ‖cr‖u

r wr(t) when

wr(t) ≡ sup
τ∈[0,t]

τ
N
4 (1− 2

r )vr(τ).
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Rather than applying (4.4.3 ) and (4.4.4 ) to get a “diagonal” estimate
for q(t, x, y), we develop the corresponding estimate for

qψ(t, x, y) ≡ e−ψ(x)q(t, x, y)eψ(y),

where ψ is a smooth function with bounded derivatives. But qψ(t, x, y) is
the heat kernel corresponding to Lψ, where Lψϕ = e−ψL(eψϕ), and, after
an elementary calculation, one sees that Lψ is the operator in (4.4.2 ) when
b, b̌, and c are replaced, respectively, by

bψ = b+ 1
2∇ψ, b̌

ψ = b̌− 1
2∇ψ, and cψ = c+

(
b−b̌, a∇ψ

)
RN+ 1

2

(
∇ψ, a∇ψ

)
RN .

Hence, if Qψ
ϕ = e−ψQt(eψϕ) and

vψr (t) = ‖Qψ
t ϕ‖Lr(RN ) and wψr (t) ≡ sup

τ∈[0,t]

τ
N
4 (1− 2

r )vψr (τ),

then (4.4.3 ) and (4.4.4 ) say that, for every δ ∈ (0, 1],

wψ2 (t) ≤ et‖c
ψ
1 ‖u and wψ2n+1(t) ≤

(
4n+1NCN

δ

) 2−nN
4

e2−ntδ‖cψ2n‖uwψ2n(t).

Notice that, for any δ ∈ (0, 1] (cf. (4.1.8 )),

‖cψ1 ‖u ≤ ‖c‖u +
AB2

δ
+

1 + δ

2
D(ψ)2

and, for n ≥ 1,
‖cψ2n‖u ≤ ‖c‖u + 5AB2 + 4D(ψ)2.

Thus, applying induction and passing to the limit as n→∞, we find that

‖Qψ
t ϕ‖u ≤ KN

e
t(2‖c‖u+6AB2)

δ

(δt)
N
4

e
t(1+5δ)D(ψ)2

2 ‖ϕ‖L2(RN ;R),

for some universal KN <∞, and therefore, since (Qψ
t )> satisfies the same

estimate, we can repeat the argument following Lemma 4.1.7 to get

(4.4.5) q(t, x, y) ≤ 2
N
2 KNe

t(2‖c‖u+6AB2)
δ

(δt)
N
2

exp
(
− d(x, y)2

2(1 + 5δ)t

)
.

Theorem 4.4.6. If p(t, x, y) is the transition probability corresponding
to the operator L given in (4.4.1), where

εI ≤ a(x) ≤ AI and ‖b‖u ≤ B
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for some 0 < ε ≤ A, then, for each δ ∈ (0, 1] and all t ∈ (0,∞),

p(t, x, y) ≤ KN

(εδt)
N
2

exp
(

30AB2t

δ
− d(x, y)2

2(1 + δ)t

)
,

where KN <∞ is universal. In particular,

p(t, x, y) ≤ KN(
ε(t ∧ 1)

)N
2

exp
(

30AB2t− |y − x|
2

4At
∧ (30AB2)

)
.

Proof: First observe that b̌ = 0 and c = 0. Second, note that p(ε−1t, x, y)
corresponds to the operator ε−1L, which is the operator obtained by re-
placing a by ε−1a. Hence, the initial estimate follows from the above. In
particular, by taking δ = 1 and using d(x, y)2 ≥ A−1|y − x|2, one gets

p(t, x, y) ≤ KN

(εt)
N
2

exp
(

30AB2t− |y − x|
2

4At

)
.

On the other hand, because
∫
p(t, x, y) dy = 1, when t > 1

p(t, x, y) =
∫
p(t− 1, x, ξ)p(1, ξ, y) dξ ≤ KN

ε
N
2
e30AB2

,

and so the second estimate follows when one puts this together with the
preceding. �

Remark 4.4.7. Although when t ∈ (0, 1] the estimates in Lemma 4.4.6
resemble our earlier results, readers may be wondering why the estimate
for large t’s is so different. Specifically, they may be wondering whether
p(t, x, y) tends to 0 as t → ∞. In order to see that it may not, take
N = 1, a = 1, and b ∈ C∞b (R; R), and assume that

∫
e2U(x) dx = 1 for

some indefinite integral U of b. Because Lϕ = 1
2e
−2U∂(e2U∂ϕ), we can

repeat the reasoning in § 4.3 to check that Pt is symmetric in L2(λU ; R),
where λU (dx) = e2U(x) dx. Equivalently, e2U(x)p(t, x, y) = e2U(y)p(t, x, y).
In particular, 〈Ptϕ, λ

U 〉 = 〈ϕ, λU 〉 and Pt is a contraction on L2(λU ; R).
Now let ϕ ∈ Cb(RN ; R) be given. Then

t 〈ϕ,Ptϕ〉 = ‖P t
2
ϕ‖2L2(λU ;R)

is non-increasing and so limt→∞
(
ϕ,Ptϕ

)
L2(λU ;R)

exists. But, for s ≤ t,

‖Ptϕ−Psϕ‖2L2(λU ;R)

=
(
ϕ,P2tϕ

)
L2(λU ;R)

− 2
(
ϕ,Ps+tϕ

)
L2(λU ;R)

+
(
ϕ,P2sϕ

)
L2(λU ;R)

≤ 2
(
ϕ,P2sϕ

)
L2(λU ;R)

− 2
(
ϕ,Ps+tϕ

)
L2(λU ;R)

,
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and therefore ϕ̃ ≡ limt→∞Ptϕ exists in L2(λU ; R). Clearly, ϕ̃ = Ptϕ̃ for
all t > 0, and so, since we know that P1 maps L2(λU ; R) into Cb(R; R) and
Cb(R; R) into C∞b (R; R), ϕ̃ ∈ C∞b (R; R). Furthermore, from ϕ̃ = Ptϕ̃, it is
clear that Lϕ̃ = 0, and therefore that

ϕ̃(x) = A

∫ x

0

e−2U(ξ) dξ +B

for some A, B ∈ R. But, because
∫
e2U(x) dx <∞ and therefore∫ x

0

e−2U(ξ) dξ −→ ±∞ as x→ ±∞,

A must be 0. That is, ϕ̃ is constant, and, since 〈ϕ̃, λU 〉 = limt→∞〈Ptϕ, λ
U 〉

= 〈ϕ, λU 〉, we conclude first that Ptϕ −→ 〈ϕ, λU 〉 in L2(λU ; R), and then
that

lim
t→∞

‖Ptϕ− 〈ϕ, λU 〉‖u ≤ ‖P1‖2→∞ lim
t→∞

‖Pt−1ϕ− 〈ϕ, λU 〉‖L2(λU ;R) = 0.

Finally, take ϕ(x) = p(1, x, y). Then the preceding says that

lim
t→∞

p(t, x, y) = lim
t→∞

[
Pt−1p(1, · , y)

]
(x)

=
∫
e2Ux)p(1, x, y) dx = e2U(y)

∫
p(1, y, x) dx = e2U(y)

uniformly for x ∈ R. In particular, p(t, x, y) does not tend to 0. For the
reader who is concerned that this conclusion contradicts (4.3.5), notice that
the U here is not bounded and therefore (4.3.5) does not apply.

4.4.2. The Lower Bound: Throughout this subsection we will be assum-
ing that L has the form in (4.4.2 ) with c = 0, and, until further notice,
that I ≤ a(x) ≤ AI and ‖b‖u + ‖b̌‖u ≤ B.

The proof of our lower bound for q(t, x, y) will follow the same general
strategy that we used in §§ 4.2.2 and 4.2.3. However, there is one nasty
issue here which did not arise there. Namely, in the proof of Lemma 4.2.3 ,
we made essential use of the fact that

∫
p(t, x, y) dy = 1 =

∫
p(t, x, y) dx. In

fact, one might say that this was the property from which all the positivity of
p(t, x, y) derived, but it is a property which q(t, x, y) does not share. Thus,
to get a lower bound on the x and y integrals of q(t, x, y) which does not
rely on the smoothness properties of the coefficients, we must give a separate
argument.

Set η(ξ) = (1 + |ξ|2)
1
2 + κN , where κN is chosen so that

∫
e−η(x) dx = 1,

and define

Gβ(t, y) =
∫
e−η(ξ)q(t, y+ ξ, y)β dξ & Ǧβ(t, x) =

∫
e−η(ξ)q(t, x, x+ ξ)β dξ
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for β ∈ (0, 1]. We want to show that there is an α = α(A,B) > 0 such
that G1(t, y)∧ Ǧ1(t, x) ≥ α for all (t, x, y) ∈ (0, 1]×RN ×RN , and, because
Ǧ1(t, x) is the same as G1(t, x) for L>, we need only deal with G1(t, y).
In fact, by translation, it suffices to handle G1(t, 0). Thus, set uθ(t, ξ) =
(1 − θ)q(t, ξ, 0) + θ, ν(dξ) = e−η(ξ) dξ, and wβ,θ(t) = 〈uθ(t)β , ν〉. When
β ∈ (0, 1), ẇβ,θ(t) equals β times

1− β
2
(
∇uθ(t), auβ−2

θ (t)∇uθ(t)
)
L2(ν;RN )

+
(
b+ (β − 1)b̌θ + 1

2∇η, uθ(t)
β−1a∇uθ(t)

)
L2(ν;RN )

−
(
∇η, uθ(t)βab̌θ

)
L2(ν;RN )

≥ 1− β
4
(
∇uθ(t), uθ(t)β−2a∇uθ(t)

)
L2(ν;RN )

− 2A(B + 1)2

1− β
wβ,θ(t),

where b̌θ = (1−θ)u0
uθ

b̌. At the same time, for any β ∈ (0, 1) and t ∈ (0, 1],

ẇ1,θ(t) =
(
b+ 1

2∇η, a∇uθ(t)
)
L2(ν;RN )

−
(
∇η, uθ(t)ab̌θ

)
L2(ν;RN )

≥ −β(1− β)
4

(
∇uθ(t), uθ(t)β−2a∇uθ(t)

)
L2(ν;RN )

− 1
β(1− β)

(
b+ 1

2∇η, uθ(t)
2−βa(b+ 1

2∇η)
)
L2(ν;RN )

−
(
∇η, uθ(t)ab̌θ

)
L2(ν;RN )

≥ −β(1− β)
4

(
∇uθ(t), uθ(t)β−2a∇uθ(t)

)
L2(ν;RN )

− A(B + 1)2

β(1− β)
(
1 +KN (A,B)1−βt−

N(1−β)
2
)
w1,θ(t),

where, in the passage to the last line, we have used the arithmetic-geometric
mean inequality, (4.4.5 ) with δ = 1, and taken KN (A,B) = 2

N
2 KNe

AB2
.

Now, taking β = 1− 1
2N and adding ẇβ,θ(t) to ẇ1,θ(t), we obtain

d

dt

(
wβ,θ(t) + w1,θ(t)

)
≥ −4AN(B + 1)2

(
1 +KN (A,B)

1
2N t−

1
4
)(
wβ,θ(t) + w1,θ(t)

)
for t ∈ (0, 1]. Hence, since limt↘0 w1,θ(t) ≥ e−1−κN and, by Jensen’s
inequality, wβ,θ(t) ≤ w1,θ(t)β, we can conclude that w1,θ(t) is bounded below
by an α(A,B) > 0 which depends only on N , A, and B, and, in view of
our earlier comments, this means that(∫

e−η(ξ)q(t, y + ξ, y) dξ
)
∧
(∫

e−η(ξ)q(t, x, x+ ξ) dξ
)
≥ α(A,B)
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for all t ∈ (0, 1]. Finally, by again applying the second estimate in Lemma
4.4.6 , one can use this to find an R = R(A,B) <∞ and an slightly different
α = α(A,B) > 0 such that

(4.4.8)

 ∫
B(0,R)

q(t, y + ξ, y) dξ

 ∧
 ∫
B(0,R)

q(t, x, x+ ξ) dξ

 ≥ α
for t ∈ (0, 1].

Given (4.4.8 ), we can more or less repeat the argument in §§ 4.2.2 and
4.3, and we begin with the analog of Lemma 4.2.3 . Set qθ = (1 − θ)q + θ.
We want to show that there is a κ = κ(A,B) <∞ for which

(4.4.9)
(∫

log qθ(1, y + ξ, y) γ(dξ)
)
∧
(∫

log qθ(t, x, x+ ξ) γ(dξ)
)
≥ −κ,

and, for the usual reasons, it suffices to handle the first integral and to do so
when y = 0. Thus, take uθ(t, ξ) = qθ(t, ξ, 0) and set wθ(t) = 〈log uθ(t), γ〉
for θ ∈

(
0, 1

2

]
. Then

ẇθ(t) = 1
2

(
∇ log uθ(t), a∇ log uθ(t)

)
L2(γ;RN )

+
(

1
2ξ + b− b̌θ, a∇ log uθ(t)

)
L2(γ,RN )

−
(
ξ, ab̌θ

)
L2(γ;RN )

≥ 1
4

(
∇ log uθ(t), a∇ log uθ(t)

)
L2(γ;RN )

−
(

1
2ξ + b− b̌θ, a( 1

2ξ + b− b̌θ)
)
L2(γ;RN )

−
(
ξ, ab̌

)
L2(γ;RN )

≥ 1
4‖ log uθ(t)− wθ(t)‖2L2(γ;R) − C,

where again b̌θ = (1−θ)u0
uθ

b, C = C(A,B) < ∞, and, at the last step, we
have used Lemma (4.2.2 ). From here one proceeds in exactly the same
way as we did at the analogous place in the derivation of (4.3.7 ). Namely,
if wθ(t) ≥ 0 for some t ∈ (0, 1], then wθ(1) ≥ −C. If wθ(t) ≤ 0 for
all t ∈ (0, 1], then one can use (4.4.8 ) to conclude that, apart from an
additive constant, for t ∈

[
1
2 , 1
]
, ‖ log uθ(t) − wθ(t)‖2L2(γ;R) dominates a

strictly positive constant times wθ(t)2 and that both these constants depend
only on A and B. Once one knows this, the existence of κ comes from
exactly the same line of reasoning that we used earlier.

The next step is to prove the analog of Lemma 4.2.5 , and this is easy.
In fact, set uθ(t, ξ) = qθ

(
t, ξ + π(t), 0

)
, a(t, ξ) = a

(
ξ + π(t)

)
, b(t, ξ) =

b
(
ξ + π(t)

)
, and b̌(t, ξ) = b̌

(
ξ + π(t)

)
, and using the notation in Lemma
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4.2.5 , check that2

d

dt

∫
ρ(ξ) log uθ(t, ξ) dξ

=
1
2
(
∇ log uθ(t), ρa(t)∇ log uθ(t)

)
L2(RN ;R)

+
((
a(t)−1π̇(t) + b(t)− b̌(t)θ − 1

2∇ log ρ
)
, ρa(t)∇ log uθ(t)

)
L2(RN ;R)

≥ −1
2

((
a(t)−1π̇(t) + b(t)− b̌(t)θ − 1

2∇ log ρ
)
,

× ρa(t)
(
a(t)−1π̇(t) + b(t)− b̌(t)θ − 1

2∇ log ρ
))
L2(RN ;R)

≥ −1 + δ

2
(
π̇(t), ρa(t)−1π̇(t)

)
L2(RN ;R)

− 1
δ

((
b(t)− b̌(t)θ − 1

2∇ log ρ
)
, ρa(t)

(
b(t)− b̌(t)θ − 1

2∇ log ρ
))
L2(RN ;R)

≥ −1 + δ

2
(
π̇(t), ρa(t)−1π̇(t)

)
L2(RN ;RN )

− 3A(H(ρ) +B2)
δ

,

where b̌(t)θ = (1−θ)u0
uθ

b̌(t). Hence, just as in Lemma 4.2.5 , we find that (cf.
(4.2.4 ))

(4.4.10)

(∫
ρ(ξ) log

q(τ + t, ξ + π(t), y)
q(τ, y + ξ, y)

dξ

)
∧
(∫

ρ(ξ) log
q(τ + t, x, ξ + π(t))

q(τ, x, x+ ξ)
dξ

)
≥ −1 + δ

2
Eρ(t, π)− 3A(H(ρ) +B2)t

δ

whenever, in the first case, π(0) = y and, in the second, π(0) = x. Start-
ing from here and using (4.4.9 ), the same argument that we used at the
beginning of § 4.2.3 leads to

q(3, x, y) ≥ e−2κ−A(3N+B2)−A|y−x|2 .

Next, because q(t, x, y) = λ−
N
2 q(λ−1t, λ−

1
2x, λ−

1
2 y), where qλ corresponds

to the coefficients a(λ
1
2 · ), λ 1

2 b(λ
1
2 · ), and λ

1
2 b̌(λ

1
2 · ), this gives

q(t, x, y) ≥
(

3
t

)N
2

e−2κ−A(3N+tB2)− 3A|y−x|2
t for t ∈ (0, 3].

2 Just as in the proof of Lemma 4.2.5, it is easy to reduce to the case when ρ > 0

everywhere, and so we will implicitly assume that ρ > 0 in the following calculation.
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Now, applying (4.4.10 ) in the same way as we did in the discussion preced-
ing Theorem 4.2.9 , we arrive at (cf. (4.2.8 ))

(4.4.11) q(t, x, y) ≥ β(A,B)

(δ2t)
N
2

exp
(
−A(κ(ρ) + 5B2)

δ
− (1 + δ)dt,ρ(x, y)2

2t

)
for t ∈ (0, 3], where β(A,B) ∈ (0, 1] depends only on N , A, and B and
κ(ρ) = 12S(ρ) + 5H(ρ).

Theorem 4.4.12. Let L be given by (4.4.1), and assume that εI ≤ a(x) ≤
(εΛ)I for some ε > 0 and Λ ∈ [1,∞) and that ‖b‖u ≤ B. Then there exists
a β ∈ (0, 1], depending only on Λ and B, such that, for each δ ∈ (0, 1] and
all t ∈ (0, 1] (cf. (4.2.8)),

p(t, x, y) ≥ β

(εδ2t)
N
2

exp

(
−

Λ
(
κ(ρ) + 5B2

)
δ

− (1 + δ)dεt,ρ(x, y)2

2t

)
,

where κ(ρ) = 12S(ρ) + 3H(ρ). In particular,

lim
t↘0

t log p(t, x, y) = −d(x, y)2

2

continues to hold, and, if β′ = βe−2Λ(15N+B2), then

p(t, x, y) ≥ β′

(εt)
N
2
e−

2|y−x|2
εt for t ∈ (0, 1].

Finally, there exists an M , depending only on ε, Λ, and B, such that

p(t, x, y) ≥ 1

Mt
N
2

exp
(
−Mt− M |y − x|2

t

)
for t ∈ (1,∞).

Proof: The first estimate follows from rescaling to take ε into account and
applying (4.4.11). Given the first estimate here and the one in Theorem
4.4.6, the logarithmic limit is obvious. Also, the second estimate is an easy
application of the first. Finally, to prove the last assertion, start with the
second estimate and apply the second part of Lemma 4.3.8. �

Remark 4.4.13. Again the reader might be wondering about the precision
of the preceding estimate when t is large. To see that it is correct, at
least qualitatively, one need only consider the constant coefficient operator
L = 1

2∆ + b · ∇, for which

p(t, 0, y) = (2πt)−
N
2 e−

|y−tb|2
2t ≤ (2πt)−

N
2 e−|b|

2t− |y|
2

2t when (y, b)RN ≤ 0.
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4.5 Historical Notes and Commentary

The theory presented in this section has its origins in the famous paper
[43] by J. Nash. Prior to Nash, no one suspected that one could prove
estimates which depended only on ellipticity and bounds on the coefficients,
and it is still surprising that one can. For analysts, the importance of such
estimates is that they provide a starting point for the analysis of non-linear
equations.

The history of this topic can be summarized as follows. The goal of
Nash’s paper was the proof of an a priori continuity result (cf. § 5.3.4 be-
low) for the solutions of elliptic and parabolic equations. Shortly after
Nash’s paper appeared, E. Di Georgi [11] proved a Harnack principle (cf.
§ 5.3.5 below) for non-negative solutions to Lu = 0, again getting esti-
mates which depend only on the ellipticity and bounds on the coefficients.
Following Di Georgi’s work, J. Moser published [41], in which he reproved
Nash’s and Di Georgi’s results in a spectacularly original and powerful way.
In fact, Moser’s method, now known as the Moser iteration scheme, has
become a basic tool in the analysis of elliptic and parabolic partial differen-
tial equations, where it has been used in a myriad of applications. A little
later, in [42], Moser extended his results to the parabolic setting. In recent
years, Moser’s methodology has been honed and abstracted. See [51] for a
particularly elegant treatment of these developments.

Definitive applications of Moser’s theory to estimates on the fundamen-
tal solution appeared for the first time in D. Aronson’s paper [4]. What
Aronson proved is that p(t, x, y) can be bounded above and below by ap-
propriate Gaussians. Many years later, E. Fabes and I realized that Nash’s
paper contains techniques which lead directly to Aronson’s estimates and
that, given Aronson’s estimates, the results of Nash, Di Georgi, and Moser
are relatively easy corollaries. The treatment given in this chapter as well
as that in §§ 5.3.4 and 5.3.5 below are derived from the article [16].

The sharpening of Aronson’s estimates to give estimates in which Eu-
clidean distance is replaced by Riemannian distance began with an article
[10] by E.B. Davies, who introduced the idea of looking at (cf. § 4.1.2)
pψ(t, x, y) in order to get off-diagonal upper bounds. Somewhat later, J.
Norris and I introduced in [45] the method used here to get the comple-
mentary lower bound in terms of Riemannian distance.

As is pointed out in Theorem 4.2.9 and again in Theorem 4.4.12, these
sharpened upper and lower bounds can be combined to prove S.R.S. Varad-
han’s result,

lim
t↘0

t log p(t, x, y) = −d(x, y)2

2
,

which appears in [56] and is the starting place for his derivation of the
large deviation theory for diffusions in short time. In this connection, it
should be mentioned that one cannot take δ = 0 in the exponential term
of the estimates in Theorems 4.2.9 and 4.4.12. The reason for this is best
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understood from a geometric standpoint. To be precise, consider of the L in
(4.3.1) with U = − log(deta). Then L is the Laplacian for the Riemannian
metric a−1. A famous theorem of Pleijel shows that, as t ↘ 0, p(t, x, y)

is asymptotic to
(
(2πt)Ndeta(x)

)− 1
2 e−

d(x,y)2

2t as long as y is not in the cut
locus of x. However, when y is in the cut locus of x, the asymptotics
change. The interested reader might want to consult Molchanov’s article
[40] or my article [33] with S. Kusuoka. What Varadhan’s result shows
is that these changes are sub-exponential and therefore invisible after one
takes logarithms.

In this chapter we have assumed that L is presented with its second
order part in divergence form. Of course, as long as the coefficients are
once continuously differentiable, this is simply a matter of notation, since
then one can transform L’s given by (1.1.8) into ones given by (4.4.1) and
vice verse. However, when the coefficients are less than differentiable, the
distinction between the properties of those in (1.1.8) and (4.4.1) can be
profound. Using (cf. § 1.4) Levi’s parametrix method, Pogorzelski [48] and
Aronson [3] showed that a Hölder continuous fundamental solution satisfy-
ing Gaussian upper bounds exists for operators L given by (1.1.8) when a
is uniformly elliptic and all the coefficients are uniformly Hölder continuous
and bounded. An alternative, and in some ways more powerful, approach
to studying such operators is based on (cf. [31]) Schauder estimates. Be
that as it may, as far as I know, none of the existing approaches yields
lower bounds comparable to the ones which we have obtained here for L’s
with divergence form second order parts. Worse, when L is given by (1.1.8)
with a uniformly elliptic and a and b bounded but merely continuous, the
fundamental solution need not be even bounded, much less continuous, at
positive times, although it will be integrable to all orders. Such operators
are handled using perturbative techniques in which estimates coming from
the theory of singular integral operators play the role which Schauder esti-
mates play in the Hölder continuous case. See, for example, E. Fabes and
N. Riviere [15]. Finally, when the continuity hypothesis is dropped, matters
are much more complicated. For example, although there is a fundamental
solution, it will not be integrable to all orders. Essentially everything that
is known in this case derives from a beautiful idea in convex analysis of
A.D. Alexandrov [2], whose idea was ingeniously developed by N. Krylov.
For applications specifically to the fundamental solution, see [17].



chapter 5

Localization

Thus far, all our results have been about parabolic equations in the whole
of Euclidean space, and, particularly in Chapter 4, we took consistent ad-
vantage of that fact. However, in many applications it is important to have
localized versions of these results, and the purpose of this chapter is to
develop some of them.

Because probability theory provides an elegant and ubiquitous localiza-
tion procedure, we will begin by summarizing a few of the well-known
facts about the Markov process determined by an operator L. We will
then use that process to obtain a very useful perturbation formula, known
as Duhamel’s formal. Armed with Duhamel’s formula, it will be relatively
easy to get localized statements of the global results which we already have,
and we will then apply these to prove Nash’s Continuity Theorem and the
Harnack principle of Di Georgi and Moser.

5.1 Diffusion Processes on RN

Throughout, we will be assuming that a and b are smooth functions with
bounded derivatives of all orders and that a ≥ εI for some ε > 0. Given
such a and b, L will be one of the associated operators given by (1.1.8),
(4.4.1), or, when appropriate (4.3.1). Of course, under the hypotheses
made about a and b, the choice between using (1.1.8) or (4.4.1) is a simple
matter of notation, whereas the ability to write it as in (4.3.1) imposes
special conditions of the relationship between b and a.

There are a lot of ways to pass from an operator of the form in (1.1.8)
to the associated Markov family {Px : x ∈ RN} of Borel probability mea-
sures on the path space Ω = Ω(RN ) ≡ C

(
[0,∞); RN

)
. One approach is

to start with Brownian motion and use Itô’s stochastic integral equations
to transform the Brownian paths into the paths of the desired diffusion.
A second approach is to follow Kolmogorov and start with the transition
probability function (t, x) P (t, x) determined by L and use it to give a
direct construction of the Px’s. Whichever method one chooses, one will
end up with a measure Px ∈ M1(Ω) which solves the martingale problem
for L starting at x. That is,

(5.1.1)
(
ϕ
(
ω(t)

)
− ϕ(x)−

∫ t

0

Lϕ
(
ω(τ)

)
dτ,Bt,Px

)

117
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will be a mean-zero martingale for every ϕ ∈ C∞c (RN ; C), where we have
introduced the notation Bt to denote the σ-algebra σ({ω(τ) : τ ∈ [0, t]})
which is generated by the path ω � [0, t]. Indeed, when thinking a la Itô, this
is just the observation that the stochastic integral term in Itô’s formula is
a martingale. When following Kolmogorov, it is an encoding of his forward
equation. Namely, for Kolmogorov, Px is determined by

Px
(
ω(tm) ∈ Γm for 0 ≤ m ≤ n

)
= 1Γ0(x)

∫
· · ·
∫

Γ1×···×Γn

P (t1, x, dy1)P (t2 − t1, y1, dy2) · · ·P (tn − tn−1, yn−1, dyn)

for n ≥ 1, 0 = t0 < · · · < tn, and Γ0, . . . ,Γm ∈ BRN , or, equivalently,

(*)
Px
(
ω(0) = x

)
= 1 and

Px
(
ω(s+ t) ∈ Γ

∣∣Bs) = P
(
t, ω(s),Γ

)
(a.s.,Px).

To see that this description of Px leads to a solution of the martingale
problem, let ϕ ∈ C∞c (RN ; C), and verify that

EP
x

[
ϕ
(
ω(s+ t)

)
− ϕ

(
ω(s)

) ∣∣Bs]= 〈ϕ, P (t, ω(s)
)〉
− ϕ

(
ω(s)

)〉
=
∫ t

0

〈
Lϕ,P

(
τ, ω(s)

)〉
dτ = EPx

[∫ s+t

s

Lϕ
(
ω(τ)

)
dτ

∣∣∣∣Bs] ,
which is tantamount to the required martingale property.

It will be useful to know that, under the assumptions we have made about
a and b, the measure Px is uniquely determined by the martingale problem
which it solves. To see this, suppose that P ∈ M1(Ω) and that (5.1.1)
holds when Px = P. We want to show that P must be obtainable from
(t, x) P (t, x) by Kolmogorov’s prescription. That P

(
ω(0) = x

)
= 1 is triv-

ial, since (5.1.1) implies that EP[ϕ(ω(0)
)]

= ϕ(x) for all ϕ ∈ C∞c (RN ; C).
In order to check the second line of (*), we first need to extend the class of
functions for which the martingale property holds. Specifically, we need to
know that if u ∈ C1,2

b

(
[0, T ]× RN ; C

)
, then

(5.1.2)

(
u
(
t ∧ T, ω(t ∧ T )

)
−
∫ t∧T

0

(∂τ + L)u
(
τ, ω(τ)

)
dτ,Bt,P

)

is a martingale. When u is smooth and has compact support, this comes
down to the observation that (5.1.1) for P implies

d

dt
EP[u(s+ t, ω(s+ t)

)
, A
]

= EP[(∂t + L
)
u
(
s+ t, ω(s+ t)

)
, A
]

for s ∈ [0, T ), 0 < t < T − s, and A ∈ Bs. One can extend this first
to u ∈ C1,2

c

(
[0, T ]× RN ; C) by an obvious mollification procedure and can
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then complete the extension by using bump functions. Knowing (5.1.2), the
proof of (*) is easy. Given ϕ ∈ C2

b(RN ; C), take uϕ as in (2.0.2), and apply
(5.1.2) with u(t, y) = uϕ(T − t, y). Because (∂t + L)u = 0, one concludes
that

(5.1.3)
(
uϕ
(
T − t ∧ T, ω(t ∧ T )

)
,Bt,P

)
is a martingale, and so, by taking T = s+ t, we see that

EP[ϕ(ω(s+ t)
) ∣∣Bs] = uϕ

(
t, ω(s)

)
= 〈ϕ, P

(
t, ω(s)

)
〉 (a.s.,P),

which, together with P
(
ω(0) = x

)
= 1, leads quickly to (*).

Finally, recall that the Markov property for {Px : x ∈ RN} is best
expressed in terms of the time shift maps Σs : Ω −→ Ω determined by
[Σx(ω)](t) = ω(s + t). Namely, for a Borel measurable Φ on Ω which is
bounded below,

(5.1.4) EPx
[
Φ ◦ Σs

∣∣Bs](ω) = EPω(s) [Φ] (a.s.,Px).

5.2 Duhamel’s Formula
Let G be a connected open subset of RN , take ζG(ω) ≡ inf{t ≥ 0 : ω(t) /∈

G} to be the first time that ω leaves G, note that ζG is a stopping time
relative to {Bt : t ≥ 0},1 and define the operator PG

t by

(5.2.1) PG
t ϕ(x) = EPx

[
ϕ
(
ω(t)

)
, ζG(ω) > t

]
for BRN -measurable ϕ’s which are bounded below. As an application of
(5.1.4), we see that

PG
s+tϕ(x) = EPx

[
ϕ
(
Σsω(t)

)
, ζG ◦ Σs(ω) > t & ζG(ω) > s

]
= EPx

[
PG
t ϕ
(
ω(s)

)
, ζG(ω) > s

]
= PG

s ◦PG
t ϕ(x).

That is, {PG
t : t ≥ 0} has the semigroup property PG

s+t = PG
s ◦ PG

t .

In addition, it is obvious that PG
t is dominated by Pt in the sense that

PG
t ϕ ≤ Ptϕ when ϕ ≥ 0. In particular, since, by Lemma 3.3.3, we know

that P (t, x, dy) = p(t, x, y) dy, we now know that

PG
t (x) =

∫
G

pG(t, x, y)ϕ(y) dy,

where 0 ≤ pG(t, x, y) ≤ 1G(y)p(t, x, y) dy. Finally, note that, by Doob’s
Stopping Time Theorem (cf. Theorem 7.1.6 in [53]),

PG
t ϕ(x)− ϕ(x) = EPx

[∫ t∧ζG(ω)

0

Lϕ
(
ω(τ)

)
dτ

]
,

1 Recall that a stopping time relative to {Bt : t ≥ 0} is a function ζ : Ω −→ [0,∞] with

the property that {ζ ≤ t} ∈ Bt for all t ≥ 0
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and therefore

(5.2.2) PG
t ϕ(x)− ϕ(x) =

∫ t

0

PG
τ Lϕ(x) dτ, (t, x) ∈ (0,∞)×G,

for ϕ ∈ C2
c (G; R).

5.2.1. The Basic Formula: The goal of this subsection is to develop
another expression for pG(t, x, · ), one which will allow us to transfer to
pG(t, x, · ) properties that we already know p(t, x, · ) possesses. For this
purpose, let ϕ ∈ C2

b(RN ; R) be given, and set uϕ(t, x) = Ptϕ(x). By
(5.1.3) and Doob’s Stopping Time Theorem, we know that

Ptϕ(x) = uϕ(t, x) = EPx
[
uϕ
(
t− t ∧ ζG(ω), ω(t ∧ ζG)

)]
= EPx

[
ϕ
(
ω(t)

)
, ζG(ω) > t

]
+ EPx

[
uϕ
(
t− ζG(ω), ω(ζG)

)
, ζG(ω) ≤ t

]
= PG

t ϕ(x) + EPx
[
Pt−ζG(ω)ϕ

(
ω(ζG)

)
, ζG(ω) ≤ t

]
.

Thus, for all Borel measurable ϕ’s which are bounded below,

(5.2.3) Ptϕ(x) = PG
t ϕ(x) + EPx

[
Pt−ζGϕ

(
ω(ζG)

)
, ζG ≤ t

]
,

which is the starting point for everything that follows.
Our first application of (5.2.3) is to the following crude version of the

reflection principle.

Lemma 5.2.4. There is a C <∞, depending only on the bounds on ‖a‖op

and b, such that

Px(ζG ≤ t) ≤ C exp
(
Ct− |x−G{|

2

Ct

)
for (t, x) ∈ (0,∞)×G.

Proof: Given x ∈ G, set R = 1
2 |x − G{|, B1 = B

(
x,R

)
, and B2 =

B(x, 2R). Clearly, Px(ζG ≤ t) ≤ Px(ζB2 ≤ t). Now take ϕ = 1B1{ in
(5.2.3), and conclude that

P (t, x,B1{) ≥ EPx
[
P
(
t− ζB2(ω), ω(ζB2), B1{

)
, ζB2(ω) ≤ t

]
≥
(

inf
(τ,ξ)∈(0,t]×B2{

Pξ(τ, ξ, B1{)
)

Px(ζG ≤ t).

By the second estimate in Lemma 3.3.12, P (t, x,B1{) ≤ CeCt−
R2
Ct and

P (τ, ξ, B1{) ≥ P (τ, ξ, B(ξ,R)
)

= 1− P
(
τ, ξ, B(ξ,R){

)
≥ 1− CeCt−R

2
Ct

for (τ, ξ) ∈ [0, t]×B2{, where C has the required dependence. The desired
conclusion is easy from these plus Px(ζG ≤ t) ≤ 1. �
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Our second application of (5.2.3) is to the derivation of Duhamel’s for-
mula in the form

(5.2.5)
pG(t, x, y) = p(t, x, y)− EPx

[
p
(
t− ζG(ω), ω(ζG), y

)
, ζG(ω) < t

]
for (t, x, y) ∈ (0,∞)×G×G,

and again this is an essentially immediate. Namely, for any ϕ ∈ Cc(G; R),
(5.2.3) says that PG

t ϕ(x) is equal to∫
G

ϕ(y)p(t, x, y) dy − EPx
[∫

G

ϕ(y)p
(
t− ζG(ω), ω(ζG), y

)
dy, ζG(ω) < t

]
,

where the replacement of ζG ≤ t by ζG < t is justified by the observation
that Pt−ζG(ω)ϕ

(
ω(ζG)

)
= ϕ

(
ω(ζG)

)
= 0 if ζG = t. Hence, the right-hand

side of (5.2.5) is indeed a kernel for the operator PG
t .

Starting from (5.2.5), it is easy to check that, for each (t, x) ∈ (0,∞)×G,
y ∈ G 7−→ pG(t, x, y) is smooth and that, for each y ∈ G, (t, x) ∈ (0,∞)×
G 7−→ pG(t, x, y) is Borel measurable. The only concern comes from the
fact that t − ζG(ω) can be arbitrarily small. However, since y ∈ G and
ω(ζG) ∈ ∂G, the estimates in Theorem 3.3.11 shows that there is nothing
to worry about. Hence, (t, x, y) ∈ (0,∞) × G × G 7−→ pG(t, x, y) is Borel
measurable, and so the semigroup property for {PG

t : t ≥ 0} leads to the
Chapman–Kolmogorov equation

(5.2.6) pG(s+ t, x, y) =
∫
G

pG(t, x′, y)pG(s, x, x′) dx′

for (s, x), (t, y) ∈ (0,∞)×G.
5.2.2. Application of Duhamel’s Formula to Regularity: Here we
will show that pG(t, x, y) is a smooth function on (0,∞)×G×G. However,
our estimates will blow up as x and y tend to the boundary ∂G. Thus,
the estimates developed here are what a specialist in partial differential
equations would call interior estimates.

As we have already noted, for each (t, x) ∈ (0,∞) × G, y pG(t, x, y) is
smooth on G. In fact,

(5.2.7) ∂βy p
G(t, x, y) = ∂βy p(t, x, y)− EPx

[
∂βy p

(
t− ζG, ω(ζG), y

)
, ζG < t

]
,

where once again one can use that estimates in Theorem 3.3.11 to justify
the differentiation of under the expectation. At the same time, with very
little further effort, one sees that there is a constant An, with the same
dependence as the one in Theorem 3.3.11, such that, for ‖β‖ ≤ n,

(*)

sup
(τ,ξ,y)∈(0,t]×∂G×G

∣∣∂βy p(τ, ξ, y)∣∣
≤ An
|y −G{|‖β‖+N

exp

(
Ant−

|y −G{|2

Ant

)
.
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Theorem 5.2.8. pG(t, x, y) is a smooth function on (0,∞)×G×G and,
for each n ≥ 1, there exists an An < ∞, depending only on ε and the
bounds on (cf. (2.5.2)) a, b, b>, V >, and their derivatives through order
(n+ 1), such that

∣∣∂mt ∂αx ∂βy pG(t, x, y)
∣∣ ≤ Ane

Ant

(t
1
2 ∧ |x−G{| ∧ |y −G{|)2m+‖α‖+‖β‖+N

× exp

(
−
(
|y − x| ∧ (|x−G{|+ |y −G{|)

)2
Ant

)

for (m,α, β) ∈ N × NN × NN with 2m + ‖α‖ + ‖β‖ ≤ n. Moreover,
∂mt p

G(t, x, y) = [LmpG(t, · , y)](x).

Proof: We have already proved the existence of ∂βy p
G(t, x, y), and Theo-

rem 3.3.11 combined with Lemma 5.2.4 and (*) give the required estimates
on it.

Proving the smoothness as a function of (t, x) is a bit more challeng-
ing. The idea is to differentiate (5.2.7) with respect to x. Because of the
estimates in Theorem 3.3.11, the first term on the right is no problem.
To handle the second, we want to take advantage of the fact that, since
x ∈ G, the probability of ζG being close to 0 is small. To capitalize on
this observation, define ζs(ω) = inf{t ≥ s : ω(t) ∈ ∂G}. Clearly, ζ0 = ζG

if ω(0) ∈ G, ζs+t = s + ζt ◦ Σs, and ζs = ζt if s ≤ t ≤ ζs. In particular,
ω(0) ∈ G =⇒ ζs(ω) ↘ ζ0(ω) as s ↘ 0, and so, for any x ∈ G and
bounded, measurable f : [0, t]× ∂G −→ R,

EPx
[
f
(
t− ζ0, ω(ζ0)

)
, ζ0 < t

]
=
∞∑
n=0

EPx
[
f
(
t− ζtn+1 , ω(ζtn+1)

)
1[0,t)(ζtn+1)− f

(
t− ζtn , ω(ζtn)

)
1[0,t)(ζtn)

]
=
∞∑
n=0

EPx
[
Fn+1 ◦ Σtn+1

]
=
∞∑
n=1

Ptnfn(x),

where tn = 2−nt,

Fn =
[
f
(
t− tn − ζ0, ω(ζ0)

)
− f

(
t− tn − ζtn , ω(ζtn)

)
1[0,t−tn)(ζtn)

]
1[0,tn)(ζ0),

and fn(ξ) = EPξ [Fn]. Next, observe that (cf. Lemmas 5.2.4)

|fn(ξ)| ≤ 2‖f‖uPξ(ζ0 < tn) ≤ 2‖f‖uC exp
(
Ctn −

|ξ −G{|2

Ctn

)
≤ 2‖f‖uCeCte−

2n|ξ−G{|2
Ct .
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We now apply Theorem 3.3.11 to see that, for each α ∈ NN , there is an
A <∞ such that |∂αxPtnfn(x)| is dominated by

A‖f‖u
(

2n

t

) ‖α‖+N
2

eAt
∫

exp
(
−2n(|x− ξ|2 + |ξ −G{|2)

At

)
dξ

≤ A‖f‖u
(

2n

t

) ‖α‖+N
2

eAt−
2n|x−G{|2

4At

∫
exp

(
−2n|x− ξ|2

4At

)
dξ

=
A(4πA)

N
2 eAt‖f‖u

t
‖α‖

2

2
n‖α‖

2 e−
2n|x−G{|2

4At ,

where, in the passage to the second line, we have used |x−ξ|2 + |ξ−G{|2 ≥
1
4

(
|x− ξ|2 + |x−G{|2

)
. Summing over n ≥ 1 and using

∞∑
n=1

2
n‖α‖

2 e−
2n|x−G{|2

4At ≤
∞∑
n=1

∫ 2n+1

2n
ρ
‖α‖

2 −1e−
ρ|x−G{|2

8At dρ

≤ (8At)
‖α‖

2

|x−G{|‖α‖

∫ ∞
0

ρ
‖α‖

2 −1e−ρ dρ =
(8At)

‖α‖
2

|x−G{|‖α‖
Γ
(
‖α‖

2

)
we conclude that, for a slightly adjusted A < ∞ with the required depen-
dence,

(5.2.9)
∣∣∂αxEPx

[
f
(
t−ζG(ω), ω(ζG)

)
, ζG(ω) < t

]∣∣ ≤ AeAt‖f‖u
|x−G{|‖α‖

e−
|x−G{|2

At .

Now let α, β ∈ NN with ‖α‖ ≥ 1 and (t, y) ∈ (0,∞)×G be given, and take
f(τ, ξ) = ∂βy p(τ, ξ, y) in the preceding. Then, by combining the preceding
with (*) above, we get the asserted estimate whenm = 0. Thus, to complete
the proof, all that we need to do is check the final assertion. For this pur-
pose, let (t, x) ∈ (0,∞)×G be given, choose η ∈ C∞c

(
G; [0, 1]

)
so that η = 1

on B(x, r) ⊂⊂ G for some r > 0, and set ϕm(ξ) = η(ξ)[LmpG(t, · , y)](ξ).
Because

d

ds
Psϕ0(x)

∣∣∣∣
s=0

= Lϕ0(x) = [LpG(t, · , y)](x),

and, by (5.2.6) and Lemma 5.2.4,

s−1
∣∣pG(s+ t, x, y)−Psϕ0(x)

∣∣ ≤ 2 sup
ξ∈RN

p(t, x, ξ)s−1Px
(
ζB(x,r) ≤ s

)
−→ 0

as s ↘ 0, we see that ∂tpG(t, x, y) = [LpG(t, · , y)](x). Finally, assume
that ∂mt p

G(t, x, y) = [LmpG(t, · , y)](x), and apply the preceding line of
reasoning with ϕm in place of ϕ0. �
5.2.3. Application of Duhamel’s Formula to Positivity: Here we
will show how to use (5.2.5) to get lower bounds on pG(t, x, y). The basic
result is the following.



124 5 Localization

Lemma 5.2.10. Assume that L is given by either (4.3.1) or (4.4.1). Then,
there is a non-decreasing map θ ∈ (0, 1) 7−→ Mθ ∈ [1,∞), depending only
on ε and the bounds on the coefficients (but not their derivatives), such
that

pB(ξ,1)(t, x, y) ≥ 1

Mθt
N
2
e−µt−

Mθ|y−x|
2

t

for all ξ ∈ RN , t ∈ (0,∞), and x, y ∈ B(ξ, θ),

where µ ∈ (0,∞) depends only on ε and the bounds on the coefficients but
not on θ.

Proof: Without loss in generality, we will assume that ξ = 0. Also, we
may and will assume that θ ≥ 1

2 .
Set B = B(0, 1), and, for θ ∈

[
1
2 , 1
)
, take Bθ = B(0, θ). From Theo-

rem 4.3.9 or Theorems 4.4.6 and 4.4.12 combined with (5.2.5) and Lemma
5.2.4, there is an M ∈ [1,∞), depending only on ε and the bounds on the
coefficients, such that

pB(t, x, y) ≥ 1

Mt
N
2
e−

M|y−x|2
t − sup

τ∈(0,t]

M

τ
N
2
e−

(1−θ)2
Mτ −

(1−θ)2
Mt

≥ 1

Mt
N
2
e−

M|y−x|2
t −M

(
MN

2e(1− θ)2

)N
2

e−
(1−θ)2
Mt ,

for (t, x, y) ∈ (0, 1]×Bθ×Bθ. Thus, if α =
(

1
M ∧

√
2
1− 2

N e

M
1+ 4

N N

)
(1−θ), then

(*)
pB(t, x, y) ≥ 1

2Mt
N
2
e−

M|y−x|2
t

for (t, x, y) ∈ (0, α2]×Bθ ×Bθ with |y − x| ≤ α.

Next, suppose that (t, x, y) ∈ (0,∞)×Bθ×Bθ with 0 < t ≤ |y−x|2. Take
n to be the smallest integer dominating 4|y−x|2

α2t , and set τ = t
n , r = |y−x|

2n ,
and, for 0 ≤ m ≤ n, zm = x+m

n (y−x) and Γm = Bθ∩B(zm, r). Then, since

t ≤ |y−x|2 ≤ 4, n ≥ 4
α2 and so τ ≤ α2. Also, since n

2 ≤ n−1 ≤ 4|y−x|2
α2t ≤ n

and r2

τ = |y−x|2
4nt , α2

32 ≤
r2

τ ≤
α2

16 . In particular, if ξ ∈ Γm and ξ′ ∈ Γm+1,
then |ξ′ − ξ|2 ≤ 16r2 ≤ α2τ ≤ α2. Finally, since r ≤ θ, there exists a

dimensional constant β ∈ (0, 1) such that |Γm| ≥ βrN ≥ β
(
α2τ
32

)N
2

. Now,
proceeding in the same way as we did in the proof of Lemma 4.3.8 and
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applying (*), we see from (5.2.6) that pB(t, x, y) dominates∫
· · ·
∫

Γ1×···×Γn−1

pB(τ, x, ξ1)pB(τ, ξ1, ξ2) · · · pB(τ, ξn−1, y) dξ1 · · · dξn−1

≥

(
e−Mα2

2Mτ
N
2

)n (
βrN

)n−1 ≥ e−M

2Mt
N
2

(
βαNe−M

2(32)
N
2 M

)n−1

≥ e−M

2Mt
N
2

exp
(
−λ|y − x|

2

t

)
,

where λ = − 4
α2 log βαNe−M

2(32)
N
2 M

.

So far we have proved our estimate with µ = 0 for (t, x, y) ∈ (0,∞) ×
Bθ × Bθ when either |y − x|2 ∨ t ≤ α2 or t ≤ |y − x|2. We now want to
deal with (t, x, y) ∈ [α2,∞)×Bθ ×Bθ with t ≥ |y − x|2. For this purpose,
take n to be the smallest integer dominating 3t

α2 , and set τ = t
n , r = α

3 ,
and, for 0 ≤ m ≤ n, zm = x + m

n (y − x) and Γm = Bθ ∩ B(zm, r). Then

n ≥ 3, α2

6 ≤ τ ≤ α2

3 , |y−x|n ≤ t
1
2

n ≤
α
3 , and so |ξ′ − ξ|2 ≤ α2 ≤ 6τ if ξ ∈ Γm

and ξ′ ∈ Γm+1. Hence, by the same sort of chaining argument used above,
pB(t, x, y) dominates(

e−6M

2Mτ
N
2

)n (
βrN

)n−1 ≥ 3
N
2 e−6M

2MαN

(
β2

N
2 e−6M

2M3
N
2

) 3t
α2

.

After combining this with the preceding, we have proved the desired esti-
mate, but with a µ which depends on θ.

Finally, to rid µ of its dependence on θ, let µ be the one for θ = 1
2 . Given

θ ∈
[

1
2 , 1
)
, x, y ∈ Bθ, and t ≥ 3, observe that pB(t, x, y) dominates∫∫

B 1
2
×B 1

2

pB(1, x, ξ)pB(t− 2, ξ, η)pB(1, η, y) dξdη

≥ Ω2
N4−N inf

{
pB(1, x, ξ)pB(1, η, y) : (ξ, η) ∈ B2

1
2

}
× inf

{
pB(t− 2, ξ, η) : (ξ, η) ∈ B2

1
2

}
≥ ρθe−µt

for some ρθ > 0. �

Theorem 5.2.11. Again assume that L is given by either (4.3.1) or
(4.4.1). Then, for each R ≥ 1, there exist a µ(R) and a non-decreasing
θ ∈ (0, 1) 7−→Mθ(R) ∈ [1,∞), depending only on ε and the bounds on the
coefficients, such that, for all r ∈ (0, R] and ξ ∈ RN ,

pB(ξ,r)(t, x, y) ≥ 1

Mθ(R)t
N
2

exp
(
−µ(R)t

r2
− Mθ(R)|y − x|2

t

)
,

for (t, x, y) ∈ (0,∞)×B(ξ, θr)×B(ξ, θr).

Moreover, when L is given by (4.3.1), µ and M can be chosen to be inde-
pendent of R.
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Proof: Throughout, without loss in generality, we may and will take ξ to
be the origin.

Given λ > 0, set aλ(x) = a(λx), Uλ(x) = U(λx), bλ(x) = λb(λx), and,
depending on whether L is given by (4.3.1) or (4.4.1), Lλ so that

Lλϕ = 1
2e
−2Uλ∇ ·

(
e2Uλaλ∇ϕ

)
or Lλϕ = 1

2∇ ·
(
aλ∇ϕ) + bλ · ∇ϕ.

At the same time, define ω ∈ Ω 7−→ ωλ ∈ Ω so that ωλ(t) = λ−1ω(λ2t).
Then the distribution of ω ωλ under Pλx is (Pλ)x, where {(Pλ)x : x ∈ RN}
is a Markov family determined by Lλ. To see this, we use the martin-
gale problem characterization of (Pλ)x. Let ϕ ∈ C2

c (RN ; R) and ϕλ(x) =
ϕ(λ−1x), then Lλϕ(λ−1x) = λ2Lϕλ(x). Hence

ϕ(ωλ(t)
)
−
∫ t

0

Lλϕ
(
ωλ(τ)

)
dτ = ϕλ

(
ω(λ2t)

)
− λ2

∫ t

0

Lϕλ
(
ω(λ2τ)

)
dτ

= ϕλ
(
ω(λ2t)

)
−
∫ λ2t

0

Lϕλ
(
ω(τ)

)
dτ,

and so (
ϕ(ωλ(t)

)
− ϕ(x)−

∫ t

0

Lλϕ
(
ωλ(τ)

)
dτ,Bλ2t,Pλx

)
is a mean-zero martingale. Since Bλ2t = σ

(
{ωλ(τ) : τ ∈ [0, t]}

)
, this proves

that the distribution of ω ωλ under Pλx solves the martingale problem for
Lλ starting from x and is therefore equal to (Pλ)x. Next set BR = B(0, R)
for R ∈ (0,∞), and observe that ζBR(ωλ) = λ2ζBλR(ω). Thus,

Pλx
(
ω(λ2t) ∈ λΓ & ζBλR(ω) > λ2t

)
= Pλx

(
ωλ(t) ∈ Γ & ζBR(ωλ) > t

)
= (Pλ)x

(
ω(t) ∈ Γ & ζBR(ω) > t

)
.

Equivalently,

λN
∫

Γ

pBλR(λ2t, λx, λy) dy =
∫
λΓ

pBλR(λ2t, λx, y) dy =
∫

Γ

pBRλ (t, x, y) dy,

where pBRλ (t, x, y) is the density associated with Lλ. In other words,

(*) pBλR(t, x, y) = λ−NpBRλ
(
λ−2t, λ−1x, λ−1y

)
.

Given (*), the rest is easy. Namely, if L is given by (4.3.1), then, by
Lemma 5.2.10, there exists a µ ∈ (0,∞) and, for each θ ∈ (0, 1), an M = Mθ

such that

λ−NpB1
λ

(
λ−2t, λ−1x, λ−1y

)
≥ 1

Mt
N
2

exp
(
−µt
λ2
− M |y − x|2

t

)
for (t, x, y) ∈ (0,∞) × Bθλ × Bθλ. Hence, by taking R = 1 and λ = r in
(*), one gets the asserted result in this case. When L is given by (4.4.1)
and b 6≡ 0, the same reasoning holds only for λ ∈ (0, 1]. On the other hand,
if R ≥ 1, then Lemma 5.2.10 can be used to find µ(R) and θ Mθ(R) for
pB1
λR(t, x, y) with λ ∈ (0, 1], after which one can apply (*) with λ = r

R to
get the result for r ≤ R. �



5.2 Duhamel’s Formula 127

Corollary 5.2.12. LetG be a non-empty, connected, open subset of RN .
Under the conditions in Theorem 5.2.11, pG(t, x, y) > 0 for all (t, x, y) ∈
(0,∞)×G×G. Moreover, there exists a µG ∈ [0,∞) such that

lim
t→∞

inf
(x,y)∈K2

t−1 log pG(t, x, y) ≥ −µG

for all K ⊂⊂ G. In fact, if L is given by (4.3.1), then there is a µ > 0 such
that µG ≤ µ

R2 where R = sup{r > 0 : ∃x B(x, r) ⊆ G} is the inner radius
of G.

Proof: Let (t, x) ∈ (0,∞)×G be given, and set H = {y ∈ G : pG(t, x, y)
> 0}. Obviously, H is open. In addition, if 0 < r < |x − G{|, then, by
Theorem 5.2.11, pG(t, x, y) ≥ pB(x,r)(t, x, y) > 0 for y ∈ B(x, r). Hence
H 6= ∅. Thus, we will know that H = G once we show that G \H is open.
To this end, suppose that y ∈ G \H and choose 0 < r < |y − G{|. Then,
again by Theorem 5.2.11, pG(τ, ξ, y) > 0 for all (τ, ξ) ∈ (0,∞) × B(y, r).
Hence, since

0 = pG(t, x, y) =
∫
G

pG(t− τ, x, ξ)pG(τ, ξ, y) dξ for τ ∈ (0, t),

pG(t, x, ξ) = limτ↘0 p
G(t− τ, x, ξ) = 0 for all ξ ∈ B(y, r).

To prove the last part, choose ξ ∈ G and R > 0 so that B(ξ, 2R) ⊂⊂ G
and set B = B(ξ,R). Then pG(t, x, y), for t ≥ 3, dominates∫∫

B×B

pG(1, x, x′)pB(ξ,2R)(t− 2, x′, y′)pG(1, y′, y) dx′dy′.

Since pG(1, x, x′)pG(1, y′, y) is uniformly positive for (x, y) ∈ K2 and (x′, y′)
∈ B2, the desired result follows from the estimate in Theorem 5.2.11 applied
to pB(ξ,2R)(t− 2, x′, y′). Finally, suppose the L is given by (4.3.1), let µ be
the one in Theorem 5.2.11, and conclude from that theorem that µG ≥ µ

R2

if R is the inner radius of G. �
5.2.4. A Refinement: Suppose that L is given by (4.4.1). Given a
connected, open G 6= ∅, we will show here that Corollary 5.2.12 can be
sharpened. The basic result is contained in the following lemma, in which
we use the notation introduced in § 4.2.2.

Lemma 5.2.13. Given a continuously differentiable π : [0, t] −→ G,
set r(π) = inf{|π(τ) − G{| : τ ∈ [0, t]} ∧ 1. If t ∈

(
0, r(π)2

]
and ρ ∈

C2
(
RN ; [0,∞)

)
is supported in B

(
0, 1

2r(π)
)

and has total integral 1, then,
for each δ ∈ (0, 1],

pG
(
(1 + δ)t, π(0), π(t)

)
≥ α

‖ρ‖u(δt)N
exp

(
−S(ρ)
αδt

− H(ρ)t
αδ

− (1 + δ)Eρ(t, π)
2

)
,

where α ∈ (0, 1] depends only on ε and the bounds on a and b.
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Proof: The argument is essentially the same as the one with which we
derived the first estimate in Theorem 4.4.12. Namely, set r = r(π) and,
using the same reasoning as we used to derive (4.4.10), only here taking into
account the fact that |(ξ + π(τ))−G{| ≥ r

2 for all (τ, ξ) ∈ [0, t]× supp(ρ),
check that ∫

ρ(ξ) log
pG
(
τ + t, π(0), ξ + π(t)

)
pG
(
τ, π(0), ξ + π(0)

) dξ

and ∫
ρ(ξ) log

pG
(
τ + t, ξ + π(t), π(0)

)
pG
(
τ, ξ + π(0), π(0)

) dξ

both dominate

−
3A
(
H(ρ) +B2

)
t

δ
− (1 + δ)Eρ(t, π)

2
,

where A and B are the bounds on a and b. Hence, by the estimate in
Theorem 5.2.11 with R = 1 and θ ∈= 1

2 ,∫
ρ(ξ) log pG

(
(1 + δ) t2 , π(0), ξ + z

)
dξ

≥
∫
ρ(ξ) log pB(π(0),r)

(
δt
2 , π(0), ξ + π(0)

)
dξ

−
3A
(
H(ρ) +B2

)
t

δ
− (1 + δ)Eρ(t, π)

2

≥ − log
2
N
2

M(δt)
N
2
− µδt

2r2
− 2MS(ρ)

δt
−

3A
(
H(ρ) +B2

)
t

δ
−

(1 + δ)Eρ
(
t
2 , π
)

2
,

where z = π
(
t
2

)
. Similarly, with π̌(τ) = π(t− τ) replacing π,∫

ρ(ξ) log pG
(
(1 + δ) t2 , ξ + z, π(t)

)
dξ

≥ − log
2
N
2

M(δt)
N
2
− µδt

2r2
− 2MS(ρ)

δt
−

3A
(
H(ρ) +B2

)
t

δ
−

(1 + δ)Eρ
(
t
2 , π̌
)

2
.

Next,

logpG
(
(1 + δ)t, π(0), π(t)

)
= log

∫
G−z

pG
(
(1 + δ) t2 , π(0), ξ + z

)
pG
(
(1 + δ) t2 , ξ + z, π(t)

)
dξ

≥ log
∫
B(z,r)

pG
(
(1 + δ) t2 , π(0), ξ + z

)
pG
(
(1 + δ) t2 , ξ + z, π(t)

)
dξ

≥ log
1
‖ρ‖u

∫
ρ(ξ)pG

(
(1 + δ) t2 , π(0), ξ + z

)
pG
(
(1 + δ) t2 , ξ + z, π(t)

)
dξ

≥ − log ‖ρ‖u +
∫
ρ(ξ) log pG

(
(1 + δ) t2 , π(0), ξ + z

)
dξ

+
∫
ρ(ξ) log pG

(
(1 + δ) t2 , ξ + z, π(t)

)
dξ.
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Hence, when we plug in the preceding estimates and remember that t ≤ r2,
we get the asserted estimate. �

Before stating the main conclusion, set G(t) = {x ∈ G : |x−G{| ≥ t
1
2 },

and define

dGt,ρ(x, y) = inf
{√

Eρt(1, π) :π ∈ C1
(
[0, 1];G(t)

)
with π(0) = x & π(1) = y

}
,

where the infimum over the empty set is taken to be ∞ and ρt(ξ) =
t−

N
2 ρ(t−

1
2 ξ).

The following statement is an immediate consequence of Lemma 5.2.13
and (4.2.7).

Theorem 5.2.14. Let ρ ∈ C∞c
(
B(0, 1

2 ); [0,∞)
)
. There is a α ∈ (0, 1),

depending only on ρ, ε, and the bounds on a and b, such that, for each
δ ∈ (0, 1),

pG(t, x, y) ≥ α

t
N
2

exp

(
− 1
αδ
−

(1 + δ)dGt,ρ(x, y)2

2t

)
for all (t, x, y) ∈ (0, 1]×G×G. In particular,

lim
t↘0

t log pG(t, x, y) ≥ −d
G(x, y)2

2
, x, y ∈ G,

where

dG(x, y) = inf
{√∫ 1

0

(
π̇(τ), a

(
π(τ)

)−1
π̇(τ)

)
RN

dτ :

π ∈ C1
(
[0, 1];G

)
with π(0) = x & π(1) = y

}
.

Remark 5.2.15. One should ask whether there is an upper bound to com-
plement the lower bound in Theorem 5.2.14. In particular, what happens
if one attempts to mimic the procedure which we used in § 4.4.1? From the
outset, there are technical difficulties which have to be confronted. Specif-
ically, because we have not discussed the behavior of pG(t, x, y) near the
boundary ∂G, there is a question about the validity of the integration by
parts on which that procedure is based. It turns out that smoothness of
∂G suffices and that ∂G has to be pretty bad before this problem becomes
insurmountable. In any case, assuming that one has justified the integra-
tion by parts, one can proceed as we did in § 4.4.1 to show that, for each
δ ∈ (0, 1] and ψ ∈ C1

b(RN ; R),

pG(t, x, y) ≤ K

(δt)
N
2

exp
(
Kt

δ
+ ψ(x)− ψ(y) +

t(1 + δ)DG(ψ)2

2

)
,
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where
DG(ψ)2 = sup

x∈Ḡ

(
∇ψ(x), a(x)∇ψ(x)

)
RN .

Thus, one gets an upper bound in terms of

DG(x, y)2 = sup
{
ψ(y)− ψ(x)− 1

2D
G(ψ)2

}
.

At this point, there remains the question of relating DG(x, y) to dG(x, y).
By repeating the argument in § 4.1.1 to check that D(x, y) = d(x, y), one
can show that DG(x, y) = dḠ(x, y), where dḠ(x, y) is defined by the same
prescription as dG(x, y) only with G replaced by Ḡ. Indeed, the inequality
DG(x, y) ≤ dḠ(x, y) is easy. To prove the opposite inequality, one can first
check that, as r ↘ 0, dG

(r)
(x, y)↘ dḠ(x, y), where G(r) = {x ∈ RN : |x−

G| < r}. One can then show that, for each r > 0, DG(x, y) ≤ dG
(r)

(x, y).2

Finally, one has to determine when dḠ(x, y) = dG(x, y). Again, smoothness
of ∂G is a sufficient. On the other hand, it is easy to construct G’s for which
dḠ(x, y) < dG(x, y). For example, take N = 2 and G = B(0, 2) \ B(c, 1),
where c = (0, 1). If x ∈ G lies close to (0, 2) and y = (−x1, x2), then,
when a ≡ I, dḠ(x, y) −→ 0, whereas dG(x, y) tends to 2π as x → c.
Since it is clear on probabilistic grounds that in this, and most situations,
dG is more likely to give the correct estimate than is dḠ, one can try an
approximation procedure. For instance, even if ∂G is not smooth, it may
be possible (as it is in our example) to write G as the union of an increasing
sequence of Gn’s, with Ḡn ⊂ G, each of which is sufficiently nice that one
can apply the argument in § 4.4.1. Then, because dḠn(x, y)↘ dG(x, y) and
pGn(t, x, y)↗ pG(t, x, y), one gets the upper bound with dG.

5.3 Minimum Principles
The estimates in § 5.2 provide a powerful tool with which to prove various

minimum principles.
5.3.1. The Weak Minimum Principle Revisited: In § 2.4.1 we al-
ready discussed one minimum principle, which (cf. Lemma 2.4.1) said that if
u is bounded below and (L−∂t)u ≤ 0 in (0, T ]×RN satisfies limt↘0 u(t, · ) ≥
0 uniformly on compacts, then u ≥ 0. In particular, this means that
for any solution to ∂tu = Lu in (0, T ] × RN which is bounded below,
infx∈RN u(s, · ) ≤ infx∈RN u(t, · ) whenever 0 < s ≤ t ≤ T . This is a weak
minimum principle because it does not rule out the possibility of equality
for non-constant u.

For purposes of comparison, we will now state and prove a quite general
form of the weak minimum principle. In its statement, G is an open subset
of R× RN , and, for (t, y) ∈ R× RN ,

ζ(t,G)(ω) ≡ inf
{
τ ≥ 0 :

(
t− τ, ω(τ)

)
/∈ G

}
.

2 The crucial point is that one needs a little extra room when carrying out the mollifi-

cation step used in the argument preceding Lemma 4.1.11.
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Theorem 5.3.1. Let L be given by (1.1.8) with bounded, smooth co-
efficients, and let {Px : x ∈ RN} be a Markov family determined by L.
Assume that (t, y) is a point in G for which Py(ζ(t,G) < ∞) = 1 and that
u ∈ C1,2(G; R) is bounded below and satisfies

(L− ∂τ )u ≤ 0 in G and Py

(
lim

τ↗ζ(t,G)(ω)

u
(
t− τ, ω(τ)

)
< 0

)
= 0.

Then u(t, y) ≥ 0.3 In particular, if u ∈ C1,2(G; R) ∩ C(G; R) is bounded
below and satisfies (L− ∂τ )u ≤ 0 in G, then

u(t, y) ≥ inf{u(τ, ξ) : τ < t and (τ, ξ) ∈ ∂G}

whenever Py(ζ(t,G) <∞) = 1.

Proof: Choose a non-decreasing sequence {Gn : n ≥ 1} of open sets so
that (t, y) ∈ Gn, Gn ⊂⊂ G for each n ≥ 1, and G =

⋃∞
1 Gn. Clearly,

ζn = ζ(t,Gn)(ω) ↗ ζ(t,G)(ω). Thus, if we show that u(t, y) ≥ EPy
[
u
(
t −

ζn, ω(ζn)
)]

for each n, then, by Fatou’s Lemma, it will follow that u(t, y) ≥
0. But, by using a smooth bump function, we can construct a un ∈
C1,2

c

(
RN ; R) so that un = u on Gn, and therefore, by Doob’s Stopping

Time Theorem (cf. the discussion at the end of § 5.1),

u(t, y) = un(t, y) = EPy
[
un
(
t− ζn, ω(ζn)

)]
− EPy

[∫ ζn

0

(
L− ∂τ

)
un(t− τ, ω(τ)

)
dτ

]
≥ EPy

[
u
(
t− ζn, ω(ζn)

)]
.

The final statement comes from applying the earlier one to the difference
between u and the constant on right-hand side of the inequality. �

Remark 5.3.2. It is the final statement in Theorem 5.3.1 which is usually
called the weak minimum principle, and it most commonly applied to sit-
uations in which Py(ζ(t,G < ∞) = 1 for all (t, y) ∈ G. The term “weak”
has a pejorative connotation which is not entirely justified here. Indeed,
although the weak minimum principle is less dramatic than the statements
which we will prove below, it applies to situations (e.g., when L is degener-
ate) where the stronger statements fail and sometimes gives more informa-
tion even when seemingly more refined versions hold. On the other hand,

3 Neither the boundedness nor the smoothness of the coefficients is really needed here.

All that one needs is the existence, for each x ∈ RN , of a Px for which (5.1.2) holds

whenever ϕ ∈ C1,2
c ([0,∞)×RN ; R). In § 6.1 of [52] it is shown that Px exists whenever a

and b are bounded and continuous. When they are merely continuous, the only problem
comes from the possibility of explosion. However, even if explosion occurs, one can

simply “kill” the process when it does.
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there is a subtlety in its statement. Namely, before applying it, one needs
to have checked that Py(ζ(t,G) < ∞) = 1, which is more or less equivalent
to showing that the weak minimum principle holds when u is a bounded.
Fortunately, there are criteria which allow one to check this condition in
lots of situations. For example, suppose that one can find a u ∈ C1,2(G; R)
with the properties that u is bounded above and (L−∂τ )u ≥ α > 0. Then,
using the reasoning and notation of the preceding proof, we have

sup
G
u− u(t, y) ≥ EPy

[
u
(
t− ζn, ω(ζn

))]
− u(t, y) ≥ αEPy

[
ζn
]

for all n ≥ 0, and so, after letting n → ∞, we get EPy
[
ζ(t,G)

]
< ∞. Of

course, this criterion is useless in cases when ζ(t,G) is Py-almost surely
finite but has infinite expectation value. For instance, it cannot be used to
check (cf. Corollary 7.2.14 in [53]) that, for L = 1

2∆, r > 0 and |y| > r,
Py(ζR×B(0,r){ <∞) = 1 when N ∈ {1, 2} but not when N ≥ 3.

5.3.2. A Mean Value Property: All the other forms of the minimum
principles which we will prove derive from the following mean value prop-
erty. In its statement, and below,

(5.3.3) Q
(
(t, y), r

)
= (t− r2, t)×B(y, r)

and ∫
−
Γ

ψ(ξ) dξ =
1
|Γ|

∫
Γ

ψ(ξ) dξ,

the average of ψ over Γ.

Theorem 5.3.4. Let L be given by either (4.3.1) or (4.4.1). Then, for
each R ∈ [1,∞), there exists a non-increasing θ ∈ (0, 1) 7−→ α(R, θ) ∈
(0, 1), depending only on the bounds on the coefficients and ε, such that

u(t, y) ≥ αe− r
2
αs

∫
−
B(ξ,θr)

u(t− s, η) dη

for all r ∈ (0, R], s ∈ (0, r2], y ∈ B(ξ, θr), and u ∈ Cb

(
Q((t, ξ), r); [0,∞)

)
∩

C1,2
(
Q((t, ξ), r); [0,∞)

)
satisfying (L− ∂τ )u ≤ 0. Furthermore, when L is

given by (4.3.1), α can be taken independent of R.

Proof: We begin by observing that there is no loss in generality in as-
suming that r < R and that u ∈ C1,2

b

(
R × RN ; [0,∞)

)
. Indeed, just as

in the proof of Theorem 5.3.1, the general case can be obtained from this
one by an easy limit procedure and the use of bump functions. Thus, we
will proceed under these assumptions, in which case the asserted result is
an easy application of Theorem 5.2.11. Namely, by Doob’s Stopping Time
Theorem,

u(t, y) = EPy
[
u
(
t− s ∧ ζB(ξ,r), ω(s ∧ ζB(ξ,r))

)]
− EPy

[∫ s∧ζB(ξ,r)

0

(L+ ∂τ )u
(
t− τ, ω(τ)

)
dτ

]
.



5.3 Minimum Principles 133

Hence, because u ≥ 0 and (L− ∂τ )u ≤ 0 on Q((t, ξ), r),

u(t, y) ≥
∫
B(ξ,θr)

pB(ξ,r)(s, y, η)u(t− s, y, η) dη,

and so the desired estimate follows from the one in Theorem 5.2.11. �
5.3.3. The Strong Minimum Principle: The purpose of this section
is to prove the strong minimum principle. In its statement, G is an open
subset of R× RN and, for (t, y) ∈ G, G(t, y) denotes the set{(

t− τ, ω(τ)
)

: ω ∈ Ω with ω(0) = y and 0 < τ < ζ(t,G)(ω)
}

of points which are backwards to (t, y) in G.

Theorem 5.3.5. Assume that L is given by (1.1.8), where a and b are
smooth and a(x) is strictly positive definite for all x ∈ G. If u ∈ C1,2(G; R)
satisfies (L−∂τ )u ≤ 0 and u achieves its minimum value at (t, y) ∈ G, then
u = u(t, y) on G(t, y).

Proof: We begin by showing that if u ∈ C1,2
(
G; [0,∞)

)
satisfies (L −

∂τ )u ≤ 0 and u(t, y) = 0 for some (t, y) ∈ G, then there exists an r >
0 such that u = 0 on Q((t, y), r). To this end, choose r > 0 so that
Q((t, y), 2r) ⊂⊂ G. Then one can easily construct smooth coefficients a′

and b′ with bounded derivatives of all orders so that a′ ≥ εI for some ε > 0
and Lψ = 1

2∇ · (a
′∇ψ) + b′ · ∇ψ on Q((t, y), 2r). Thus, by Theorem 5.3.4,

0 = u(t, y) ≥ αe− r
2
αs

∫
−
B(y,r)

u(t− s, ξ) dξ, s ∈ (0, r2),

and so u must vanish on Q((t, y), r).
To complete the proof, let u and (t, y) be as in the statement. Without

loss in generality, we will assume that u(t, y) = 0. Given ω ∈ Ω with
ω(0) = y, set s = sup{τ ∈ [0, ζ(t,G)(ω)) : u(t− τ, ω(τ)

)
= 0}. Then, by the

preceding, s must be equal to ζ(t,G)(ω). �

Remark 5.3.6. It should be recognized that the preceding is a slightly
ridiculous derivation of the strong minimum principle. Indeed there are
(cf. Chapter 2 of [19]) far more elementary proofs, based on sharpened
versions of the ideas used to prove Lemma 2.4.1, and those proofs require
nothing but continuity and ellipticity of the coefficients.

5.3.4. Nash’s Continuity Theorem: Another, and much more pro-
found, conclusion which can be drawn from Theorem 5.3.4 is Nash’s cele-
brated continuity theorem. We begin with the following lemma, in which
(cf. (5.3.3))

Osc
(
u; (t, ξ), r

)
≡ sup

{
u(t′x′)− u(t, x) : (t, x), (t′x′) ∈ Q

(
(t, ξ), r

)}
is the oscillation of u on Q

(
(t, ξ), r

)
.
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Lemma 5.3.7. Let L be as in Theorem 5.3.4. Then, for each R ∈ [1,∞),
there is a non-decreasing function θ ∈ (0, 1) 7−→ ρ(R, θ) ∈ (0, 1) with
the property that, for all r ∈ (0, R], θ ∈ (0, 1), (t, ξ) ∈ R × RN , and

u ∈ C1,2
(
Q(t, ξ), r); R

)
∩ Cb

(
Q
(
(t, ξ), r

)
; R
)

satisfying (L− ∂τ )u = 0,

Osc
(
u; (t, ξ), θr

)
≤ ρOsc

(
u; (t, ξ), r

)
.

Moreover, when L is given by (4.3.1), ρ can be taken independent of R.

Proof: For δ ∈ {θ, 1}, set

Mδ = sup
{
u(τ, η) : (τ, η) ∈ Q

(
(t, ξ), δr

)}
,

mδ = inf
{
u(τ, η) : (τ, η) ∈ Q

(
(t, ξ), δr

)}
,

and take

Γ =
{
η ∈ B(ξ, θr

)
: u(t− r2, η) ≥ M1 +m1

2

}
.

Clearly, either |Γ| ≥ 1
2 |B(ξ, θr)| or |Γ| ≤ 1

2 |B(ξ, θr)|. In the first case, we ap-
ply Theorem 5.3.4 to u−m1 and conclude that, for all (τ, η) ∈ Q

(
(t, ξ), θr

)
,

u(τ, η)−m1 ≥ β
∫
−
B(ξ,θr)

(
u(t− r2, η′)−m1

)
dη′ ≥ β

4
(M1 −m1),

where β = αe
− 1
α(1−θ2) . Hence, mθ−m1 ≥ β

4 (M1−m1); and so, if ρ = 1− β
4 ,

then

Osc
(
u; (t, ξ), θr

)
= Mθ−mθ ≤M1−mθ ≤ ρ(M1−m1) = ρOsc

(
u; (t, ξ), r

)
.

In the case when |Γ| ≤ 1
2 |B(ξ, θr)|, we work in the same way with M1 − u

to reach the same conclusion. Finally, observe that the ρ we have found
has the same dependence properties as α and is therefore acceptable. �

Theorem 5.3.8. Let L be given by either (4.3.1) or (4.4.1). Then,
for each R ∈ (0,∞), there exists a function, depending only on ε and
the bounds on the coefficients (but not their derivatives), θ ∈ (0, 1) 7−→
ν(R, θ) ∈ (0, 1] such that, if (T,Ξ) ∈ R×RN and u ∈ C1,2

(
Q((T,Ξ), R); R

)
satisfies (L− ∂τ )u = 0, then

∣∣u(s′, x′)− u(s, x)
∣∣ ≤ 2

(
|s′ − s| 12 ∨ |x′ − x|

(1− θ)R

)ν(R,θ)

‖u‖u

for all (s, x), (s′, x′) ∈ Q
(
(t, y), θR

)
. Moreover, when L is given by (4.3.1), ν

can be taken independent of R. Hence, if L is given by (4.3.1), then, for each
T ∈ R, any bounded u ∈ C1,2

(
(−∞, T )× RN ; R

)
satisfying (L− ∂τ )u = 0

is constant.
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Proof: Set δ = 1 − θ, and, given (s, x), (s′, x′) ∈ Q
(
(T,Ξ), θR

)
, set r ≡

|s′ − s| 12 ∨ |x′ − x|, t = s ∨ s′, and ξ = x+x′

2 .
If r ≥ R, then, since r ≤ R,

|u(s′, x′)− u(s, x)| ≤ 2
( r

δR

)ν
‖u‖u

for any ν ∈ (0, 1]. Now assume that r ≤ δR, and determine n ∈ N by
δn+1r ≤ R < δnr. Then (s, x), (s′, x′) ∈ Q

(
(t, ξ), δnR

)
⊆ Q

(
(T,Ξ), R

)
.

Therefore, by Lemma 5.3.7,

|u(s′, x′)− u(s, x)| ≤ Osc
(
u; (t, ξ), δnR

)
≤ ρnOsc

(
u; (t, ξ), R

)
≤ 2ρn‖u‖u,

where ρ = ρ(R, δ). Thus if ν ∈ (0, 1] is chosen so that ν = 1 when ρ ≤ δ
and ρ = δν when ρ ≥ δ, then, since δn ≤ r

δR , we get

|u(s′, x′)− u(s, x)| ≤ 2
( r

δR

)ν
‖u‖u.

Finally, because ρ can be chosen independent of R when L is given by
(4.3.1), the same is true about ν. Hence, when L is given by (4.3.1) and u
is a bounded solution to (L− ∂τ )u = 0 on (−∞, T )× RN , the last part of
the theorem follows when one lets R↗∞. �

Remark 5.3.9. Under the given smoothness hypotheses, the basic conclu-
sion drawn in Theorem 5.3.8 looks less than striking. Indeed, Theorems
3.4.1 tells us that u is not only Hölder continuous but also has continuous
derivatives of all orders. Thus, the interest in Theorem 5.3.8 is the inde-
pendence of the estimates from any regularity properties of the coefficients.
This independence is important for applications to non-linear equations as
well as equations with rough coefficients. For an example of the second sort,
consider the problem of constructing solutions to ∂tu = Lu in (0,∞)×RN
with u(0, · ) = f ∈ Cb(RN ; R), where L is given by (4.4.1), a ≥ εI, but its
coefficients are merely bounded and continuous. One way of going about
this would be to construct sequences {an : n ≥ 1} and {bn : n ≥ 1} of mol-
lified coefficients which approach a and b uniformly on compacts and then
construct the solution un to the corresponding problem for the associated
operator Ln. Theorem 5.3.8 says that {un : n ≥ 1} is relatively compact
in the sense of uniform convergence on compact subsets of (0,∞) × RN .
Of course, this does not solve the problem, but at least it gets one started.
Finally, it should be pointed out that the dependence of the estimates on
size alone is important even when the equation is linear and the coefficients
are smooth. Namely, the Liouville-type theorem in the final assertion is a
consequence of a scaling argument which works only because the estimates
do not depend on smoothness properties of the coefficients.
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5.3.5. The Harnack Principle of De Giorgi and Moser: There is
an interesting and instructive way in which to understand the relationship
between the weak and strong minimum principles for L. Namely, for a
connected open set G ⊆ RN and an x ∈ RN , denote by ΠG

x the distribution
under Px of ω ω(ζG) on {ζG <∞}. Then ΠG

x is the harmonic measure for
G based at x, and, for x ∈ G, the weak minimum principle holds for L if and
only if ΠG

x is a probability measure. Indeed, ΠG
x (RN ) = Px(ζG <∞). The

strong minimum principle deals with a quite different property of the ΠG
x ’s.

Whether or not they are probability measures, it says that ΠG
x′ � ΠG

x for all
x, x′ ∈ G. To see this, let Γ be a Borel subset of ∂G, and set u(x) = ΠG

x (Γ).
Then, for any ϕ ∈ C∞c (G; R), one has∫

G

L>ϕ(x)u(x) dx = lim
t↘0

1
t

∫
G

ϕ(x)
(
Ptu(x)− u(x)

)
dx.

At the same time (cf. the proof of Theorem 5.2.8),∣∣Ptu(x)− u(x)
∣∣ =

∣∣∣Px(ω(ζGt ) ∈ Γ, ζGt <∞
)
− Px

(
ω(ζG) ∈ Γ, ζG <∞

)∣∣∣
≤ Px

(
ζG ≤ t

)
,

where ζGt (ω) = inf{τ ≥ t : ω(τ) /∈ G}. Hence, by Lemma 5.2.4, as t ↘ 0,
t−1
∣∣Ptu(x) − u(x)

∣∣ −→ 0 uniformly on compact subsets of G, and so,
as a Schwartz distribution, Lu = 0 on G. But, by Theorem 3.4.1, this
means that u is a smooth solution to Lu = 0 in G, and therefore, since
u : G −→ [0, 1], the strong minimum principle says that it is either always
positive or identically 0. That is, ΠG

x (Γ) = 0 for some x ∈ G implies
ΠG
x (Γ) = 0 for all x ∈ G. Similarly, by considering 1 − ΠG

x (∂G), one
sees that, when it holds, the strong maximum guarantees that ΠG

x is a
probability measure either for all or for no x ∈ G.

The preceding digression provides a context for Harnack’s principle. In
terms of the ΠG

x ’s, it is the statement (cf. Remark 5.3.11 below) that ΠG
x′ is

not only absolutely continuous with respect to ΠG
x but also that, so long as

x and x′ range over a compact subset of G, the associated Radon–Nikodym
derivatives are bounded above and below by positive constants.

Theorem 5.3.10. Assume that L is given by (4.3.1) or (4.4.1). Then,
for each R ∈ (0,∞) there is a non-decreasing θ ∈

[
1
2 , 1
)
7−→ κ(R, θ) ∈

[1,∞), depending only on the bounds on the coefficients and ε, such that,
for any (T,Ξ) ∈ R × RN and non-negative u ∈ C1,2

(
Q(T,Ξ), R); R

)
∩

C
(
Q((T,Ξ), R); R

)
satisfying (L− ∂τ )u = 0,

u(s, x) ≤ κu(T, y) when (x, y) ∈ B(Ξ, θR) and 1− θ2 ≤ T − s
R2

≤ θ2.

Moreover, when L is given by (4.3.1), κ can be chosen independent of R.
In particular, if L is given by (4.3.1), then any non-negative u ∈ C2(RN ; R)
satisfying Lu = 0 is constant.
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Proof: If u(T, y) = 0, then, by the strong minimum principle, u = 0 on
Q
(
(T,Ξ), R

)
. Thus we will assume that u(T, y) = 1 and will show that

there is a κ < ∞, with the required dependence, such that u(s, x) ≤ κ for
all (s, x) ∈ [T − θ2R2, T − (1− θ2)R2]×B(Ξ, θR).

Set δ = 1+θ
2 , and use Theorem 5.3.4 to find a β ∈ (0, 1), with the required

dependence, such that

(*)
u(T, y) ≥ β

∫
−
B(Ξ,δR)

u(τ, η) dη

for T −R2 ≤ τ ≤ T − (1− θ2)R2.

Referring to Lemma 5.3.7, set ρ = ρ
(
R, 1

2

)
, µ = 1−ρ

2 , and λ = 1−µ
ρ =

1+ρ
2ρ > 1. Then, from (*) and u(T, y) = 1, for any M > 0 and T − R2 ≤
τ ≤ T − (1− θ2)R2,∣∣{η ∈ B(Ξ, δR) : u(τ, η) > µM

}∣∣ < ΩNr(M)N ,

where r(M) =
δR

(µβ)
1
N

M−
1
N .

Now set R =
(
T −R2, T − (1− 2θ2)R2

)
, and suppose that (s, x) ∈ R with

u(s, x) ≥M , where M is large enough that Q
(
(s, x), 2r(M)

)
⊂⊂ R. Then,

by the preceding, B
(
x, r(M)

)
must contain a ξ for which u(s, ξ) ≤ µM ,

and so, by Lemma 5.3.7, there exists an (s′, x′) ∈ Q
(
(s, x), 2r(M)

)
such

that

u(x′, x′) ≥ Osc
(
u; (s, x), 2r(M)

)
≥ ρ−1Osc

(
u; (s, x), r(M)

)
≥ λM.

That is, we now know that

(**)
Q
(
(s, x), 2r(M)

)
⊂⊂ R and u(s, x) ≥M

=⇒ ∃ (s′, x′) ∈ Q
(
(s, x), 2r(M)

)
u(s′, x′) ≥ λM.

Finally, take

κ =
4Nλ

βµ(1− θ)N (λ
1
N − 1)N

.

Then

θ +
2

(βµκ)
1
N

∞∑
n=0

λ−
n
N = δ,

and therefore

θR+ 2
∞∑
n=0

r(λnκ) = δR and θ2R2 + 4
∞∑
n=0

r(λnκ)2 ≤ δ2R2.
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Hence, if u(s, x) ≥ κ for some (s, x) ∈ [T−θ2R2, T−(1−θ2)R2]×B(Ξ, θR),
then we could use (**) to inductively produce a sequence {(sn, xn) : n ≥
0} ⊆ R such that (s0, x0) = (s, x), (sn+1, xn+1) ∈ Q

(
(sn, xn), 2r(λnM)

)
,

and u(sn, xn) ≥ λnκ, which would lead to the contradiction that u is un-
bounded on Q

(
(T,Ξ), R

)
.

Because both β and ρ have the required dependence properties, so does
κ. In particular, when L is given by (4.3.1), κ can be taken independent of
R. Thus, if u ∈ C2

(
RN ; [0,∞)

)
satisfies Lu = 0, then 0 ≤ u(x) ≤ κu(0) for

all x ∈ RN . But this means that u is bounded, and therefore, by the last
part of Theorem 5.3.8, u is constant. �

Remark 5.3.11. Returning to the discussion at the beginning of this sub-
section, suppose that B(x, 2r) ⊂⊂ G. Then, for any Γ ∈ B∂G, Theorem
5.3.10 applied to y ΠG

y (Γ) says that ΠG
y (Γ) ≤ κΠG

x (Γ) for all y ∈ B(x, r),
from which the assertion made earlier about Radon–Nikodym derivatives
is an easy consequence. In a different direction, one might wonder whether
the last part of Theorem 5.3.10 cannot be extended to non-negative solu-
tions of (L − ∂τ )u = 0 in R × RN . However, this is not the case. Indeed,
take N = 1, L = 1

2∂
2
x, and consider (τ, x) exp

(
x+ τ

2

)
.

5.4 Historical Notes and Commentary

From the purely analytic standpoint, Duhamel’s formula is a simple ap-
plication of the familiar procedure for solving a boundary value problem by
starting with a solution to the interior equation and then correcting it so
that it satisfies the boundary condition. The implementation of this pro-
cedure with stopping times goes back to J.L. Doob [12], who also initiated
the application of stopping times to the derivation of estimates of the sort
in § 5.2.2. The strong minimum principle in Theorem 5.3.5 is due to L.
Nirenberg [44].

Whether or not it did so for the first time, the application of stopping
times to the derivation of the mean value property in § 5.2.3 appears in [16],
where, following ideas of N. Krylov and M. Safonov in [32], it was used, in
the same way as it is here, to prove the oscillation result in Lemma 5.3.7.
Given Lemma 5.3.7, the derivations given in [16] and here of Nash’s Conti-
nuity Theorem and the Di Georgi–Moser Harnack principle are essentially
the same as those in Moser’s [41] and [42]. Again the interested reader
should consult [51] to see interesting extensions of these results.

In connection with the discussion in the final part of § 4.5, it should
be mentioned that Lemma 5.3.7 and, as a consequence, both the Nash
Continuity Theorem as well as the Di Georgi–Moser Harnack principle are
true for uniformly elliptic L’s given by (1.1.8), even if the coefficients are
only bounded and measurable. In view of the discouraging remarks made
in § 4.5 about such operators, this information may come as something
of a surprise. Indeed, when they became known, these results shocked
experts who had devoted years of time to such questions. Nonetheless, in
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their brilliant paper [31], Krylov and Safonov showed how one could parlay
Alexandrov’s sort of ideas into a proof of them.

Finally, I would be remiss were I to not mention an entirely different
approach introduced by S.T. Yau to prove Harnack inequalities for the
Laplacian on a Riemannian manifold. His goal was to control the constants
in terms of geometric quantities, and he showed that they can be controlled
in terms of lower bounds on the Ricci curvature. In their famous sequel
[36], P. Li and Yau proved versions of these results for the associated heat
operator.



chapter 6

On a Manifold

The purpose of this chapter is to show how one can transfer the results
obtained earlier, particularly those in Chapters 3 and 4, from Euclidean
space to a differentiable manifold.

As we have already seen in the Euclidean setting, it is important to dis-
tinguish between local (short time) and global (long time) aspects of the
theory. When dealing with differentiable manifolds, this distinction be-
comes even more important. Indeed, by definition, all smooth manifolds
are locally Euclidean, and so one should expect that, aside from a few tech-
nical details, there is no problem about transferring the local theory. When
the manifold is compact, global theory is relatively easy. Namely, because it
has nowhere to spread, the heat flow quickly equilibrates and so the funda-
mental solution to a non-degenerate (i.e., a is elliptic) Kolmogorov equation
tends rapidly to its stationary state. On the other hand, when the manifold
is non-compact, the global theory reflects the geometric growth properties
of the particular manifold under consideration, and so the Euclidean case
cannot be used to predict long time behavior.

For the reason just given, we will restrict our attention to the local theory.
In fact, in order to avoid annoying questions about possible “explosion,”
we will restrict our attention to compact manifolds, a restriction which, for
the local theory, is convenient but inessential.

6.1 Diffusions on a Compact Riemannian Manifold

Throughout, M will be a compact, connected, C∞-manifold of dimension
N . For our purposes, the most convenient way to introduce an operator on
M is to give M a Riemannian structure and to define L on C2(M ; R) by

(6.1.1) Lϕ = 1
2∆ϕ+Bϕ,

where ∆ is the standard (i.e., the one corresponding to the Levi-Civita
connection) Laplacian on M determined by the Riemannian structure, and
B is a vector field on M . By analogy with the expressions in (1.1.8) or
(4.4.1), one might have thought that we would write L in the form

Lϕ = 1
2Trace

(
aHessϕ

)
+Bϕ or Lϕ = div

(
agradϕ

)
+Bϕ,

140



6.1 Diffusions on a Compact Riemannian Manifold 141

where x ∈ M 7−→ a(x) ∈ Tx(M)∗ ⊗ Tx(M)∗ is symmetric and positive
definite with respect to the Riemann metric. However, as long as the coef-
ficients are smooth, the first of these can always be rewritten in the form
given in the second, and, by incorporating a−1 into the Riemannian metric,
operators in the second form can be rewritten in the form of (6.1.1). (Of
course, the vector field B will depend on the form used.) Thus, nothing
essential is lost by assuming from the outset that L has the form given in
(6.1.1).

Our first goal is to contract a continuous transition probability function
(t, x) ∈ [0,∞)×M 7−→ P (t, x) ∈M1(M) with the property that

(6.1.2) 〈ϕ, P (t, x)〉 − ϕ(x) =
∫ t

0

〈Lϕ,P (τ, x)〉 dτ, ϕ ∈ C2(M ; R).

Because it provides an effective way to analyze P (t, x), we will employ a
a pathspace approach which will enable us to“lift” the construction from
RN to M . Thus, we begin by characterizing the measures on pathspace
associated with L as solutions to a martingale problem. In the process,
we will show that, at least locally, these measures are obtained by lifting
solutions to martingale problems for elliptic operators on RN , and, in turn,
this will give us a way of lifting to the manifold setting the properties which
we proved earlier in the Euclidean setting.
6.1.1. Splicing Measures: Given a Polish space (i.e., a complete, sep-
arable, metric space) X, let Ω(X) denote the Polish space C

(
[0,∞);X

)
with the topology of uniform convergence on compacts. If x ∈ X 7−→
Q′x ∈ M1

(
Ω(X)

)
is a (Borel) measurable map with the property that

Q′x
(
ω(0) = x

)
= 1 for each x ∈ X, define the measurable map

(t, ω) ∈ [0,∞)× Ω(X) 7−→ δω ⊗
t

Q · ∈M1

(
Ω(X)

)
so that, for all n ≥ 1, 0 ≤ τ0 < · · · < τm ≤ t < τm+1 < · · · < τn, and
Γ0, . . . ,Γn ∈ BX ,

δω ⊗
t

Q′·
(
ω′(τ`) ∈ Γ̀ for all 0 ≤ ` ≤ n

)
=

(
m∏
`=0

1Γ̀

(
ω(τ`)

))
Qω(t)

(
{ω′ : ω′(τ` − t) ∈ Γ̀ for all m < ` ≤ n}

)
.

Next, given Q ∈M1

(
Ω(X)

)
and a {Bt : t ≥ 0}-stopping time ζ : Ω(X) −→

[0,∞], the splice of Q to {Q′x : x ∈ X} at time ζ is the measure such that

Q⊗
ζ

Q′· (B) =
∫

{ζ(ω)<∞}

δω ⊗
ζ(ω)

Q′· (B) Q(dω) + Q
(
B ∩ {ζ =∞}

)
for B ∈ BΩ(X). The crucial fact which we need to know about Q ⊗

ζ
Q′· is

contained in the following lemma.
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Lemma 6.1.3. Let ζ be a stopping time, and assume that Ξ : [0,∞) ×
Ω(X) −→ R and (t, x, ω) ∈ [0,∞)×X×Ω(X) 7−→ Ξ′x(t, ω) ∈ R are measur-
able functions which, as functions of (t, ω), are progressively measurable1

with respect to {Bt : t ≥ 0} and, as functions of t, are continuous. Further,
assume that Ξ(0, ω) = Ξ′x(0, ω) ≡ 0,

EQ

[
sup
τ∈[0,t]

|Ξ(τ)|

]
∨ sup
x∈X

EQ′x

[
sup
τ∈[0,t]

|Ξ′x(t)|

]
<∞ for all t ∈ [0,∞),

and that (
Ξ(t ∧ ζ),Bt,Q

)
and, for each x ∈ X,

(
Ξ′x(t),Bt,Q′x

)
are martingales. Finally, define

Ξ̄(t, ω) =
{ Ξ(t, ω) if 0 ≤ t < ζ(ω)

Ξ
(
ζ(ω), ω

)
+ Ξ′ω(ζ)

(
t− ζ(ω),Σζ(ω)ω

)
if t ≥ ζ(ω),

where Στ is the time-shift map on Ω(X) given by Στω(t) = ω(τ + t). Then(
Ξ̄(t),Bt,Q⊗

ζ
Q′·
)

is a martingale.

Proof: Let 0 ≤ t1 < t2 and 0 = τ0 < · · · < τn = t1, Γ0, . . . ,Γn ∈ BX be
given, and set A = {ω : ω(τ`) ∈ Γ̀ , 0 ≤ ` ≤ n}. We need to check that

E
Q⊗
ζ

Q′· [
Ξ̄(t2), A

]
= E

Q⊗
ζ

Q′· [
Ξ̄(t1), A

]
.

By Doob’s Stopping Time Theorem, we know that

E
Q⊗
ζ

Q′· [
Ξ̄(t2 ∧ ζ), A

]
= EQ[Ξ(t2 ∧ ζ), A

]
= EQ[Ξ(t1 ∧ ζ), A

]
= E

Q⊗
ζ

Q′· [
Ξ̄(t2 ∧ ζ), A

]
.

Thus, if Ξ̃(t, ω) = Ξ̄(t, ω)− Ξ
(
t ∧ ζ(ω), ω

)
, then what remains to be shown

is that

E
Q⊗
ζ

Q′· [
Ξ̃(t2), A

]
= E

Q⊗
ζ

Q′· [
Ξ̃(t1), A

]
.

For this purpose, set

A0 = A ∩ {ζ = 0}, C = A ∩ {ζ > t1}
and Am = A ∩ {τm−1 < ζ ≤ τm} for 1 ≤ m ≤ n.

1 A function on [0,∞) × Ω is progressively measurable if its restriction to [0, t] × Ω is

B[0,t] × Bt-measurable for each t ≥ 0.
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Next, for 1 ≤ m ≤ n, define

Bm = {ω : τm−1 < ζ(ω) ≤ τm & ω(τ`) ∈ Γ̀ , 0 ≤ ` ≤ m− 1} and

B′m(ω) =
{
ω′ : ω′

(
τ` − ζ(ω)

)
∈ Γ̀ , m ≤ ` ≤ n

}
if τm−1 < ζ(ω) ≤ τm.

Then, for i ∈ {1, 2},

E
Q⊗
ζ

Q′· [
Ξ̃(ti), A

]
=E

Q⊗
ζ

Q′· [
Ξ̃(ti), A0

]
+

n∑
m=1

E
Q⊗
ζ

Q′· [
Ξ̃(ti), Am

]
+ E

Q⊗
ζ

Q′· [
Ξ̃(ti), C

]
.

Clearly,

E
Q⊗
ζ

Q′· [
Ξ̃(t2), A0

]
=
∫
A0

EQ′ω(0)
[
Ξ′ω(0)(t2), A0

]
Q(dω)

=
∫
A0

EQ′ω(0)
[
Ξ′ω(0)(t1), A0

]
Q(dω) = E

Q⊗
ζ

Q′· [
Ξ̃(t1), A0

]
and

E
Q⊗
ζ

Q′· [
Ξ̃(t2), C

]
= E

Q⊗
ζ

Q′· [
Ξ̄(t2)− Ξ(ζ), C ∩ {ζ(ω) < t2}

]
=
∫
C∩{ζ<t2}

EQ′ω(ζ)
[
Ξ′ω(ζ)

(
t2 − ζ(ω)

)]
Q(dω) = 0 = E

Q⊗
ζ

Q′· [
Ξ̃(t1), C

]
.

Finally, for each 1 ≤ m ≤ n,

E
Q⊗
ζ

Q′· [
Ξ̃(t2), Am

]
=
∫
Bm

EQ′ω(ζ)
[
Ξ′ω(ζ)

(
t2 − ζ(ω)

)
, B′m(ω)

]
Q(dω)

=
∫
Bm

EQ′ω(ζ)
[
Ξ′ω(ζ)

(
t1 − ζ(ω)

)
, B′m(ω)

]
Q(dω) = E

Q⊗
ζ

Q′· [
Ξ̃(t1), Am

]
. �

6.1.2. Existence of Solutions: In this subsection we will show that
there is a measurable map x ∈M 7−→ Px ∈M1

(
Ω(M)

)
such that Px solves

the martingale problem for L starting from x. That is,

(6.1.4)
(
ϕ
(
ω(t)

)
− ϕ(x)−

∫ t

0

Lϕ
(
ω(τ)

)
dτ,Bt,Px

)
is a mean-zero martingale for each ϕ ∈ C2(M ; R).

In order to distinguish points and paths in M from points and paths
on RN , we will use x and ω to denote, respectively, generic elements of
M and Ω(M), and ξ and η to denote, respectively, generic elements of
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RN and Ω(RN ). Similarly, P and Q will denote elements of, respectively,
M1

(
Ω(M)

)
and M1

(
Ω(RN )

)
. Finally, BRN will denote Euclidean balls in

RN , and BM will denote Riemannian balls in M .
Because M is compact, we can choose open covers {Uk : 1 ≤ k ≤ K},

{Vk : 1 ≤ k ≤ K}, and {Wk : 1 ≤ k ≤ K} of M so that, for each
1 ≤ k ≤ K, there is a diffeomorphism ψk from an open neighborhood
of Wk onto an open neighborhood of BRN (0, 3) with the properties that
Uk = ψ−1

k

(
BRN (0, 1)

)
, Vk = ψ−1

k

(
BRN (0, 2)

)
, Wk = ψ−1

k

(
BRN (0, 3)

)
, and,

whenever Wk ∩Wk′ 6= ∅, ψk ◦ ψ−1
k′ has bounded derivatives of all orders

there. It is an easy matter to check that there exists a θ ∈ (0, 1) such that

(6.1.5)
θdM (x, y) ≤ |ψk(y)− ψk(x)| ≤ θ−1dM (x, y)

for all 1 ≤ k ≤ K and x, y ∈Wk,

where dM (x, y) is the Riemannian distance between x and y. Further,
for each 1 ≤ k ≤ K, we can choose ak ∈ C∞b

(
RN ; Hom(RN ; RN )

)
and

bk ∈ C∞b (RN ; RN ) with the properties that2

(6.1.6)
[Lϕ](x) ≡ 1

2∇ ·
(
ak∇(ϕ ◦ ψ−1

k )
)(
ψk(x)

)
+ bk · ∇(ϕ ◦ ψ−1

k )
(
ψk(x)

)
=
[
Lk(ϕ ◦ ψ−1

k )
](
ψk(x)

)
whenever x ∈Wk and, for some ε ∈ (0, 1), ak ≥ εI and ‖ak‖u∨‖bk‖u ≤ ε−1.

For each 1 ≤ k ≤ K, let {Qk
ξ : ξ ∈ RN} be the Markov family of

probability measures on Ω(RN ) determined by the martingale problem for
Lk. We want to build our Px’s by splicing these families together. With
this in mind, choose and fix a point x0 ∈ M , and, for each 1 ≤ k ≤ K,
define Φk : Ω(RN ) −→ Ω(M) by

(6.1.7) [Φk(η)](t) =

{
ψ−1
k

(
η(t ∧ ζBRN (0,3))

)
if η(0) ∈ BRN (0, 3)

x0 if η(0) /∈ BRN (0, 3).

Given x ∈M , take k(x) = min{k : x ∈ Vk} and set

(6.1.8) P0
x = Qk(x)

ψk(x)(x) ◦ Φ−1
k(x).

That is, P0
x is the distribution of η Φk(x)(η) under Qk(x)

ψk(x)(x). Finally, set

ζ0(ω) = ζWk(ω(0))(ω) and

ζn(ω) =
{ ∞ if ζn−1(ω) =∞
ζn−1(ω) + ζ0

(
Σζn−1(ω)ω

)
if ζn−1(ω) <∞

for n ≥ 1.

2 The use of ∇ in this chapter is a little ambiguous. When applied to functions on RN ,
as in the line which follows, it is the Euclidean gradient. When applied to functions on

M , it is the gradient determined by the Riemannian structure on M .
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With the preceding notation in place, we are ready to splice the families
{Qk

ξ : ξ ∈ RN} together. Namely, given x ∈ M , set Pnx = Pn−1
x ⊗

ζn−1

P0
· for

n ≥ 1. We want to show that, for each n ≥ 0 and ϕ ∈ C2(M ; R),(
ϕ
(
ω(t ∧ ζn)

)
− ϕ(x)−

∫ t∧ζn

0

Lϕ
(
ω(τ)

)
dτ,Bt,Pnx

)

is a mean-zero martingale. For this purpose, set

Ξ′x(t, ω) = ϕ
(
ω(t ∧ ζWk(x))

)
− ϕ(x)−

∫ t∧ζVk(x)(ω)

0

Lϕ
(
ω(τ)

)
dτ.

Then, because the distribution of ω Ξ′x(t, ω) under P0
x is the same as the

distribution of

η ϕ◦ψ−1
k(x)

(
η(t∧ζBRN (0,3))

)
−ϕ(x)−

∫ t∧ζBRN (0,3)
(η)

0

Lk(x)(ϕ◦ψ−1
k(x))

(
η(τ)

)
dτ

under Qk(x)
ψk(x), we know that

(
Ξ′(t, x),Bt,P0

x

)
is a mean-zero martingale,

which completes the case when n = 0. Now assume the result for n, set

Ξn(t, ω) = ϕ
(
ω(t ∧ ζn)

)
− ϕ(x)−

∫ t∧ζn

0

Lϕ
(
ω(τ)

)
dτ,

and observe that Ξn+1(t, ω) = Ξ̄(t, ω) when Ξ̄(t, ω) is constructed from
ζn(ω), Ξn(t, ω), and Ξ′· (t, ω) by the prescription in Lemma 6.1.3. Hence,
that lemma allows us to complete the induction.

In view of the preceding, what we would like to do is take Px so that3

Px � Bζn = Pnx � Bζn for all n ≥ 0. However, in order to know that this will
complete our construction, we must check that

lim
n→∞

Pnx(ζn ≤ t) = 0 for all t ∈ (0,∞).

To do so, we will use the fact that

(6.1.9) ρ ≡ max
1≤k≤K

sup
x∈V̄k

EP0
x
[
e−ζ

Wk
]
< 1.

To check this, set

r = min
{
dM (x, y) : x ∈ Vk & y /∈Wk for some 1 ≤ k ≤ K

}
.

3 Recall that if ζ is a stopping time relative to {Bt : t ≥ 0}, then Bζ is the σ-algebra of

A ⊆ Ω such that A ∩ {ζ ≤ t} ∈ Bt for every t ≥ 0.
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Then, x ∈ Vk implies that BM (x, r) ⊆Wk and therefore, by (6.1.5), that

EP0
x
[
e−ζ

Wk
]
≤ EP0

x
[
e−ζ

BM (x,r)]
≤ EQk(x)

ξ(x)
[
e−ζ

BRN (ξ(x),θr)]
,

where ξ(x) = ψk(x)(x). Since, by the estimates in Lemma 5.2.4, there is a
δ ∈ (0, 1) such that

max
1≤k≤K

sup
ξ∈BRN (0,2)

Qk
ξ

(
ζBRN (ξ,θr) ≤ δ

)
≤ δ,

we now see that (6.1.9) holds with ρ ≤ (1− δ)e−δ + δ.
Knowing (6.1.9), we see that, for n ≥ 1,

EPnx
[
e−ζn

]
=
∫
e−ζn−1(ω)EP0

ω(ζn−1)
[
e−ζ0

]
Pn−1
x (dω)

≤ ρEPn−1
x
[
e−ζn−1

]
,

and therefore that

(6.1.10) sup
x∈M

EPnx
[
e−ζn

]
≤ ρn+1 for all n ≥ 0.

Armed with (6.1.10), we can now define

(6.1.11) Px = lim
n→∞

Pnx .

In fact, for any t ≥ 0 and bounded, Bt-measurable F : Ω(M) −→ R,∣∣EPnx [F ]− EPmx [F ]
∣∣ ≤ 2‖F‖uPmx (ζm ≤ t) ≤ 2et‖F‖uρm+1 if 0 ≤ m ≤ n.

Furthermore, since Px � Bζn = Pnx � Bζn for all n, it is easy to check that
Px solves the martingale problem for L starting at x. Finally, observe that,
by induction on n ≥ 0, x ∈ M 7−→ Pnx ∈ M1

(
Ω(M)

)
is measurable and

therefore, by the preceding, so is x ∈M 7−→ Px ∈M1

(
Ω(M)

)
.

6.1.3. Uniqueness of Solutions: There are two ingredients in the proof
that, for each x ∈ M , the Px just constructed is the only solution to the
martingale for L starting from each x. The first of these is the following
local uniqueness statement.

Lemma 6.1.12. Suppose that x ∈ Wk and that P is a solution to the
martingale problem for L starting from x. Then (cf. (6.1.7))

P � BζWk =
(
Qk
ψk(x) ◦ Φ−1

k

)
� BζWk .

Proof: Define Ψk : Ω(M) −→ Ω(RN ) so that

[
Ψk(ω)

]
(t) =

{
ψk
(
ω(t ∧ ζWk)

)
if ω(0) ∈Wk

0 if ω(0) /∈Wk.
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Then ω(0) ∈ Wk =⇒ ω(t) = Φk ◦ Ψk(t) for t ∈ [0, ζWk). Hence, the
desired conclusion is equivalent to saying that Q ≡ P ◦ Ψ−1

k equals Qk
ψk(x)

on B
ζ
BRN (0,3) . But, by (6.1.6), for any ϕ ∈ C2

c (RN ; C),

[Lkϕ] ◦ ψk
(
ω(τ)

)
= [L(ϕ ◦ ψk)]

(
ω(τ)

)
for 0 ≤ τ < ζWk(ω),

and therefore(
ϕ
(
η(t ∧ ζBRN (0,3))

)
− ϕ

(
ψk(x)

)
−
∫ t∧ζBRN (0,3)

0

Lkϕ
(
η(τ)

)
dτ,Bt,Q

)

is a mean-zero martingale, which, by Lemma 6.1.3, implies that(
ϕ
(
η(t)

)
− ϕ

(
ψk(x)

)
−
∫ t

0

Lkϕ
(
η(τ)

)
dτ,Bt,Q ⊗

ζ
BRN (0,3)

Qk
·

)

is a mean-zero martingale. Thus, because Qk
ψk(x) is the only solution to

the martingale problem for Lk starting from ψk(x), we have now shown
that Q ⊗

ζ
BRN (0,3)

Q · = Qk
ψk(x) and therefore that Q � B

ζ
BRN (0,3) = Qk

ψk(x) �

B
ζ
BRN (0,3) . �

The second ingredient is a general fact about what happens to martin-
gales under conditioning. First, recall (cf. Theorem 5.1.15 in [53]) that
if P is a probability measure on a Polish space Ω and F is a countably
generated sub-σ-algebra of BΩ, then there exists an F-measurable map
ω ∈ Ω 7−→ Pω ∈M1(Ω) and a Λ ∈ F such that P(Λ) = 0, Pω(A) = 1A(ω)
for all ω /∈ Λ and A ∈ F , and

P(A ∩B) =
∫
A

Pω(B) P(dω) for all A ∈ F and B ∈ BΩ.

That is, for each B ∈ BΩ, ω Pω(B) is a conditional probability of B given
F , and for this reason ω Pω is called a regular conditional distribution of
P given F . Moreover, it is a simple matter to check that ω Pω is uniquely
determined up to an F-measurable set of P-measure 0. Second, we need to
know that when Ω is a pathspace like Ω(M) and ζ is a stopping time, then
Bζ is countably generated.4

In order to show how to pass from the local uniqueness result in Lemma
6.1.12 to a global uniqueness statement, we will use the following fact about
the relationship between solutions to the martingale problem and regular
conditional distributions.

4 To see this, one identifies (cf. Lemma 1.3.3 in [52]) as σ({ω(t ∧ ζ) : t ≥ 0}), which is
possible only because we have insisted that {ζ ≤ t} ∈ Bt, as opposed to {ζ < t} ∈ Bt,
for all t ≥ 0.
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Lemma 6.1.13. Suppose that P solves the martingale problem for L
starting from x, let ζ be a stopping time, and choose ω Pω to be a regular
conditional probability distribution of P given Bζ . Then there is a Λ ∈ Bζ
such that P(Λ) = 0 and, for each ω /∈ Λ with ζ(ω) < ∞, Pω ◦ Σ−1

ζ(ω) solves

the martingale problem for L starting from ω(ζ).

Proof: Suppose that
(
Ξ(t),Bt,P

)
is a continuous martingale with the

properties that Ξ(0) = 0 and sup(t,ω)∈[0,T ]×Ω |Ξ(t, ω)| < ∞ for every T ∈
(0,∞). We want to show that, for P-almost every ω ∈ {ζ < ∞}, Pω(A) =
1A(ω) for all A ∈ Bζ and(

Ξ(t)− Ξ(t ∧ ζ(ω)),Bt,Pω
)

is a martingale,

and, since Bζ is countably generated, the first of these causes no problem.
Turning to the second, let A ∈ Bζ be given, and set AT = A ∩ {ζ ≤ T} for
T ∈ (t2,∞). Given 0 ≤ t1 < t2 and B ∈ Bt1 ,∫
AT

EPω
[
Ξ(t2)− Ξ

(
t2 ∧ ζ(ω)

)
, B
]
P(dω) = EP[Ξ(t2)− Ξ(t2 ∧ ζ), AT ∩B

]
= EP[Ξ(t2)− Ξ(t2 ∧ ζ), AT ∩B ∩ {ζ ≤ t1}

]
+ EP[Ξ(t2)− Ξ(t2 ∧ ζ), AT ∩B ∩ {ζ > t1}

]
= EP[Ξ(t1)− Ξ(t1 ∧ ζ), AT ∩B ∩ {ζ ≤ t1}

]
+ EP[Ξ(t2 ∨ ζ)− Ξ(ζ), AT ∩B ∩ {ζ > t1}

]
= EP[Ξ(t1)− Ξ(t1 ∧ ζ), AT ∩B

]
=
∫
AT

EPω
[
Ξ(t1)− Ξ

(
t1 ∧ ζ(ω)

)
, B
]
P(dω),

since AT ∩ B ∩ {ζ ≤ t1} ∈ Bt1 and AT ∩ B ∩ {ζ > t1} ∈ Bζ . Because
this is true for all A ∈ Bζ and T > t2, it follows that, for P-almost every
ω ∈ {ζ <∞},

(*) EPω
[
Ξ(t2)− Ξ

(
t2 ∧ ζ(ω)

)
, B
]

= EPω
[
Ξ(t1)− Ξ

(
t1 ∧ ζ(ω)

)
, B
]

for each t1 < t2 and B ∈ Bt1 . Hence, since Bt1 is countably generated and
t Ξ(t) is continuous, this means that we can find one Bζ-measurable Λ set
of P-measure 0 so that (*) holds for all ω /∈ Λ with ζ(ω) <∞, t1 < t2, and
B ∈ Bt1 , which is tantamount to the asserted martingale property.

To complete the proof, choose a dense sequence {ϕ` : ` ≥ 1} in C2(M ; R),
and, for each ` ≥ 1, set

Ξ`(t, ω) = ϕ`
(
ω(t)

)
− ϕ`

(
ω(0)

)
−
∫ t

0

Lϕ`
(
ω(τ)

)
dτ.
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Next, for each ` ≥ 1, construct Λ` accordingly for
(
Ξ`(t),Bt,P

)
, and take

Λ =
⋃∞
`=1 Λ`. Then, for each ` ≥ 1 and ω /∈ Λ with ζ(ω) <∞,(

ϕ`
(
ω′(t+ ζ(ω))− ϕ`

(
ω(ζ)

)
−
∫ t

0

Lϕ`
(
ω′(τ + ζ(ω))

)
dτ,Bζ(ω)+t,Pω

)
is a martingale with mean value 0. Because {ϕ` : ` ≥ 1} is dense in
C2(M ; R), it follows that whenever ω /∈ Λ and ζ(ω) <∞, Pω ◦Σ−1

ζ(ω) solves
the martingale problem for L starting from ω(ζ). �

Theorem 6.1.14. For each x ∈ M , the Px in (6.1.11) is the one and
only solution to the martingale problem for L starting from x. Moreover,
x ∈ M 7−→ Px ∈ M1

(
Ω(M)

)
is measurable and {Px : x ∈ M} is a

Markov family. In fact, for each stopping time ζ, ω δω ⊗
ζ(ω)

P · is a regular

conditional distribution of Px given Bζ .

Proof: We already know that x Px is measurable and that Px is a so-
lution for each x ∈ M . To prove the uniqueness assertion, let P be a
solution starting from x. We need to show (cf. the notation in § 6.1.2) that
P � Bζn = Pnx � Bζn for all n ≥ 0. By Lemma 6.1.12, there is nothing to do
when n = 0. To prove it in general, assume that P � Bζn−1 = Pn−1

x � Bζn−1

for some n ≥ 1, and let ω Pω be a regular conditional distribution of P
given Bζn−1 . Then, by Lemma 6.1.13, for P-almost every ω with ζn−1(ω) <
∞, Pω ◦Σ−1

ζn−1(ω) is a solution to the martingale problem for L starting from
ω(ζn−1), and so, Lemma 6.1.12, Pω ◦ Σ−1

ζn−1(ω) � Bζ0 = P0
ω(ζn−1) � Bζ0 . But,

by the inductive hypothesis, this means that, for B ∈ Bζn ,

P(B) = P ⊗
ζn−1

P0
· (B) = Pn−1

x ⊗
ζn−1

P0
· (B) = Pnx(B).

Having proved uniqueness, we can prove the final assertion by applying
Lemma 6.1.3 to see that Px⊗

ζ
P · is a solution starting at x, which therefore

must be equal to Px. �

6.2 The Transition Probability Function on M

Referring to § 6.1, define (t, x) ∈ [0,∞) ×M 7−→ P (t, x) ∈ M1(M) so
that P (t, x) is the distribution of ω ω(t) under Px. Clearly (t, x) P (t, x)
is measurable. In addition, by the Markov property,

P (s+ t, x,Γ) = EPx
[
P
(
t, ω(s),Γ

)]
=
∫
P (t, y,Γ)P (s, x, dy),

and so (t, x) P (t, x) satisfies the Chapman–Kolmogorov equation. Finally,

〈ϕ, P (t, x)〉 − ϕ(x) = EPx
[
ϕ
(
ω(t)

)
− ϕ(x)

]
= EPx

[∫ t

0

Lϕ
(
ω(τ)

)
dτ

]
=
∫ t

0

〈Lϕ,P (τ, x)〉 dτ,
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and so

〈ϕ, P (t, x)〉 = ϕ(x) +
∫ t

0

〈Lϕ,P (τ, x)〉 dτ

for all ϕ ∈ C2(M ; C). Hence, (t, x) P (t, x) is a measurable transition
probability function which, for each x ∈M , satisfies Kolmogorov’s forward
equation for L. In fact, it is the only such transition probability function.
One way to see this is to suppose that (t, x) P ′(t, x) is a second and,
following Kolmogorov, construct the Markov family {P′x : x ∈M} for which
P ′ is the transition probability function. Assuming that P′x ∈M1

(
Ω(M)

)
,

it is clear that P′x solves the martingale problem for L starting from x and is
therefore equal to Px, which, in turn, means that P ′(t, x) = P (t, x). Using
any one of a number of standard criteria, checking that the P′x’s must live
on Ω(M) is not hard. However, rather than go into the details, we will defer
the proof of uniqueness until the end of § 6.3.2 (cf. Corollary 6.3.4 below),
when we will have enough information to give a more elementary proof.
6.2.1. Local Representation of P (t, x): In this subsection we will de-
velop a formula on which our entire analysis of P (t, x) rests.

For each 1 ≤ k ≤ K, define the stopping times {αn,k : n ≥ 0} and
{βn,k : n ≥ 0} so that

α0,k(ω) = inf{t ≥ 0 : ω(t) ∈ V̄k}, βn,k(ω) = inf{t ≥ αn,k(ω) : ω(t) /∈Wk}
and αn+1,k(ω) = inf{t ≥ βn,k : ω(t) ∈ V̄k},

with the understanding that βn,k(ω) =∞ if αn,k(ω) =∞ and αn+1,k(ω) =
∞ if βn,k(ω) =∞. Then, because

αn+1,k(ω) ≥ βn,k(ω) = αn,k(ω) + ζWk
(
Σαn,k(ω)ω

)
if αn,k(ω) <∞,

the Markov property can be used to show that EPx
[
e−αn+1,k

]
is dominated

by ∫
{αn,k(ω)<∞}

e−αn,k(ω)EPω(αn,k)
[
e−ζ

Wk
]
Px(dω) ≤ ρEPx

[
e−αn,k

]
,

where ρ ∈ (0, 1) is the one in (6.1.9). Hence,

(6.2.1) max
1≤k≤K

sup
x∈M

Px(αn,k ≤ t) ≤ etρn.

Now set PWk(t, x,Γ) = Px
(
ω(t) ∈ Γ & ζWk > t

)
. Then, because, by

(6.2.1), αn,k ↗∞ Px-almost surely, for any Γ ∈ BVk ,

P (t, x,Γ) =
∞∑
n=0

Px
(
ω(t) ∈ Γ & αn,k(ω) ≤ t < βn,k(ω)

)
,
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and, by the Markov property in the final part of Theorem 6.1.14,

Px
(
ω(t) ∈ Γ & αn,k(ω) ≤ t < βn,k(ω)

)
= EPx

[
PWk(t− αn,k(ω), ω(αn,k),Γ), αn,k(ω) < t

]
.

Thus, for Γ ∈ BVk , we have that

(6.2.2) P (t, x,Γ) =
∞∑
n=0

EPx
[
PWk(t− αn,k(ω), ω(αn,k),Γ), αn,k(ω) < t

]
.

6.2.2. The Transition Probability Density: We will now use (6.2.2)
to transfer the results in Chapters 3 and 4 from RN to M . For this purpose,
first use Lemma 6.1.12 to see that

PWk(t, x,Γ) =
∫
ψk(Γ)

(qk)BRN (0,3)
(
t, ψk(x), ξ′

)
dη′ for x ∈Wk and Γ ∈ BWk

,

where (cf. (5.2.5)) (qk)BRN (0,3)(t, ξ, · ) is the density of the transition func-
tion (Qk)BRN (0,3)(t, ξ,Γ) = Qk

ξ (η(t) ∈ Γ, ζBRN (0,3) > t). Now let λM denote
the Riemannian volume measure on M . That is, if Γ ∈ BWk

, then

λM (Γ) =
∫
ψk(Γ)

vk(ξ) dξ where vk(ξ) ≡
√

det
(
gk(ψ−1

k (ξ)
))

and gk
(
ψ−1
k (ξ)

)
≡
(((

(ψk)∗∂ξi , (ψk)∗∂ξj
)
T
ψ
−1
k

(ξ)

))
1≤i,j≤N

is the Riemannian metric computed in the coordinates determined by ψk.
Then the preceding can be rewritten as the statement that, for x ∈Wk and
Γ ∈ BWk

,

(6.2.3)
PWk(t, x,Γ) =

∫
Γ

pWk(t, x, y)λM (dy)

where pWk(t, x, y) ≡ vk
(
ψk(y)

)−1(qk)BRN (0,3)
(
t, ψk(x), ψk(y)

)
.

The next step is to combine (6.2.2) with (6.2.3). For this purpose, recall
that dM (x, y) denotes the Riemannian distance between points x, y ∈ M .
Thus, because, because (cf. Theorem 3.3.11 or Theorem 4.4.6)

(qk)BRN (0,3)(t, ξ, ξ′) ≤ A

t
N
2

exp
(
At− |ξ

′ − ξ|2

At

)
for some A ∈ (0,∞), we can use (6.1.5) to find another A ∈ (0,∞) for
which

pWk(t, x, y) ≤ A

t
N
2

exp
(
At− dM (x, y)2

At

)
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whenever 1 ≤ k ≤ K and (t, x, y) ∈ (0,∞) × Wk × Wk. In particular,
because αn,k(ω) ∈ (0,∞) =⇒ ω(αn,k) ∈ ∂Vk, this means that, for each
T ∈ (0,∞),

max
1≤k≤K

sup
n≥0

ω∈Ω(M)
(t,y)∈[0,T ]×Ūk

1(0,t)

(
αn,k(ω)

)
pWk

(
t− αn,k(ω), ω(αn,k), y

)
<∞,

and so, by (6.2.1), for each x ∈M , the series

(6.2.4) p(t, x, y) ≡
∞∑
n=0

EPx
[
pWk

(
t− αn,k(ω), ω(αn,k), y

)
, αn,k < t

]
, y ∈ Uk

converges uniformly on compacts to a continuous function in (t, y) ∈ (0,∞)×
Uk. Of course, one might worry that because y can be in more than one Ūk
and therefore that the definition of p(t, x, y) depends on which k is chosen.
However, no matter which k with Uk 3 y is chosen, when p(t, x, y) is given
by (6.2.4), (6.2.2) and (6.2.3) say that,

P (t, x,Γ) =
∫

Γ

p(t, x, y)λM (dy) for (t, x) ∈ (0,∞)×M and Γ ∈ BUk ,

and so p(t, x, y) is unambiguously defined by (6.2.4) and, in fact,

P (t, x,Γ) =
∫

Γ

p(t, x, y)λM (dy) for (t, x) ∈ (0,∞)×M and Γ ∈ BM .

That is, p(t, x, y) is the transition probability density for P (t, x).

6.3 Properties of the Transition Probability Density
We will show in this section how to derive smoothness properties for

p(t, x, y) from the results which we proved in Chapter 3. However, before
getting into the details, it may be helpful to address the question of how
one measures “smoothness” of functions on M . For æsthetic reasons, one
might choose to measure them in terms of the Riemannian structure, in
which case one could define x ∈ M 7−→ ∇nϕ(x) ∈ (TxM)⊗n so that, for
Ξ1, . . . ,Ξn ∈ TxM ,(
∇nϕ(x),Ξ1⊗· · ·⊗Ξn

)
=

∂n

∂t1 · · · ∂tn
ϕ
(

expx
(
t1Ξ1 + · · · tnΞn

)) ∣∣∣
t1=···=tn=0

,

where expx denotes the exponential map based at x. That is, expx(Ξ) is
the position at time 1 of the geodesic starting from x at time 0 with initial
velocity Ξ ∈ TxM . One might then define

‖ϕ‖Cn(M ;R) = sup
x∈M

(
n∑

m=0

|∇mϕ(x)|2(TxM)⊗m

) 1
2

.
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However, when dealing, as we are, with compact manifolds, such an intrinsic
definition is unnecessary and, for our purposes, inconvenient. Thus, instead,
we will start with the finite atlas of coordinate charts {(Uk, ψk) : 1 ≤ k ≤
K} described in § 6.1.2 and take

‖ϕ‖Cn(M ;R) = sup
x∈M

 ∑
{k:x∈Uk}

∑
‖α‖≤n

∣∣∂α(ϕ ◦ ψ−1
k )
(
ψk(x)

)∣∣2 1
2

.

Although, one can, and should, complain that this definition depends on the
choice of atlas, all choices lead to definitions which are commensurate with
the intrinsic one, and so not a lot is lost by working with this definition.
6.3.1. Smoothness in the Forward Variable: Using (6.2.4), we can
show that smoothness of p(t, x, y) in the forward variable y reduces to the
smoothness of pWk(t, x, y) in y. Indeed, by the second line in (6.2.3), (6.1.5),
and the estimate in Theorem 5.2.8 applied to (qk)BRN (0,3) , for each n ≥ 0,
there exists an An <∞

(6.3.1)
max
‖β‖≤n

∣∣∂βξ pWk
(
t, x, ψ−1

k (ξ)
)
| ≤ An

t
N+n

2

exp
(
Ant−

dM (x, ψ−1
k (ξ))2

Ant

)
for 1 ≤ k ≤ K, x ∈ Vk and ξ ∈ BRN (0, 2).

Next, by (6.2.4) p
(
t, x, ψ−1

k (ξ)
)
) equals

1Wk
(x)pWk

(
t, x, ψ−1

k (ξ)
)

+
∞∑
n=1

EPx
[
pWk

(
t− αn,k(ω), ω(αn,k), ψ−1

k (ξ)
)
, αn,k(ω) < t

]
for x ∈M and ξ ∈ BRN (0, 1). Putting this together with (6.2.1) and (6.3.1),
and remembering that M is compact and therefore that dM is bounded,
one concludes that, after a small adjustment in An,

max
‖β‖≤n

∣∣∂βξ p(t, x, ψ−1
k (ξ)

)∣∣ ≤ An

t
N+n

2

exp
(
Ant−

dM (x, ψ−1
k (ξ))2

Ant

)
.

Finally, one can remove the exponential growth in t by applying the Chap-
man–Kolmogorov equation. Namely, if t > 1, then

∂βξ p
(
t, x, ψ−1

k (ξ)
)

=
∫
p(t− 1, x, z)∂βξ p

(
1, z, ψ−1

k (ξ)
)
λM (dz),

and so

max
‖β‖≤n

sup
(t,ξ)∈[1,∞)×BRN (0,1)

∣∣∂βξ p(t, x, ψ−1
k (ξ)

)∣∣ ≤ AneAn .
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Hence, after again taking into account the boundedness of dM and adjusting
An, one arrives at

(6.3.2)
max
‖β‖≤n

∣∣∂βξ p(t, x, ψ−1
k (ξ)

)∣∣ ≤ An

(1 ∧ t)N+n
2

e−
dM (x,ψ−1

k
(ξ))2

Ant

for 1 ≤ k ≤ K and (t, x, ξ) ∈ (0,∞)×M ×BRN (0, 1).

6.3.2. Smoothness in all Variables: In this subsection we will prove
the following regularity result about p(t, x, y).

Theorem 6.3.3. For each n ≥ 0 there is an An < ∞ with the property
that, whenever m+ ‖α‖+ ‖β‖ ≤ n,

∣∣∣∂mt ∂αξ ∂βξ′p(t, ψ−1
k (ξ), ψ−1

k′ (ξ′)
)∣∣∣ ≤ An

(1 ∧ t)N+n
2

e−
dM (ψ−1

k
(ξ),ψ−1

k′
(ξ′))2

Ant

for 1 ≤ k, k′ ≤ K, (t, ξ, ξ′) ∈ (0,∞)×BRN (0, 1)2.

In addition, ∂mt p(t, x, y) = [Lmp(t, · , y)](x) for m ≥ 1.

Proof: The reasoning is essentially the same as that given in the proof of
Theorem 5.2.8 to prove the corresponding result there.

We begin by applying the Markov property in Theorem 6.1.14 to derive
the Duhamel formula

p(t, x, y) = pWk(t, x, y) + EPx
[
p
(
t− ζWk(ω), ω(ζWk), y

)
, ζWk(ω) < t

]
.

Next, given 1 ≤ k ≤ K, set pk(t, ξ, ξ′) = p
(
t, ψ−1

k (ξ), ψ−1
k (ξ′)

)
and p̂k(t, ξ, ξ′)

= pWk
(
t, ψ−1

k (ξ), ψ−1
k (ξ′)

)
for (t, ξ, ξ′) ∈ (0,∞)×BRN (0, 3)

2
. Then, by the

preceding together with Lemma 6.1.12, pk(t, ξ, ξ′) equals

p̂k(t, ξ, ξ′) + EQkξ
[
pk
(
t− ζBRN (0,3)(η), η(ζBRN (0,3)), ξ′

)
, ζBRN (0,3)(η) < t

]
.

Just as in the derivation of (6.3.1), the estimates in Theorem 5.2.8 say that
there is an An <∞ such that

∣∣∂αξ ∂βξ′ p̂k(t, ξ), ξ′)
∣∣ ≤ An

t
N+n

2

exp
(
Ant−

dM (ψ−1
k (ξ), ψ−1

k (ξ′))2

Ant

)
for (t, ξ, ξ′) ∈ (0, 1]×BRN (0, 2)

2
and ‖α‖+ ‖β‖ ≤ n

To handle the second term, we use (6.3.2) to justify writing

∂βξ′E
Qkξ
[
pk
(
t− ζBRN (0,3)(η), η(ζBRN (0,3), ξ′

)
, ζBRN (0,3)(η) < t

]
= EQkξ

[
∂βξ′pk

(
t− ζBRN (0,3)(η), η(ζBRN (0,3), ξ′

)
, ζBRN (0,3)(η) < t

]
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for (t, ξ, ξ′) ∈ (0, 1]×BRN (0, 2)×BRN (0, 1). Thus, we can apply (5.2.9) to
see that

∂αξ ∂
β
ξ′E

Qkξ
[
pk
(
t− ζBRN (0,3)(η), η(ζBRN (0,3), ξ′

)
, ζBRN (0,3)(η) < t

]
exists and that, for a slightly altered An < ∞, its absolute value is domi-
nated by Ane−

1
Ant times

sup
{∣∣∂βξ′pk(τ, χ, χ′)

∣∣ : t ∈ (0, 1], χ ∈ ∂BRN (0, 3) and χ′ ∈ BRN (0, 1)
}

for (t, ξ, ξ′) ∈ (0, 1] × BRN (0, 2) × BRN (0, 1) and ‖α‖ + ‖β‖ ≤ n. After
combining this with our earlier estimate on the first term and using the
fact that dM is bounded, we conclude that there is an An <∞ such that∣∣∂αξ ∂βξ′pk(t, ξ, ξ′)

∣∣ ≤ An

t
N+n

2

e−
dM (ψ−1

k
(ξ),ψk(ξ′))2

Ant

for (t, ξ, ξ′) ∈ (0, 1]×BRN (0, 2)×BRN (0, 1) and ‖α‖+‖β‖ ≤ n. In particular,
this proves the required estimate when k′ = k and t ∈ (0, 1].

Now suppose that k′ 6= k and (t, ξ, ξ′) ∈ (0, 1]×BRN (0, 1)2. If ψk(ξ) ∈ Vk′ ,
then we write

p
(
t, ψ−1

k (ξ), ψ−1
k′ (ξ′)

)
= pk′

(
t, ψk′ ◦ ψ−1

k (ξ), ξ′
)

and apply the preceding. To handle the case when ψ−1
k (ξ) /∈ Vk′ , set G =

{χ ∈ BRN (0, 3) : ψ−1
k (χ) /∈ Ṽk′}, where Ṽk′ ≡ ψ−1

k′

(
BRN (0, 3

2 )
)
. Then, by

(6.1.5), there is an r > 0 such that |ξ − G{| > r whenever ξ ∈ BRN (0, 1)
and ψ−1

k (ξ) /∈ Vk′ . Moreover, another application of the Markov property
and Lemma 6.1.12 shows that

∂βξ′p
(
t, ψ−1

k (ξ), ξ′
)

= EQkξ
[
∂βξ′p

(
t−ζG(η), ψ−1

k

(
η(ζG)

)
, ψ−1

k′ (ξ′)
)
, ζG(η) < t

]
when (t, ξ, ξ′) ∈ (0, 1]×BRN (0, 1)2 and ψ−1

k (ξ) /∈ Vk′ . Thus, once again, we
are in a position to apply (5.2.9) and (6.3.2) in order to complete the proof
of the required estimate when t ∈ (0, 1].

To handle t > 1, apply the Chapman–Kolmogorov equation to write

p(t, x, y) =
∫∫

p
(

1
3 , x, z

)
p
(
t− 2

3 , z, z
′)p( 1

3 , z
′, y
)
λM (dz)λM (dz′).

By the estimate just proved and the one in (6.3.2), derivatives of the in-
tegrand with respect to x and y up to order n are bounded, independent
of t > 1, and so, since λM (M) < ∞, it follows that x and y-derivatives of
p(t, x, y) up to order n are also bounded independent of t > 1.

Finally, knowing that p(t, x, y) is smooth in x and y, the derivation of
∂mt p(t, x, y) = [Lmp(t, · , y)](x) is similar to, but easier than, the argument
given at the end of the proof of Theorem 5.2.8. �

Armed with the preceding regularity result, we can easily prove the
uniqueness result mentioned in § 6.2.
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Corollary 6.3.4. For each x ∈M , the function t P (t, x) described in
§ 6.3.2 is the one and only continuous map t µ(t) with the property that

〈ϕ, µ(t)〉 = ϕ(x) +
∫ t

0

〈Lϕ, µ(τ)〉 dτ for all ϕ ∈ C2(M ; C).

In particular, (t, x) P (t, x) is the only transition function satisfying

〈ϕ, P (t, x)〉 = ϕ(x) +
∫ t

0

〈Lϕ,P (τ, x)〉 dτ for all ϕ ∈ C2(M ; C).

Proof: The proof is identical to that of the uniqueness results in § 2.1.1.
Namely, let ϕ ∈ C2(M ; C) be given, and set uϕ(t, x) = 〈ϕ, P (t, x)〉. Then,
for any t > 0, d

dτ 〈uϕ(t− τ, · ), µ(τ)〉 = 0, and so

〈ϕ, µ(t)〉 = 〈uϕ(t, · ), µ(0)〉 = uϕ(t, x) = 〈ϕ, P (t, x)〉. �

6.4 Nash Theory on a Manifold
In this section we will prove the following.

Theorem 6.4.1. For each δ ∈ (0, 1] there exists an K(δ) ∈ [1,∞) such
that

1

K(δ)(1 ∧ t)N2
e−

(1+δ)dM (x,y)2

2t ≤ p(t, x, y) ≤ K(δ)

(1 ∧ t)N2
e−

dM (x,y)2

2(1+δ)t .

In particular,

lim
t↘0

t log p(t, x, y) = −dM (x, y)2

2
uniformly on M ×M.

6.4.1. The Lower Bound: Given Theorem 5.2.14, the proof of the lower
bound is quite easy.

To get started, set

R = inf
x∈M

max
{
dM (x, Vk{) : 1 ≤ k ≤ K

}
.

By (6.1.5), R ≥ θ > 0. Now let x ∈ M be given, and choose k so that
BM (x,R) ⊆ Vk. If y ∈ BM (x,R), then there is a minimal geodesic5 Π :
[0, 1] −→ BM (x,R) with x = Π(0) and y = Π(1). Starting from Theorem
5.2.14, it is easy to check that, for each δ > 0, there is an α(δ) > 0 with
the property that

(qk)BRN (0,3)
(
t, ψk(x), ψk(y)

)
≥ α(δ)

t
N
2

exp

(
−

(1 + δ)dk
(
ψk(x), ψk(y)

)2
2t

)
5 We will always take geodesics to have speed 1. Thus, when a geodesic is minimal,

dM (Π(s),Π(t)) = |t− s|.
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for t ∈ (0, 1], where

dk(ξ, ξ′) = inf
{√∫ 1

0

(
π̇(τ), ak

(
π(τ)

)−1
π̇(τ)

)
RN

dτ :

π ∈ C1
(
[0, 1];BRN (0, 2)

)
with π(0) = ξ & π(1) = ξ′

}
.

Hence, since π ≡ ψk ◦Π : [0, 1] −→ BRN (0, 2),

dk
(
ψk(x), ψk(y)

)2 ≤ ∫ 1

0

(
π̇(t), ak

(
π(t)

)−1
π̇(t)

)
RN

dt = dM (x, y)2,

and, by (6.2.3),

p(t, x, y) ≥ vk(y)−1(qk)BRN (0,3)
(
t, ψk(x), ψk(y)

)
,

we have now shown that, for a slightly different choice of α(δ) > 0,

(*) p(t, x, y) ≥ α(δ)

t
N
2
e−

(1+δ)dM (x,y)2

2t for t ∈ (0, 1] and dM (x, y) < R.

Now assume that dM (x, y) ≥ R, and choose n ∈ Z+ to be the smallest
integer dominating 3dM (x,y)

R . Clearly, 3 ≤ n ≤ 3diam(M)
R . Next, let Π :

[0, 1] −→M be a minimal geodesic running from x to y, and set xm = Π
(
m
n

)
for 0 ≤ m ≤ n. Then dM (xm−1, xm) = dM (x,y)

n ≤ R
3 . Given t ∈ (0, 1],

set τ = t
n , r = n−1Rt

1
2 , and Bm = BM

(
xm, r). Then dM (zm−1, zm) ≤

dM (x,y)+2Rt
1
2

n < R for 1 ≤ m ≤ n, zm−1 ∈ Bm−1, and zm ∈ Bm. Hence, by
(*) and the Chapman–Kolmogorov equation, p(t, x, y) dominates∫

· · ·
∫

B1×···×Bn−1

p(τ, x, z1)p(τ, z1, z2) · · · p(τ, zn−1, y)λM (dz1) · · ·λM (dzn−1)

≥
(
α(δ)

τ
N
2

)n(n−1∏
1

λM (Bm)

)
exp

(
−

(1 + δ)
(
dM (x, y) + 2Rt

1
2
)2

2t

)
.

Finally, there is a β ∈ (0,∞) such that λM
(
B(z, ρ)

)
≥ βρN for any z ∈M

and ρ ∈ (0, R), and(
dM (x, y) + 2Rt

1
2
)2

2t
≤ (1 + δ)dM (x, y)2

2t
+

4R2

δ
.

Thus, after further adjustment of α(δ), one gets the lower bound in The-
orem 6.4.1 for t ∈ (0, 1]. Observe that, because dM is bounded, the lower
bound for t ≥ 1 is tantamount to saying that p(t, x, y) is bounded below
by a positive constant uniformly for t ≥ 1. But, we already know that

p(1, x, y) ≥ α(1)e−
diam(M)2

α(1) , and therefore, by the Chapman–Kolmogorov
equation, the same is true for all t ≥ 1.
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6.4.2. The Upper Bound: Because the upper bound is less amenable to
localization, proving it requires us to repeat the argument in § 4.4.1, only
now on M .

The first step is to find a replacement for Lemma 4.1.3. For this purpose,
let h(t, x, y) be the transition probability density corresponding to 1

2∆, and
define Htϕ(x) =

∫
h(t, x, y)ϕ(y)λM (dy). By the divergence theorem,(

ϕ,∆ψ
)
L2(λM ;R)

= −
(
∇ϕ,∇ψ

)
L2(λM ;TM)

,

where (
X,Y

)
L2(λM ;TM)

≡
∫
M

(
X(x), Y (x)

)
TxM

λM (dx)

for vector fields X and Y on M . In particular, this means that ∆ is formally
self-adjoint on L2(λM ; R) and therefore that

d

dτ

(
Ht−τϕ,Hτψ

)
L2(λM ;R)

= 0 for τ ∈ [0, t].

Thus, Ht is symmetric in L2(λM ; R), which is equivalent to saying that
h(t, x, y) = h(t, y, x) and, just as in the derivation of (4.1.2), means that
Ht is a self-adjoint contraction on L2(λM ; R). In addition, one has that

d

dt

∥∥∇Htϕ
∥∥2

L2(µ;TM)
= − d

dt

(
Htϕ,∆Htϕ

)
L2(λM ;R)

= −
∥∥∆Ht

∥∥2

L2(λM ;R)
≤ 0.

Finally, observe that, from (6.3.2) with n = 0, we know that ‖Ht‖1→∞ ≤
CM (1 ∧ t)−N2 for some CM <∞.

With these preliminaries, it might seem that we have everything we need
to have h(t, x, y) play the role that the Gauss kernel played in our second
proof of Lemma 4.1.3. However, there is one crucial difference: Our esti-
mate for ‖Ht‖1→∞ is a short time estimate and gives no information about
long time behavior. For this reason, we will resort to the following sub-
terfuge. At the cost of a slight alteration in the constant CM , we replace
(1 ∧ t)−N2 on the right hand side by t−

N
2 et. Now set ϕt = e−tHtϕ, use

ϕt = ϕ−
∫ t

0

(
I − 1

2∆
)
ϕτ dτ,

and conclude that

‖ϕ‖2L2(λM ;R) =
(
ϕ,ϕt

)
L2(λM ;R)

+
∫ t

0

((
ϕ,ϕτ

)
L2(λM ;R)

+ 1
2

(
∇ϕ,∇ϕτ

)
L2(λM ;TM)

)
dτ.

Because∣∣(ϕ,ϕt)L2(λM ;R)

∣∣ ≤ ‖ϕ‖L1(λM ;R)e
−t‖Htϕ‖L∞(λM ;R) ≤ CM t−

N
2 ‖ϕ‖2L1(λM ;R),



6.4 Nash Theory on a Manifold 159(
ϕ,ϕτ

)
L2(λM ;R)

≤ ‖ϕ‖L2(λM ;R)e
−τ‖Hτϕ‖L2(λM ;R) ≤ ‖ϕ‖2L2(λM ;R),

and (
∇ϕ,∇ϕτ

)
L2(λM ;TM)

≤ ‖∇ϕ‖L2(λM ;TM)e
−τ‖∇Hτϕ‖L2(λM ;TM)

≤ ‖∇ϕ‖2L2(λM ;TM),

we obtain

‖ϕ‖2L2(λM ;R) ≤ CM t
−N2 ‖ϕ‖2L1(λM ;R) + t

(
‖ϕ‖2L2(λM ;R) + 1

2‖∇ϕ‖
2
L2(λM ;TM)

)
for all t > 0. Thus, after minimizing with respect to t and altering CM , we
arrive at

(6.4.2) ‖ϕ‖2+ 4
N

L2(λM ;R) ≤ CM
(
‖ϕ‖2L2(λM ;R) + 1

2‖∇ϕ‖
2
L2(λM ;TM)

)
‖ϕ‖

4
N

L1(λM ;R).

Given (6.4.2), we have the engine which powers the reasoning in § 4.4.1.
In particular, we can now prove the following.

Lemma 6.4.3. Define D(ψ) = ‖∇ψ‖u for ψ ∈ C∞(M ; R) and

DM (x, y) = sup
{
ψ(y)− ψ(x) : ψ ∈ C∞(M ; R) with D(ψ) ≤ 1

}
.

Then there is a KM <∞ with the property that, for each δ ∈ (0, 1],

p(t, x, y) ≤ KNe
t

(δt)
N
2

exp
(

6‖B‖2ut
δ

− DM (x, y)2

2(1 + 5δ)t

)
,

where ‖B‖u = supx∈M |B(x)|TxM .

Proof: Assume that u ∈ C1,2
(
[0,∞) × M ; (0,∞)

)
is a solution to an

equation of the form

∂tu(t, x) = 1
2∆u+Bu− div(uB̌) + cu,

where B and B̌ are smooth vector fields on M and c is a smooth function on
M . Given r ≥ 1, set vr(t) = ‖u(t)‖Lr(λM ;R). Then, proceeding in exactly
the same way as we did at the beginning of § 4.4.1, we find that

v2r−1
2r v̇2r ≤ −

r − 1
2r2

∥∥∇ur∥∥2

L2(λM ;TM)
+ r
(
cr, u

2r
)
L2(λM ;R)

,

where

cr(x) =
c(x)
r

+
∣∣Br(x)

∣∣2
TxM

with Br =
B

r
+
(
2− 1

r

)
B̌.



160 6 On a Manifold

In particular, this means that

(*) v2(t) ≤ et‖c1‖u‖ϕ‖u.

When r ≥ 2, we add and subtract r−1
r2 ‖ur‖2L2(M ;R) to the right hand side

and apply (6.4.2) to thereby obtain

v̇2r ≤ −
r − 1

2CMr2

v
1+ 4r

N
2r

v
4r
N
r

+ r
(
r−2 + ‖cr‖u

)
v2r.

Thus, by repeating the argument given in the proof of Lemma 4.1.7, we
arrive at

(**)
w2r(t) ≤

(
2NCMr2

δ

) N
4r

exp
(
tδ

r

(
‖cr‖u + r−2

))
wr(t)

when wr(t) ≡ sup
τ∈[0,t]

τ
N
4 (1− 2

r )vr(τ)

for each δ ∈ (0, 1].
Now let ψ ∈ C∞(M ; R) be given, and, for ϕ ∈ C∞

(
M ; [0,∞)

)
\ {0}, set

uψϕ(t, x) = Qψ
t ϕ(x) ≡ e−ψ(x)

∫
p(t, x, y)eψ(y)ϕ(y)λM (dy).

Then
∂tu

ψ
ϕ = 1

2∆uψϕ +Bψuψϕ − div
(
uψB̌ψ

)
+ cψuψϕ,

where

Bψ = B + 1
2∇ψ, B̌

ψ = − 1
2∇ψ, and cψ = Bψ + 1

2 |∇ψ|
2
TM .

Combining (*) with (**) and arguing as we did at the corresponding point
in § 4.4.1, we conclude that there is a KM <∞ such that

‖Qψ
t ‖2→∞ ≤

KMe
t(1+6‖B‖u)

δ

(δt)
N
4

e
t(1+5δ)DM (ψ)2

2 .

Similarly, if

ǔψϕ(y) = (Qψ
t )>ϕ(y) = e−ψ(y)

∫
p(t, y, x)eψ(x) λM (dx),

then
∂tǔ

ψ
ϕ = 1

2∆ǔψϕ − B̌ψǔψϕ + div
(
Bψǔψϕ

)
+ cψǔψϕ,
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and so we can conclude that ‖Qψ
t ‖1→2 satisfies an estimate of the same sort

as ‖Qψ
t ‖2→∞. Finally, after combining these two, using Qt = Q t

2
◦ Q t

2
,

and making a small adjustment in KM , we get the asserted conclusion. �
What remains to be proved is that DM (x, y) = dM (x, y), and, just as in

§ 4.1.2, the proof that DM (x, y) ≤ dM (x, y) is trivial. However, the proof
of the opposite inequality requires some thought. Namely, one would like
to prove that dM (x, y) ≤ DM (x, y) by taking ψ(y) = dM (x, y). However,
as was the case earlier, this choice of ψ is not smooth and therefore inel-
igible. The problem therefore is to show again that one can approximate
y dM (x, y) by a sequence {ψn : n ≥ 1} of smooth functions in such a way
that ψn −→ dM (x, · ) uniformly and limn→∞ ‖∇ψn‖u ≤ 1.

Lemma 6.4.4. Given ψ ∈ C(M ; R) satisfying |ψ(y) − ψ(x)| ≤ dM (x, y)
for all x, y ∈ M , there exists a sequence {ψn : n ≥ 1} ⊆ C∞(M ; R) with
the properties that ψn −→ f uniformly on M and limn→∞ ‖∇ψn‖u ≤ 1.

Proof: The most direct (see Remark 6.4.5 below for another approach)
proof of this assertion relies on basic facts about Riemannian geometry, the
first of which is that there exists an R > 0, the injectivity radius (cf. § 2
in Chapter V of [9]), with the property that (x, y) dM (x, y)2 is a smooth
function as long as dM (x, y) < R. Now choose ρ ∈ C∞c

(
(−R2, R2); [0,∞)

)
so that ωN−1

∫
ρ(τ2)τN−1 dτ = 1, where ωN−1 denotes the area of the unit

sphere SN−1 in RN , and, for ε ∈ (0, 1], set

ψε(x) =
∫
ρε
(
dM (x, y)2

)
ψ(y)λM (dy) where ρε(τ) ≡ ε−Nρ(ε−2τ).

Clearly, ψε ∈ C∞(M ; R) for each ε ∈ (0, 1].
In order to show that ψε −→ f uniformly and that limε↘0 ‖ψε‖u ≤ 1,

for each x ∈M choose an orthogonal transformation E(x) : RN −→ TxM .
Then there is a function w : M × BRN (0, R) −→ (0,∞) with the property
that

ψε(x) =
∫
ρε(|ξ|2)ψ

(
expx(E(x)ξ)

)
w(x, ξ) dξ,

where expx : TxM −→ M is the exponential map based at x. Indeed,
ξ ∈ BRN (0, R) 7−→ expx(E(x)ξ) ∈ M is a diffeomorphism onto BM (x,R),
and w(x, · ) is the Jacobian associated with this choice of coordinates. In
particular, because (cf. § 8 in Chapter XII of [9]) these coordinates are
normal at x , |w(x, ξ)− 1| ≤ C|ξ|2 for |ξ| ≤ R

2 , where the choice of finite C
can be made independent of x ∈M . Therefore

|ψε(x)− ψ(x)| ≤
∫
ρε(|ξ|2)

∣∣ψ(expx
(
E(x)ξ

)
− ψ(x)

∣∣ dξ
+ ‖ψ‖u

∫
ρε(|ξ|2)|w(x, ξ)− 1| dξ

≤ εR
∫
ρ(|ξ|2)|ξ| dξ + C‖ψ‖uε2

∫
ρ(|ξ|2)|ξ|2 dξ.
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Finally, to control the gradient of ψε, let x be given. Then, because
BM (x,R) admits a coordinate system, one can make a choice of y E(y)
which is smooth on BM (x,R), in which case w(y, ξ) is a smooth function
of (y, ξ) ∈ BM (x,R)×BRN (0, R) and there exists a C <∞ such that

dM

(
expy1

(
E(y1)ξ

)
, expy2

(
E(y2)ξ

))
≤ (1 + C|ξ|)dM (y1, y2)

and |∇yw(y, ξ)|TyM ≤ C|ξ|2 for ξ ∈ BRN
(
0, R2

)
and y, y1, y2 ∈ BM

(
x, R2

)
.

Hence, if y ∈ BM
(
x, R2

)
and Π : [0,∞) −→M is a geodesic with Π(0) = y,

then for sufficiently small t > 0 and ε ∈
(
0, 1

2

]
,∣∣ψε(Π(t)

)
− ψε(y)

∣∣ ≤ (1 + C ′ε)t,

which means that |∇ψε(y)|TyM ≤ (1 + C ′ε). �

Given the result in Lemma 6.4.4, one sees thatDM (x, y) ≥ ψ(y)−ψ(x) for
any ψ with Lipschitz constant less than or equal to 1 relative to dM (x, y).
In particular, one can take ψ(y) = dM (x, y) and thereby conclude that
DM (x, y) ≥ dM (x, y).

Finally, by combining this with the result in Lemma 6.4.3, we get the
upper bound in Theorem 6.4.1 for t ∈ (0, 1], and to get it for t > 1 one can
use the Chapman–Kolmogorov equation in the same way as we have done
previously. Thus, Theorem 6.4.1 has now been proved.

Remark 6.4.5. Another way in which one can prove Lemma 6.4.4 is
to take ψt = Htψ and use the regularity results which we know about
h(t, x, y). Indeed, we know that, for each t > 0, ψt is smooth and that
ψt −→ ψ uniformly on M as t ↘ 0. Thus, the only question is whether
limt↘0 ‖∇ψt‖u ≤ 1.

There are many ways to prove this. Perhaps the most elegant is to use a
coupling argument based on Bochner’s identity. Namely (cf. Theorem 10.37
in [54]), if κ is a lower bound for the Ricci curvature on M , then, for each
x1, x2 ∈ M , one can construct a coupling Px,y on C

(
[0,∞),M ×M

)
with

the properties that the Px1,x2-distribution of ω ωi is Pxi for i ∈ {1, 2} and

dM
(
ω1(t), ω2(t)

)
≤ e−κtdM (x1, x2) Px1,x2 -almost surely.

Hence,∣∣Htψ(x2)−Htψ(x1)
∣∣ ≤ e−κt|ψ(x2)− ψ(x1)| ≤ e−κtdM (x1, x2),

from which it is an easy step to |∇Htψ(x)|TxM ≤ e−κt.
An alternative, more pedestrian, approach to the same conclusion is to

work in a coordinate patch and apply the results, particularly Lemma 2.2.5,
in Chapter 2.
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Remark 6.4.6. It should be apparent that, given a Riemannian structure
on M , we could have applied the reasoning in this section to any operator of
the form L = 1

2div
(
a∇) + aB, where x ∈M 7−→ a(x) ∈ (TxM)∗ × (TxM)∗

is symmetric and uniformly positive definite. If we had, we would have
obtained results analogous to those which we proved in Chapter 4. In
particular, the constants appearing in those results would have enjoyed the
same independence from the regularity of a and B as the constants did
there.

6.5 Long Time Behavior
The result in Theorem 6.4.1 does not give much information when t is

large, it merely says that p(t, x, y) is bounded above and below by positive
constants uniformly on [1,∞)×M ×M . In this section we will show that
there is an f ∈ C∞

(
M ; (0,∞)

)
and a λ > 0 with the property that

(6.5.1) sup
(x,y)∈M2

∥∥p(t, x, · )− f(y)
∥∥

u
≤ e−λt for t ∈ [1,∞).

Moreover, f is the unique solution to

(6.5.2) 1
2∆f − div(fB) = 0 with

∫
f(y)λM (dy) = 1.

6.5.1. Doeblin’s Theorem: The basic result which underlies (6.5.1) goes
back to Doeblin.

In the following statement, Q(t, x, · ) is a transition probability func-
tion on M and {Qt : t ≥ 0} is the associated semigroup of operators:
Qtϕ(x) =

∫
ϕ(y)Q(t, x, dy) if ϕ is a bounded measurable function on M

and ρQt(dy) =
∫
Q(t, x, dy) ρ(dx) if ρ is a finite, signed measure on M .

Clearly, ρQt(M) = ρ(M), ‖Qtϕ‖u ≤ ‖ϕ‖u and ‖ρQt‖var ≤ ‖ρ‖var, where
‖ · ‖var is the total variation norm.

Lemma 6.5.3. Suppose that Q(t, x, · ) is a transition probability function
on M with the property that Q(1, x, dy) ≥ (1−β)ν(dy) for some β ∈ (0, 1)
and probability measure ν. Then there is a unique probability measure µ
such that

‖Q(t, x, · )− µ‖var ≤ 2β[t], t ≥ 0,

where [t] is the integer part of t. In particular, µ is {Qt : t ≥ 0}-invariant
in the sense that µ = µQt for all t ≥ 0, and so µ ≥ (1− β)ν.

Proof: Let ρ be a finite, signed measure with ρ(M) = 0, and let |ρ| be
the associated variation measure. That is, if ρ = ρ+ − ρ−, where ρ+ and
ρ− are the non-negative, mutually singular measures, then |ρ| = ρ+ + ρ−.
Then, for any bounded, measurable ϕ : M −→ R,

〈ϕ, ρQ1〉 =
∫
〈ϕ,Q(1, x)〉 ρ(dx) =

∫
〈ϕ,Q(1, x)− (1− β)ν〉 ρ(dx),
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and so∣∣〈ϕ, ρQ1〉
∣∣ ≤ ∫ 〈|ϕ|, Q(1, x)− (1− β)ν〉 |ρ|(dx) ≤ β‖ϕ‖u‖ρ‖var,

since Q(1, x)− (1− β)ν ≥ 0 and Q(1, x,M)− (1− β)ν(M) = β. Hence, we
have shown that

(*) ‖ρQ1‖var ≤ β‖ρ‖var if ρ(M) = 0.

From (*), it is clear that, for any t > 0,

‖ρQt‖var = ‖(ρQt−[t])Q
[t]
1 ‖var ≤ β[t]‖ρQt−[t]‖var ≤ β[t]‖ρ‖var

if ρ(M) = 0. In particular, if s, t ≥ 0, x ∈ M , and ρ = Q(t, x) − δx, then
‖Q(s+t, x)−Q(s, x)‖var = ‖ρQs‖var ≤ 2β[s]. Thus, by the Cauchy criterion
for convergence in the variation metric, there is a probability measure µ to
which Q(t, x) converges in variation as t→∞. In particular, for any s ≥ 0,

‖µQs − µ‖var = lim
t→∞

‖µQs −Q(s+ t, x)‖var = lim
t→∞

∥∥(µ−Q(t, x)
)
Qs

∥∥
var

≤ lim
t→∞

‖µ−Q(t, x)‖var = 0,

and so µ = µQs. Hence, for any t > 0 and y ∈M ,

‖µ−Q(t, y)‖var = ‖µQt −Q(t, y)‖var =
∥∥(µ− δy)Qt

∥∥
var
≤ 2β[t].

Finally, if µ′ is a second probability measure satisfying µ′ = µ′Qt for all
t ≥ 0, then ‖µ − µ′‖var = ‖(µ − µ′)Qt‖var ≤ 2β[t] for all t ≥ 0, and so
µ = µ′. �
6.5.2. Ergodic Property: As an essentially immediate consequence of
Lemma 6.5.3 and the lower bound in Theorem 6.4.1, we get the following
result about the long time behavior of p(t, x, y).

Theorem 6.5.4. There is a unique f ∈ C(M ; R) such that 〈f, λM 〉 = 1
and

f(y) =
∫
p(t, x, y)f(x)λM (dx) for all (t, y) ∈ (0,∞)×M.

Moreover,

sup
{
|p(1 + t, x, y)− f(y)| : (x, y) ∈M2

}
≤ Aβ[t],

where
β = 1− λM (M)−1 inf{p(1, x, y) : (x, y) ∈M2} < 1

and
A = 2 sup{p(1, x, y) : (x, y) ∈M2} <∞.

In particular, f > 0. Finally, f is the unique solution h ∈ C∞(M ; R) to
L>h = 0 with 〈h, λM 〉 = 1.
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Proof: By Theorem 6.4.1, β < 1.
Set λM = λM

V , where V ≡ λM (M) is the volume of M . Then P (1, x, · ) ≥
(1− β)λM and so, by Lemma 6.5.3, there exists a µ such that µ = µPt for
all t ≥ 0. In fact, for all x ∈M , ‖P (t, x)− µ‖var ≤ 2β[t].

Now set f(y) =
∫
p(1, x, y)µ(dx). Clearly, 〈f, λM 〉 = 1, and, by Theorem

6.3.3, f ∈ C∞
(
M ; (0,∞)

)
. In addition, for any ϕ ∈ C(M ; R),(

ϕ, f
)
L2(λM ;R)

= 〈P1ϕ, µ〉 = 〈ϕ, µP1〉 = 〈ϕ, µ〉,

and so µ(dy) = f(y)λM (dy). Hence, f =
∫
p(t, x, · )f(x)λM (dx) follows

immediately from µ = µPt. To check the asserted convergence result,
simply note that

∣∣p(1 + t, x, y)− f(y)
∣∣ =

∣∣∣∣∫ p(1, z, y)
(
p(t, x, z)− f(z)

)
λM (dz)

∣∣∣∣
≤ A

2
‖p(t, x, · )− f‖L1(λM ;R) =

A

2
‖P (t, x)− µ‖var ≤ Aβ[t].

Finally, for any ϕ ∈ C∞(M ; R),

(
ϕ,L>f

)
L2(M ;R)

=
(
Lϕ, f

)
L2(M ;R)

= 〈Lϕ, µ〉 =
d

dt
〈Ptϕ, µ〉

∣∣∣
t=0

=
d

dt
〈ϕ, µPt〉

∣∣∣
t=0

= 0,

and so L>f = 0. Conversely, if h ∈ C∞(M ; R) satisfies L>h = 0, then

d

dt

∫
h(x)p(t, x, y)λM (dx) =

∫
h(x)[Lp(t, · , y)](x)λM (dx)

=
∫
L>h(x)p(t, x, y)λM (dx) = 0.

Since h(y) = limt↘0

∫
h(x)p(t, x, y)λM (dx), when 〈h, λM 〉 = 1 this proves

that

h(y) = lim
t→∞

∫
h(x)p(t, x, y)λM (dx) =

∫
h(x)f(y)λM (dx) = f(y). �

6.5.3. A Poincaré Inequality: By applying Theorem 6.5.4 in the case
when L = 1

2∆, one gets the Poincaré inequality

(6.5.5) 2α
∥∥ϕ− 〈ϕ, λM 〉∥∥2

L2(λM ;R)
≤ ‖∇ϕ‖2L2(λM ;TM),

where again λM = λM
V with V = λM (M), and α = − log β, β being the

quantity in Theorem 6.5.4 when L = 1
2∆.
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To see how this is done, first observe that, because h(t, x, y) = h(t, y, x),
〈Htϕ, λM 〉 = 〈ϕ, λM 〉. Hence, λM is the unique µ ∈ M1(M) satisfying
µ = µHt. Equivalently, the f in Theorem 6.5.4 is the constant function 1

V ,
and so

sup
(x,y)∈M2

∣∣h(1 + t, x, y)− V −1
∣∣ ≤ eαAe−αt.

In particular, if
(
ϕ,1

)
L2(λM ;R)

= 0, then

‖H1+tϕ‖L2(λM ;R) ≤ eαAV e−αt‖ϕ‖L2(λM ;R).

Equivalently, if H̃t is defined by H̃tϕ = Htϕ− 〈ϕ, λM 〉, then

(*) ‖H̃t‖op ≤ e2αAV e−αt for t ≥ 1.

In order to get (6.5.5) from the above, we must first show that the esti-
mate in (*) can be improved to the estimate6

(**) ‖H̃t‖op ≤ e−αt for t > 0.

To this end, check that H̃t is self-adjoint and satisfies H̃s+t = H̃s ◦ H̃t, and
conclude that

‖H̃2t‖op = sup
{(
ϕ, H̃2tϕ

)
L2(λM ;R)

: ‖ϕ‖L2(λM ;R) ≤ 1
}

= sup
{(
‖H̃tϕ‖2L2(λM ;R) : ‖ϕ‖2L2(λM ;R) ≤ 1

}
= ‖H̃t‖2op,

since
‖T‖op = sup

{(
ϕ, Tϕ

)
L2(λM ;R)

: ‖ϕ‖L2(λM ;R) ≤ 1
}

for a non-negative definite, self-adjoint operator T on L2(λM ; R). Hence, for

any n ≥ 1, ‖H̃2nt‖op = ‖H̃t‖2
n

op , and so, by (*), ‖H̃t‖op ≤
(
e2αAV

)2−n
e−αt

for n ≥ 1 such that 2nt ≥ 1. Clearly (**) follows from this.
Given (**), the rest is easy. Namely, if ϕ ∈ C∞(M ; R) with 〈ϕ, λM 〉 = 0,

then Htϕ = H̃tϕ and therefore∫ t

0

∥∥∇Hτϕ
∥∥2

L2(λm;TM)
dτ = −

∫ t

0

(
Hτϕ,∆Hτϕ

)
L2(λM ;R)

dτ

= ‖ϕ‖2L2(λM ;R) − ‖Htϕ‖2L2(λM ;R) ≥
(
1− e−2αt

)
‖ϕ‖2L2(λM ;R).

Hence, after dividing through by t and letting t↘ 0, we get ‖∇ϕ‖2L2(λM ;TM)

≥ 2α‖ϕ‖2L2(λM ;R).

6 For those who know the Spectral Theorem, this conclusion is more or less obvious.
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6.6 Historical Notes and Commentary

There are many ways to study parabolic and elliptic equations on a man-
ifold. Most geometric analysts prefer an approach in which Sobolev theory
plays the central role, although S.T. Yau and R. Hamilton have made spec-
tacular contributions based on the minimum principle.

The first systematic treatment of diffusions on manifolds was given by
K. Itô [25], using stochastic differential equations. Although it works, Itô’s
approach suffers from a basic problem: The square root of the diffusion
matrix is not intrinsically defined, and so, each time that the diffusion en-
ters a new coordinate chart he had to make a new choice of square root.
Itô masterfully handled this difficulty by taking advantage of the rotation
invariance of Brownian motion, but the result lacks æsthetic appeal and
is less than compelling from a geometric standpoint. Following, and, in
a sense, reversing a key observation by J. Eells and D. Elworthy [13], P.
Malliavin [37] showed that life becomes infinitely simpler if one carries out
the construction on the orthogonal frame bundle instead of the manifold it-
self. Loosely speaking, on the orthogonal frame bundle, there is a canonical
way to take the square root. For further details, see [54].

Because it characterizes the process directly in terms of the operator L,
which is intrinsically defined on the manifold, the martingale problem for-
mulation provides a simple and natural way to patch local results together
on a manifold. The first person to take advantage of this observation was
R. Azencott [5], who used essentially the same line of reasoning as the one
given in § 6.1. The techniques used in §§ 6.2 and 6.3 are more or less obvious
once one knows those in Chapter 5. As for § 6.4, the upper bound in § 6.4.2
is due to E.B. Davies [10], but I do not know another place in which the
lower bound in § 6.4.1 appears. Nonetheless, the last part of Theorem 6.4.1
can and has been proved elsewhere by large deviations methods.



chapter 7

Subelliptic Estimates

and Hörmander’s Theorem

Up until now I have assiduously avoided the use of many of the modern
analytic techniques which have become essential tools for experts working
in partial differential equations. In particular, nearly all my reasoning has
been based on the minimum principle, and I have made no use so far of
either Sobolev spaces or the theory of pseudodifferential operators. In this
concluding chapter, I will attempt to correct this omission by first giving a
brief review of the basic theories of Sobolev spaces and pseudodifferential
operators and then applying them to derive significant extensions of the
sort of hypoellipticity results proved in § 3.4.

Because the approach taken in this chapter is such a dramatic departure
from what has come before, it may be helpful to explain the origins of the
analysis which follows and of the goals toward which it is directed. For this
purpose, consider the Laplace operator ∆ for RN , and ask yourself what
you can say about u on the basis of information about ∆u. In particular,
what can you say about ∂i∂ju? One of the most bedeviling facts with
which one has to contend is that (except in one dimension) u need not be
twice continuous differentiable just because ∆u ∈ C(RN ; C) in the sense
of Schwartz distributions. On the other hand, if one replaces continuity
by integrability, this uncomfortable fact disappears. To be precise, if u ∈
L2(RN ; C) and, in the sense of distributions, ∆u ∈ L2(RN ; C), then all
second order derivatives of u are also in L2(RN ; C) and, in fact, simple
Fourier analysis shows that ‖∂i∂ju‖L2(RN ;C) ≤ ‖∆u‖L2(RN ;C). Thus, as this
trivial example indicates, there is good reason to believe that one should
use integral, as opposed to pointwise, estimates to measure smoothness.
Although this observation goes back to the nineteenth century, it came of
age in the first part of the twentieth century with the work of H. Weyl and,
in a more profound and systematic form, of S. Sobolev.

Weyl and Sobolev’s ideas were developed further and sharpened in the
second half of the twentieth century by L. Schwartz, A.P. Calderón, L.
Nirenberg, L. Hörmander, C. Fefferman, and a host of others. In appli-
cations to the sort of equations with which we have been dealing, an im-
portant goal of this line of research was the extension to other operators

168
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of the sort of inequality just discussed for the Laplacian. To understand
how such estimates, which became known as elliptic a priori estimates, re-
late to the sort of results in § 3.4, think about using the one above for the
Laplacian to prove that if u ∈ L2(RN ; C) and ∆u = f , where f and all
its derivatives are in L2(RN ; C), then u ∈ C∞(RN ; C). There are two
ingredients in the proof. The first is the trivial observations that, for
any m ≥ 1, ∆mu = ∆m−1f ∈ L2(RN ; C). The second ingredient is the
rather trivial form of the Sobolev Embedding Theorem, which says that if
∆mu ∈ L2(RN ; C), then u ∈ C∞(RN ; C). Indeed,

(2π)N‖∂αu‖u ≤ ‖∂̂αu‖L1(RN ;C) =
∫
|ξα||û(ξ)| dξ

≤
(∫

|ξ|2‖α‖

1 + |ξ|2(‖α‖+N)
dξ

) 1
2
(∫ (

1 + |ξ|2(‖α‖+N)
)
|û(ξ)|2 dξ

) 1
2

≤ C(α,N)
(
‖u‖L2(RN ;C) + ‖∆‖α‖+Nu‖L2(RN ;C)

)
.

An examination of the preceding argument reveals two places where
patches must be applied if one intends to prove the result in § 3.4.1. First,
one needs to localize it so that it applies to a u about which one knows only
that ∆u is smooth in an open set. Secondly, one has to learn how to handle
operators whose coefficients are variable. It turns out that these two are
closely related and that both are really problems coming from commuta-
tion. It is to deal with these and related problems that we will introduce
the class of pseudodifferential operators.

7.1 Elementary Facts about Sobolev Spaces

We will need some background material from functional analysis. Read-
ers who are unfamiliar with these matters should consult any one of the
many thorough treatments for more details. See, for example, [1].

7.1.1. Tempered Distributions: We begin by recalling a few familiar
facts from Schwartz distribution theory.

Let S (RN ; C) be Schwartz’s test function space of smooth functions ϕ :
RN −→ C which, together with all their derivatives, are rapidly decreasing.1

S (RN ; C) becomes a Fréchet space under the metric

(7.1.1)

d(ϕ,ψ) ≡
∞∑
n=0

1
2n

‖ϕ− ψ‖(n)

1 + ‖ϕ− ψ‖(n)
, where

‖ϕ‖(n) =

 ∑
‖α‖≤n

∫
RN

(1 + |x|2)
n
2 |∂αϕ(x)|2 dx

 1
2

,

1 A function is said to be rapidly decreasing if it tends to 0 faster than (1 + |x|2)−m for

all m ≥ 1.
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and the associated topological dual space S ′(RN ; C) is the space of tem-
pered distributions. We give S ′(RN ; C) the weak* topology. That is, the
topology such that, for each u ∈ S ′(RN ; C), finite intersections of sets
of the form {w ∈ S ′(RN ; C) : |〈ϕ,w〉 − 〈u, ϕ〉| < ε} are a neighborhood
basis at u. Notice that if f : RN −→ C is Borel measurable and tem-
pered in the sense that (1 + |x|2)−Lf is integrable for some L ≥ 0, then
ϕ 

∫
f(x)ϕ(x) dx determines a tempered distribution, which we will again

denote by f .
There are lots of operations which can be performed on S ′(RN ; C). In

particular, if f ∈ C∞(RN ; C) and all derivatives of f are tempered, then
we can define a continuous map u ∈ S ′(RN ; C) 7−→ fu ∈ S ′(RN ; C) by
〈ϕ, fu〉 = 〈fϕ, u〉. Also, for each α ∈ Nα, u ∈ S ′(RN ; C) 7−→ ∂αu ∈
S ′(RN ; C) given by 〈ϕ, ∂αu〉 = (−1)‖α‖〈∂αϕ, u〉 is continuous.

A great virtue of S (RN ; C) is that, as distinguished from C∞c (RN ; C), the
Fourier transform map ϕ ϕ̂ is a homeomorphism of S (RN ; C) onto itself.
Hence, for any u ∈ S ′(RN ; C), we can define its Fourier transform û ∈
S ′(RN ; C) by û(ϕ) = 〈ϕ̂, u〉, in which case u û is continuous. Similarly,
if ϕ̌(ξ) = ϕ̂(−ξ) for ϕ ∈ S (RN ; C), then the map u ∈ S ′(RN ; C) 7−→ ǔ ∈
S ′(RN ; C) given by 〈ϕ, ǔ〉 = 〈ϕ̌, u〉 is continuous, and the Fourier inversion
formula says that û∨ = (2π)Nu. Once one knows how to define the Fourier
transform of tempered distributions, one knows how to define the operation
of convolution by an element of S (RN ; C) on S ′(RN ; C). Namely, if ρ ∈
S (RN ; C), then ρ ? u is defined to be the element of S ′(RN ; C) whose
Fourier transform is ρ̂û.

It should be clear that if u is a tempered distribution which is given by a
function f for which any one of these operations is classically defined, then
the operation takes u into the tempered distribution determined by the
function obtained from f by acting on it with the classical operation. That
is, the definitions of these operations on S ′(RN ; C) extend their classical
antecedents.
7.1.2. The Sobolev Spaces: Given s ∈ R, define ‖ϕ‖s for ϕ ∈ S (RN ; C)
by

‖ϕ‖s =
(

1
(2π)N

∫
RN

(1 + |ξ|2)s|ϕ̂(ξ)|2 dξ
) 1

2

.

We define the Sobolev space Hs(RN ; C) to be the space of u ∈ S ′(RN ; C)
for which

‖u‖s ≡ sup{|〈ϕ, u〉| : ‖ϕ‖−s ≤ 1} <∞.
Observe that for any m ∈ N and s > m+N

2 , elementary Fourier analysis
shows that, for some Cm <∞,

(7.1.2) Hs(RN ; C) ⊆ Cmb (RN ; C) and ‖u‖(m)
u ≡

∑
‖α‖≤m

‖∂αu‖u ≤ Cm‖u‖s.

It should be evident that each Hs(RN ; C) is closed in S ′(RN ; C), the
spaces Hs(RN ; C) decrease as s increases, and the space H∞(RN ; C) ≡
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s∈R Hs(RN ; C) consists of those ϕ ∈ C∞(RN ; C)∩L2(RN ; C) all of whose

derivatives are also in L2(RN ; C). In addition, H0(RN ; C) can be identified
with L2(RN ; C) and ‖u‖0 = ‖u‖L2(RN ;C), and so we will use the space
H0(RN ; C), the norm ‖ · ‖0, and the inner product ( · , · )0 interchangeably
with, respectively, L2(RN ; C), ‖ · ‖L2(RN ;C), and ( · , · )L2(RN ;C). To better
understand the space Hs(RN ; C) for general s, define the Bessel operator
Bs = (I −∆)−

s
2 on S ′(RN ; C) by B̂su = (1 + |ξ|2)−

s
2 û. It is then an easy

matter to check that Hs(RN ; C) = {Bsf : f ∈ L2(RN ; C)} and that ‖u‖s =
‖f‖L2(RN ;C) if u = Bsf . Hence, each Hs(RN ; C) is a separable Hilbert
space with inner product

(
u, v
)
s
≡
(
B−sv,B−su

)
L2(RN ;C)

. Alternatively,
one can think of Hs(RN ; C) as the Hilbert space obtained by completing
S (RN ; C) with respect to the norm ‖ · ‖s. Finally, it should be clear that
H−∞(RN ; C) ≡

⋃
s∈R Hs(RN ; C) is the space of u ∈ S ′(RN ; C) such that

|〈ϕ, u〉| ≤ C
∑
‖α‖≤n

‖∂αϕ‖L2(RN ;C)

for some C <∞ and n ≥ 0. In particular, any Schwartz distribution with
compact support is an element of H−∞(RN ; C).

As a Hilbert space, the dual space Hs(RN ; C)∗ of Hs(RN ; C) is natu-
rally identifiable with itself. On the other hand, there is another natural
identification of Hs(RN ; C)∗, one which is preferable when one is thinking
about Hs(RN ; C) as a subspace of S ′(RN ; C). Namely, given s ∈ R and
v ∈ H−s(RN ; C), ϕ ∈ S (RN ; C) 7−→ 〈ϕ, v〉 ∈ C admits a unique continuous
extension as a linear functional onHs(RN ; C) with norm ‖v‖−s. Conversely,
if Λ ∈ Hs(RN ; C)∗, then |Λϕ| ≤ ‖Λ‖Hs(RN ;C)∗‖ϕ‖s, and so Λ can be identi-
fied with the element u of H−s(RN ; C) determined by 〈ϕ, u〉 = Λϕ, in which
case ‖u‖−s = ‖Λ‖Hs(RN ;C)∗ . For this reason, we are justified in writing
〈u, v〉 for the action of the linear functional determined by v ∈ H−s(RN ; C)
on u ∈ Hs(RN ; C). In this connection, notice that another expression for
〈u, v〉 is

(
B−su,Bsv

)
L2(RN ;C)

.

7.2 Pseudodifferential Operators
Pseudodifferential operators will facilitate the following sort of reasoning.
Let L =

∑N
i,j=1 a(x)ij∂xi∂xj , and assume that a(x) is symmetric and

uniformly positive definite. Given f ∈ S (RN ; C), set

u(x) =
1

(2π)N

∫
RN

1 +
∑
i,j=1

a(x)ij(x)ξiξj

−1

f̂(ξ) dξ.

If a is constant, then (I − L)u = f . However, if a is not constant, then
(I − L)u 6= f . Nonetheless, even when a is not constant, u ought to be an
“approximate” solution to (I−L)u = f and should be a good candidate as
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the first step in a perturbation scheme which converges to a true solution.
To make the preceding “ought” and “should” mathematically meaningful,
one has to determine the precise sense in which u is an approximate solution,
and the machine which will allow us do so is the theory of pseudodifferential
operators.

The first step toward our goal is to give a precise meaning to the order of
an operator. Namely, a linear map L : S (RN ; C) −→ H∞(RN ; C) is said
to be of order σ ∈ R if, for each s ∈ R, there exists a Cs < ∞ such that
‖Lϕ‖s ≤ Cs‖ϕ‖s+σ. Further, the true order of L is the infimum over those
σ ∈ R of which L is of order σ, and we will say that L is of order −∞ if L
is of order σ for every σ ∈ R. To check that these definitions conform to
ones intuition, show that ∂α is of true order ‖α‖ and that convolution by
a function from S (RN ; C) is of order −∞.

Obviously, if L is an operator of order σ, then it admits a unique extension
as an operator on H−∞(RN ; C) in such a way that, for each s ∈ R and with
the same constant Cs, ‖Lu‖s ≤ Cs‖u‖s+σ whenever u ∈ Hs+σ(RN ; C).
Next, think of L as a densely defined operator on L2(RN ; C), and let L>

denote its transpose.2 That is, if ψ ∈ L2(RN ; C) and there is a C <∞ such
that ∣∣∣∣∫

RN
ψ(x)Lϕ(x) dx

∣∣∣∣ ≤ C‖ϕ‖L2(RN ;C) for all ϕ ∈ S (RN ; C),

then ψ is in the domain of L> and L>ψ is the unique f ∈ L2(RN ; C) such
that ∫

f(x)ϕ(x) dx =
∫
ψ(x)Lϕ(x) dx for all ϕ ∈ S (RN ; C).

We want to show that S (RN ; C) is contained in the domain of L> and that
L> : S (RN ; C) −→ H∞(RN ; C) has order σ with the constants {C−s−σ :
s ∈ R}. To this end, let ϕ,ϕ ∈ S (RN ; C) be given, and note that∣∣∣∣∫ ψ(x)Lϕ(x) dx

∣∣∣∣ ≤ ‖ψ‖s+σ‖Lϕ‖−s−σ ≤ C−s−σ‖ψ‖s+σ‖ϕ‖−s.
Applying this with s = 0, we see that ψ is in the domain of L>. In addition,
for any s, it says that∣∣∣∣∫ ϕ(x)L>ψ(x) dx

∣∣∣∣ =
∣∣∣∣∫ ψ(x)Lϕ(x) dx

∣∣∣∣ ≤ C−s−σ‖ψ‖s+σ‖ϕ‖−s,
and therefore that ‖L>ψ‖s ≤ C−s−σ‖ψ‖s+σ.

2 The reason why we deal with transposes instead of adjoints is that 〈ϕ, u〉 generalizes

the non-Hermitian inner product on L2(RN ; C), not the unusual Hermitian one. Thus,
the domain of L> is same as that of L∗, the adjoint of L as an operator on L2(RN ; C),

and L>ϕ = L∗ϕ̄.
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7.2.1. Symbols: We introduce the notation
◦

RN = RN \ {0} and Dα =

(
√
−1)‖α‖∂α. Given a measurable function a : RN ×

◦
RN −→ C which

satisfies |a(x, ξ)| ≤ C(1 + |ξ|2)s for some C < ∞ and s ∈ R, define the
operator a(x,D) on S (RN ; C) so that(

a(x,D)ϕ
)∧(ξ) =

∫
RN

e
√
−1 (x,ξ)RN a(x, ξ)ϕ(x) dx.

The function a is called the symbol of the operator a(x,D). It is important
to recognize that if a(x, ξ) = f(x)ξα, then a(x,D)ϕ = Dα(fϕ), not fDαϕ.

We now want to describe a class of symbols which will be the basic
building blocks out of which we will construct our pseudodifferential op-

erators. We will say that a : RN ×
◦

RN −→ C is a symbol of order 0 if
a is smooth, ξ a(x, ξ) is homogeneous of degree 0 for each x ∈ RN , and

a(x, ξ) = a(∞, ξ) + a′(x, ξ), where a(∞, · ) is a smooth function on
◦

RN
which is homogeneous of order 0 and

(7.2.1) sup
x∈RN
ξ∈SN−1

(1+|x|2)m|∂αx ∂
β
ξ a
′(x, ξ)| <∞ for all m ∈ N and α, β ∈ NN .

Because f̂g = (2π)−N f̂ ? ĝ, we can describe the action of a(x,D) as

(7.2.2)

(
a(x,D)ϕ

)∧(ξ) = a(∞, ξ)ϕ̂(ξ) +
∫

RN
ã(ξ − η, ξ)ϕ̂(η) dη where

ã(η, ξ) =
1

(2π)N
â′( · , ξ)

x
(η) =

1
(2π)N

∫
RN

e
√
−1 (η,x)RN a′(x, ξ) dx.

It is important to notice that ã is also a function which is smooth on

RN ×
◦

RN , homogeneous of degree 0 for each η ∈ RN , and satisfies

(7.2.3) sup
η∈RN
ξ∈SN−1

(1 + |η|2)m|∂αη ∂
β
ξ ã(η, ξ)| <∞ for all m ∈ N and α, β ∈ NN .

Although a(x,D)ϕ does not map S (RN ; C) into itself, we will show that
it maps S (RN ; C) into H∞(RN ; C) and that it has order 0. In order to do
so, we will use the following simple lemmas.

7.2.4 Lemma. If K : RN × RN −→ C is a measurable function with

A ≡

(
sup
ξ∈RN

∫
|K(ξ, η)| dη

)
∨

(
sup
η∈RN

∫
|K(ξ, η)| dξ

)
<∞,

and if Kϕ(ξ) =
∫
K(ξ, η)ϕ(η) dη for ϕ ∈ S (RN ; C), then ‖Kϕ‖0 ≤ A‖ϕ‖0

for all ϕ ∈ S (RN ; C). Hence, K has a unique extension as a bounded
operator on H0(RN ; C) into itself.
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Proof: By Schwarz’s inequality,

|Kϕ(ξ)| ≤
(∫
|K(ξ, η)| dη

) 1
2
(∫
|K(ξ, η)||ϕ(η)|2 dη

) 1
2

≤ A 1
2

(∫
|K(ξ, η)||ϕ(η)|2 dη

) 1
2

,

and ∥∥∥∥∥
(∫
|K( · , η)||ϕ(η)|2 dη

) 1
2

∥∥∥∥∥
2

0

=
∫∫
|K(ξ, η)||ϕ(η)|2 dξdη

=
∫
|ϕ(η)|2

(∫
|K(ξ, η)| dξ

)
dη ≤ A‖ϕ‖20. �

7.2.5 Lemma. For ξ, η ∈ RN and t ∈ R,(
1 + |ξ|2

1 + |η|2

)t
≤ 2|t|

(
1 + |η − ξ|2

)|t|
.

Proof: There is nothing to do when t = 0. Furthermore, by reversing the
roles of ξ and η, the case when t < 0 can be reduced to the case when t > 0.
Finally, to handle t > 0, use

1 + |ξ|2 ≤ 1 +
(
|ξ − η|+ |η|

)2 ≤ 1 + 2|ξ − η|2 + 2|η|2

≤ 2
(
1 + |ξ − η|2 + |η|2

)
≤ 2
(
1 + |ξ − η|2

)(
1 + |η|2

)
. �

7.2.6 Theorem. If a : RN ×
◦

RN −→ C is a measurable function and
a(x, ξ) = a(∞, ξ) + a′(x, ξ), where sup

ξ∈
◦

RN
(1 + |ξ|2)−

σ
2 |a(∞, ξ)| < ∞ for

some σ ∈ R and, for each ξ, x a′(x, ξ) is a smooth function which satisfies

sup
ξ∈
◦

RN

(1 + |ξ|2)−
σ
2

∑
‖α‖≤m

‖∂αx a′( · , ξ)‖L1(RN ;C) <∞

for all m ∈ N, then a(x,D) maps S (RN ; C) into H∞(RN ; C) and has order
σ. In particular, if a(x,D) is a symbol of order 0, then a(x,D) is of order
0. Also, if a(∞, ξ) and, for all m ∈ N,

∑
‖α‖≤m |∂αx a( · , ξ)‖L1(RN ;C) are

bounded and rapidly decreasing in ξ, then a(x,D) has order −∞.

Proof: Let a be as in the first assertion. Then, by the same reasoning
that led to (7.2.2) and (7.2.3), the Fourier transform of a(x,D)ϕ equals

a(∞, ξ)ϕ̂(ξ) +
∫
ã(ξ − η, ξ)ϕ̂(η) dη,
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where ã(η, ξ) ≡ (2π)−N â′( · , ξ)
x
(η) satisfies

(*) sup
(η,ξ)∈RN×

◦
RN

(1 + |ξ|2)−
σ
2 (1 + |η|2)−m|ã(η, ξ)| <∞

for every m ∈ N. Hence

(2π)
N
2 ‖a(x,D)ϕ‖s =

∥∥(1 + |ξ|2)
s
2
(
a(x,D)ϕ

)∧∥∥
0

≤
∥∥(1 + |ξ|2)

s
2 a(∞, · )ϕ̂

∥∥
0

+
∥∥K(B−s−σϕ)∧∥∥

0
,

where K is the integral operator whose kernel is

K(ξ, η) =
(

1 + |ξ|2

1 + |η|2

) s+σ
2 (

1 + |ξ|2
)−σ2 ã(ξ − η, ξ).

Since a(∞, ξ) is bounded by a constant times (1 + |ξ|2)
σ
2 , the first term

requires no further comment. At the same time, by Lemma 7.2.5 and (*),
for each m ≥ 0 there is a Cm <∞ such that

|K(ξ, η)| ≤ Cm
(
1 + |ξ − η|2

)| s+σ2 |−m.

Thus, by choosing m > |s+σ|+N
2 and applying Lemma 7.2.4, we see that

there is an A < ∞ such that ‖K(B−s−σϕ)∧‖0 ≤ A‖(B−s−σϕ)∧‖0 =
(2π)

N
2 A‖ϕ‖s+σ. �

7.2.2. Homogeneous Pseudodifferential Operators: Thus far we
have not discussed the composition of operators of the form a(x,D). In
part this is because we like to think of a(x,D) as operators on S (RN ; C),
and, in general, with the definition we have given, a(x,D) will not always
take S (RN ; C) back into itself. Further, we have discussed operators only
of order 0. In this subsection we will modify our operators to produce
operators of all orders which map S (RN ; C) into itself.

Choose and fix a ζ ∈ C∞
(
RN ; [0, 1]

)
which vanishes on B

(
0, 1

2

)
and

equals 1 off of B
(
0, 3

4

)
, and, for σ ∈ R, set ζσ(ξ) = |ξ|σζ(ξ). Given a

symbol a of order 0, define the operator Pσa by

(7.2.7) Pσa = ζσ(D)a(x,D).

It is important to notice that if η is a second function of the same sort,
then, because ζσ(ξ) − ησ(ξ) vanishes off of B(0, 1), Pσa − ησ(D)a(x,D)
maps S (RN ; C) into H∞(RN ; C) and has order −∞. In particular, as long
as one is interested in properties modulo order −∞, the particular choice
of ζ is irrelevant. Also, Theorem 7.2.6 shows that, for each s ∈ R,

‖Pσa ϕ‖s ≤ ‖a(x,D)φ‖s+σ ≤ Cs‖ϕ‖s+σ
for some Cs < ∞. Hence, Pσa takes S (RN ; C) into H∞(RN ; C) and has
order σ.

Given σ ∈ R and a symbol a of order 0, the operator Pσa is called the
homogeneous pseudodifferential operator of order σ with symbol a. The
great advantage of Pσa over |D|σa(x,D) is the content of the next theorem.
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7.2.8 Theorem. Given σ ∈ R and a symbol a of order 0, the operator
Pσa maps S (RN ; C) continuously into itself and has order σ.

Proof: All that we have to show is that Pσa maps S (RN ; C) continuously
into itself. That is, we must show that for each α ∈ NN and s ≥ 0 there is
a C <∞ and n ≥ 0 such that (cf. (7.1.1))

(*)
(∫

(1 + |ξ|2)s
∣∣DαP̂σa ϕ(ξ)

∣∣2 dξ) 1
2

≤ C‖ϕ‖(n).

For this purpose, use (7.2.2) to write

P̂σa ϕ(ξ) = ζσ(ξ)a(∞, ξ)ϕ̂(ξ) + ζσ(ξ)
∫
ã(ξ − η, ξ)ϕ̂(η) dη.

Thus DαP̂σa ϕ is a finite linear combination of terms of the form

I(ξ) =
(
Dα1

ζσ(ξ)
)(
bα2(∞, ξ)

)(
Dα3

ϕ̂(ξ)
)
,

where bβ(∞, ξ) = Dβ
ξ a(∞, ξ) and α1 + α2 + α3 = α, or

J(ξ) =
(
Dα1

ζσ(ξ)
)(∫

bα2,α3(ξ − η, ξ)Dα4
ϕ̂(η) dη

)
,

where bβ,γ(η, ξ) = Dβ
η∂

γ
ξ ã and α1 + α2 + α3 + α4 = α. Set aβ(∞, ξ) =

|ξ|‖β‖bβ(∞, ξ) and a′β,γ(x, ξ) = (−x)β |ξ|‖γ‖Dγ
ξ a
′(x, ξ). The key obser-

vation is that, because a(∞, · ) and a′(x, · ) are homogeneous of order
0, aβ(∞, ξ) and a′β,γ(x, ξ) are both symbols of order 0. In addition, if
fβ,γ(ξ) = |ξ|−‖γ‖Dβζσ(ξ) and ϕβ(x) = (−x)βϕ(x), then I and J are the
Fourier transforms of, respectively,

fα1,α2(D)aα2(∞, D)ϕα3 and fα1,α3(D)a′α2,α3(x,D)ϕα4 .

Hence, since fβ,γ(D) : S (RN ; C) −→ H∞(RN ; C) has order σ − ‖γ‖ ≤ σ
and aα2(∞, D) has order 0,(

1
(2π)N

∫
(1 + |ξ|2)s|I(ξ)|2 dξ

) 1
2

=
∥∥fα1,α2(D)aα2(∞, D)ϕα3

∥∥
s
,

which is dominated by a constant times ‖ϕα3‖s+σ. Similarly,(∫
(1 + |ξ|2)s|J(ξ)|2 dξ

) 1
2

≤ C‖ϕα4‖s+σ.

Thus, we have now proved that (*) holds for some C < ∞ when n ≥
σ + ‖α‖. �
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Remark 7.2.9. Although it will not play a role in our applications, at
some point one should ask why an operator like Pσa should have acquired
the name “pseudodifferential.” A primary reason is that Pσa is quasilocal.
That is, if ϕ vanishes in an open neighborhood of a point x, then Pσϕ(x) can
be bounded in terms of ‖ϕ‖0. In fact, for all s ∈ R and α ∈ NN , ∂αPσa ϕ
at x can be bounded in terms of ‖ϕ‖s. Thus, if one uses the Schwartz
kernel representation of Pσa , then the kernel will be smooth away from the
diagonal.

To prove quasilocality, we will show that for each r > 0, α ∈ NN , and
s ∈ R, there is a constant A(r, α, s) < ∞, depending only on σ and a in
addition to r, α, and s, such that

(*)
∣∣∂αPσa ϕ(x)

∣∣ ≤ A(r, α, s)‖ϕ‖s if ϕ = 0 on B(x, r).

For this purpose, first use (7.2.2) to write (2π)N∂αPσa ϕ(x) as∫
ex(−ξ)b(ξ)ϕ̂(ξ) dξ +

∫∫
ex(−ξ)c(ξ − η, ξ)ϕ̂(η) dξdη,

where ex(ξ) ≡ e
√
−1(x,,ξ)RN , b(ξ) = ζσ(ξ)(−

√
−1ξ)αa(∞, ξ), and c̃(η, ξ) =

ζσ(ξ)(−
√
−1ξ)αã(η, ξ). Given a ϕ ∈ S (RN ; C) which vanishes in B(0, r),

define ϕn(y) = (−|y|2)−nϕ(y) for n > N
2 . Because ϕ = 0 in B(0, r), we

can write ϕn = ψnϕ where ψn ∈ C∞b (RN ; R) and ψn(y) = (−1)n|y|−2n

for |y| ≥ r. Hence ϕn ∈ S (RN ; C) and, by Theorem 7.2.6 applied to the
symbol ψn(x), we know that, for each s, there is a C(n, r, s) <∞ such that
‖ϕn‖s ≤ C(n, r, s)‖ϕ‖s. In addition, ∆nϕ̂n = ϕ̂.

Now, let x be given, suppose that ϕ ∈ S (RN ; C) vanishes on B(x, r),
and set ϕx,n = (τxϕ)n, where τx : S (RN ; C) −→ S (RN ; C) is defined so
that τxϕ(y) = ϕ(x+ y). Then ‖ϕx,n‖s ≤ C(n, r, s)‖τxϕ‖s = C(n, r, s)‖ϕ‖s
and ∆nϕ̂x,n(ξ) = τ̂xϕ(ξ) = ex(−ξ)ϕ̂(ξ). Thus, we can now write∫

ex(−ξ)b(ξ)ϕ̂(ξ) dξ =
∫
b(ξ)∆nϕ̂x,n(ξ) dξ =

∫
∆nb(ξ)ϕ̂x,n(ξ) dξ.

In addition, because a(∞, ξ) is homogeneous of order 0, it is easy to check
that there exists a K(n, σ, α) <∞ such that

|∆nb(ξ)| ≤ K(n, σ, α)(1 + |ξ|2)
σ+‖α‖

2 −n,

which means that, for any s ∈ R,∣∣∣∣∫ ex(−ξ)b(ξ)ϕ̂(ξ) dξ
∣∣∣∣ ≤ K(n, σ, α)

∫
(1 + |ξ|2)

σ+‖α‖
2 −n∣∣ϕ̂x,n(ξ)

∣∣ dξ
≤
(∫

(1 + |ξ|2)σ+‖α|−s−2n dξ

) 1
2

(2π)
N
2 ‖ϕx,n‖s.



178 7 Subelliptic Estimates & Hörmander’s Theorem

By taking n > N
2 ∨

(
σ+‖α‖−s

2 + N
4

)
and combining this with ‖ϕx,n‖σ ≤

C(n, r, s)‖ϕ‖s, we get the desired sort of estimate on this term.
The reasoning for the second term is similar. By making a change of

coordinates, one sees that∫∫
ex(−ξ)c̃(ξ − η, ξ)ϕ̂(η) dξdη =

∫∫
ex(−ξ − η)c̃(ξ, ξ + η)ϕ̂(η) dξdη

=
∫∫

ex(−ξ)c̃(ξ, ξ + η)τ̂xϕ(η) dξdη.

Again, replace τ̂xϕ by ∆nϕ̂x,n, use integration by parts in η to move ∆n to c̃,
and apply (7.2.3) to see that, for each m ∈ N, there is a K(m,n, σ, α) <∞
such that the preceding is dominated by K(m,n, σ, α) times

(2π)−
N
2

∫∫
(1 + |ξ|2)−m(1 + |ξ + η|2)

σ+‖α|
2 −n∣∣ϕ̂x,n∣∣ dξdη

≤ ‖ϕx,n‖s
∫

(1 + |ξ|2)−m
(∫

(1 + |ξ + η|2)σ+‖α‖−2n(1 + |η|2)−s dη
) 1

2

dξ.

Thus, all that remains is to show that the iterated integral on the right is
finite when m and n are sufficiently large. When s ≥ 0, this is obvious.
When s ≤ 0, apply Lemma 7.2.5 to dominate it by

2−
s
2

∫
(1 + |ξ|2)m−

s
2

(∫
(1 + |ξ + η|2)σ+‖α‖−s−2n dη

) 1
2

dξ.

An important property revealed by the preceding line of reasoning is
the role played by the homogeneity of a(x, ξ) in ξ. In particular, it is
homogeneity which allows us to say that differentiation of a with respect
to ξ increasing the rate at which a decays as |ξ| → ∞.

7.2.3. Composition of Pseudodifferential Operators: Theorem 7.2.8
makes it comfortable to compose homogeneous pseudodifferential operators.
Furthermore, given symbols a and b of order 0 and σ, τ ∈ R, it is clear that
Pσa ◦ P τb maps S (RN ; C) into itself and has order σ + τ . In fact, one can
hope that Pσa ◦P τb is closely related to Pσ+τ

ab , and the goal of this section is
to prove that it is. In this direction, we will prove the following theorem.

7.2.10 Theorem. Let a and b be symbols of order 0. Given σ, τ ∈ R,
set aσ(x, ξ) = |ξ|σa(x, ξ) and bτ (x, ξ) = |ξ|τ b(x, ξ), and define

cσ,τm (x, ξ) = (−1)m|ξ|m−σ−τ
∑
‖α‖=m

(
Dα
xa

σ(x, ξ)
)(
∂αξ b

τ (x, ξ)
)

α!

for m ∈ N. Then cσ,τm is a symbol of order 0 for each m ∈ N. Moreover, for
each n ≥ 1, the difference

Pσa ◦ P τb −
n−1∑
m=0

Pσ+τ−m
cσ,τm
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maps S (RN ; C) into itself and has order σ + τ − n. In particular, the
commutator [Pσa , P

τ
b ] of Pσa and P τb has order σ + τ − 1.

It is an easy matter to check that the cσ,τm ’s are symbols of order 0.
In addition, since cσ,τ0 (x, ξ) = a(x, ξ)b(x, ξ), it will follow from the first
assertion that Pσa ◦ P τb − P

σ+τ
ab and P τb ◦ Pσa − P

σ+τ
ab have order σ + τ − 1

and therefore that [Pσa , P
τ
b ] also has order σ+ τ − 1. Thus, the only part of

Theorem 7.2.10 which requires comment is the assertion about the order of
the difference, and the first step is to observe that, because

(
I−ζ(D)

)
Pσ+τ
cσ,τ0

has order −∞, it suffices to prove the result when Pσ+τ
cσ,τ0

is replaced by

ζ(D)Pσ+τ
cσ,τ0

. Next, set f(x, ξ) = ζσ(ξ)a(x, ξ), g(x, ξ) = ζτ (ξ)b(s, ξ), and
decompose f(x, ξ) and g(x, ξ) into f(∞, ξ) + f ′(x, ξ) and g(∞, ξ) + g′(x, ξ),
corresponding to the decompositions of a and b. Then the Fourier transform
of Pσa ◦ P τb ϕ equals

f(∞, ξ)g(∞, ξ)ϕ̂(ξ) + f(∞, ξ)
∫
g̃(ξ − η, ξ)ϕ̂(η) dη

+
∫
f̃(ξ − η, ξ)g(∞, η)ϕ̂(η) dη +

∫ (∫
f̃(ξ − η, ξ)g̃(µ− η, µ) dµ

)
ϕ̂(µ)dη

and that of ζ(D)Pσ+τ
cσ,τ0

ϕ equals

f(∞, ξ)g(∞, ξ)ϕ̂(ξ) + f(∞, ξ)
∫
g̃(ξ − η, ξ)ϕ̂(η) dη

+
∫
f̃(ξ − η, ξ)g(∞, ξ)ϕ̂(η) dη +

∫ (∫
f̃(ξ − µ, ξ)g̃(µ− η, ξ) dµ

)
ϕ̂(µ)dη,

where f̃ and g̃ are defined from f ′ and g′ in the same way as ã was defined
from a′ in (7.2.2). Hence, the Fourier transform of

(
Pσa ◦P τb −ζ(D)Pσ+τ

cσ,τ0

)
ϕ

equals the sum of∫
f̃(ξ − η, ξ)

(
g(∞, η)− g(∞, ξ)

)
ϕ̂(η) dη

and ∫ (∫
f̃(ξ − µ, ξ)

(
g̃(µ− η, µ)− g̃(µ− η, ξ)

)
dµ

)
ϕ̂(η) dη.

Next expand g(∞, · ) and g̃(µ− η, · ) in Taylor’s series to obtain

f̃(ξ − η, ξ)
(
g(∞, η)− g(∞, ξ)

)
=

∑
1≤‖α‖≤n−1

(η − ξ)α

α!
f̃(ξ − η, ξ)∂αξ g(∞, ξ) + f̃(ξ − η, ξ)Rn(ξ, η)

=
∑

1≤‖α‖≤n−1

(−1)‖α‖

α!
D̃α
xf(ξ − η, ξ)∂αξ g(∞, ξ) + f̃(ξ − η, ξ)Rn(ξ, η)
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and, similarly,∫
f̃(ξ − µ, ξ)

(
g̃(µ− η, µ)− g̃(µ− η, ξ)

)
dµ

=
∑

1≤‖α‖≤n−1

(−1)‖α‖

α!

∫
D̃α
xf(ξ − µ, ξ)∂̃αξ g(µ− η, ξ) dµ

+
∫
f̃(ξ − µ, ξ)R̃n(µ− η; ξ, η) dµ.

Because ∫
D̃α
xf(ξ − η, ξ)∂αξ g(∞, ξ)ϕ̂(η) dη

+
∫ (∫

D̃α
xf(ξ − µ, ξ)∂̃αξ g(µ− ξ, ξ) dµ

)
ϕ̂(η) dη

is the Fourier transform of (Dα
xf∂

α
ξ g)(x,D)ϕ, we now see that(

Pσa ◦P τb − ζ(D)Pσ+τ
cσ,τ0

)
ϕ

=
∑

1≤‖α‖≤n−1

(−1)‖α‖

α!
(Dα

xf∂
α
ξ g)(x,D)ϕ+ Enϕ+ Ẽnϕ,

where
Ênϕ(ξ) =

∫
f̃(ξ − η, ξ)Rn(ξ, η)ϕ̂(η) dη

and ̂̃Enϕ(ξ) =
∫ (∫

f̃(ξ − µ, ξ)R̃n(µ− η; ξ, η) dµ
)
ϕ̂(η) dη.

The next step is to notice that because, for each α,

(Dα
xf∂

α
ξ g)(x, ξ)− ζσ+τ−‖α‖(ξ)Dα

xa
σ(x, ξ)∂αξ b

τ (x, ξ)

vanishes when |ξ| > 1, the last part of Theorem 7.2.6 says that the difference∑
1≤‖α‖≤n−1

(−1)‖α‖

α!
(Dα

xf∂
α
ξ g)(x,D)−

n−1∑
m=1

Pσ+τ−m
cσ,τm

is an operator of order −∞. Hence, what remains is to prove that the
operators En and Ẽn are of order σ + τ − n. Equivalently, for each s ∈ R,
we must show that the operators K and K̃ whose kernels are

K(ξ, η) =
(1 + |ξ|2)

s
2

(1 + |η|2)
s+σ+τ−n

2

f̃(ξ − η, ξ)Rn(ξ, η)

and

K̃(ξ, η) =
(1 + |ξ|2)

s
2

(1 + |η|2)
s+σ+τ−n

2

∫
f̃(ξ − µ, ξ)R̃n(µ− η; ξ, η) dµ

are bounded on L2(RN ; C) into itself. In order to check these, we want to
apply Lemma 7.2.4, and for this we will use the following.
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7.2.11 Lemma. Let h :
◦

RN −→ C be a smooth function which is homo-
geneous of degree λ, and define f = ζh. Then, for each n ≥ 1, there exists
a C < ∞, which depends only on n, λ, and max‖α‖≤n supξ∈SN−1 |∂αh(ξ)|,
such that

rn(ξ, η) ≡

∣∣∣∣∣∣f(η)− f(ξ)−
∑

‖α‖≤n−1

(η − ξ)α

α!
∂αf(ξ)

∣∣∣∣∣∣
≤ C|η − ξ|n

(
(1 + |ξ|2)

λ−n
2 + (1 + |η|2)

λ−n
2

)
.

Proof: We work by cases. Throughout, C will denote a finite constant
with the asserted dependence, but it can change from expression to expres-
sion.

(1) |ξ| ∨ |η| ≤ 3: In this case, simply use the fact that f is smooth and
the standard remainder estimate in Taylor’s theorem.

(2) |ξ| ≤ 2 & |η| ≥ 3 or |η| ≤ 2 & |ξ| ≥ 3: By symmetry, it suffices to
treat the first of these, in which case 1 ≤ 1

3 |η| ≤ |η− ξ| ≤
5
3 |η|, 1 + |ξ|2 ≤ 5,

and f(η) = h(η). Thus,

rn(ξ, η) ≤ |h(η)|+
∑

‖α‖≤n−1

|η − ξ|‖α‖

α!
|∂αf(ξ)|

≤ C

|η|λ +
∑

‖α‖≤n−1

(
5|η|
3

)‖α‖ ≤ C(|η|λ + |η|n
)
.

At the same time,

|η − ξ|n
(

(1 + |ξ|2)
λ−n

2 + (1 + |η|2)
λ−n

2

)
≥ 1

3n5
|λ−n|

2

|η|n
(
1 + (1 + |η|2)

λ−n
2
)
≥ 1

3n5
|λ−n|

2

(
|η|n + |η|λ

)
.

(3) |η|∧|ξ| ≥ 2 & (ξ, η)RN ≥ 0: In this case, |ξ+t(η−ξ)| ≥ 1 for t ∈ [0, 1]
and therefore the remainder term in Taylor’s Theorem is the sum of terms
of the form

(η − ξ)α

α!

∫ 1

0

(1− t)n−1∂αh
(
ξ + t(η − ξ)

)
dt,

where ‖α‖ = n. Note that
∣∣∂αh(ξ + t(η − ξ)

)∣∣ ≤ C|ξ + t(η − ξ)|λ−n. If
λ ≥ n, we have

|ξ + t(η − ξ)|λ−n ≤
(
|ξ| ∨ |η|

)λ−n ≤ (1 + |ξ|2)
λ−n

2 + (1 + |η|2)
λ−n

2 .
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If λ < n, we use

|ξ + t(η − ξ)|2 ≥ (1− t)2|ξ|2 + t2|η|2 ≥ |ξ|
2 ∧ |η|2

4

to see that

|ξ + t(η − ξ)|λ−n ≤ 2n−λ
(
|ξ| ∧ |η|

)λ−n ≤ 2n−λ
(
|ξ|λ−n + |η|λ−n

)
.

Thus, since ρ ≥ 2 =⇒ ρ2

1+ρ2 ≥ 1
2 , we have

|ξ + t(η − ξ)|λ−n ≤ 4n−λ
(

(1 + |ξ|2)
λ−n

2 + (1 + |η|2)
λ−n

2

)
.

(4) |η| ∧ |ξ| ≥ 2 & (ξ, η)RN ≤ 0: In this case, |η − ξ|2 ≥ |η|2 + |ξ|2 ≥(
|ξ| ∨ |η|

)2, f(ξ) = h(ξ), and f(η) = h(η). Thus

rn(ξ, η) ≤ |h(η)|+
∑

‖α‖≤n−1

|η − ξ|‖α‖

α!
|∂αh(ξ)|

≤ C

(
|η|λ +

n−1∑
m=0

|ξ|λ−m|η − ξ|m
)

= C

[
|η|λ +

n−1∑
m=0

(
|ξ|
|η − ξ|

)n−m
|ξ|λ−n|η − ξ|n

]
≤ C

(
|η|λ + |ξ|λ−n|η − ξ|n

)
.

At the same time, since |ξ| ∧ |η| ≥ 2,

|η − ξ|n
(

(1 + |ξ|2)
λ−n

2 + (1 + |η|2)
λ−n

2

)
≥ |η − ξ|n(1 + |ξ|2)

λ−n
2 + |η|n(1 + |η|2)

λ−n
2

≥ 2−
|λ−n|

2
(
|ξ|λ−n|η − ξ|n + |η|λ

)
. �

Return to the consideration of the kernels K(ξ, η) and K̃(ξ, η). By com-
bining (7.2.3) with Lemma 7.2.11 and the fact that ζσ(ξ) ≤ 2|σ|(1 + |ξ|2)

σ
2 ,

one sees that, for each m ∈ N, there is a Cm <∞ such that

|f̃(ξ − η, ξ)Rn(ξ, η)| ≤ Cm(1 + |ξ|2)
σ
2 (1 + |η − ξ|2)−m|ξ − η|n

×
(

(1 + |ξ|2)
τ−n

2 + (1 + |η|2)
τ−n

2

)
.

Hence, if χ ≡ s+ σ + τ − n, then, by Lemma 7.2.5, |K(ξ, η)| is dominated
by

Cm

(
1 + |ξ|2

1 + |η|2

)χ
2

(1 + |η − ξ|2)
n
2−m ≤ 2

|χ|
2 Cm

(
1 + |η − ξ|2

) |χ|+n
2 −m
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plus

Cm

(
1 + |ξ|2

1 + |η|2

) s+σ
2 (

1 + |η − ξ|2
)n

2−m ≤ 2
|s+σ|

2 Cm
(
1 + |η − ξ|2

) |s+σ|+n
2 −m

.

Thus, when m is sufficiently large, Lemma 7.2.4 applies to K.
The proof that K̃ is bounded is similar. Proceeding as above, one sees

that, for m ∈ N, |K̃(ξ, η)| is dominated by a constant times

(1 + |ξ|2)
s+σ

2

(1 + |η|2)
χ
2
|ξ − η|n

(
1 + |ξ|2

) τ−n
2

∫ (
1 + |ξ − µ|2

)−m(1 + |η − µ|2
)−m

dµ

plus

(1 + |ξ|2)
s+σ

2

(1 + |η|2)
χ
2
|ξ − η|n

(
1 + |η|2

) τ−n
2

∫ (
1 + |ξ − µ|2

)−m(1 + |η − µ|2
)−m

dµ.

Next note that either |µ− ξ| or |µ− η| must be at least |ξ−η|2 , and conclude
that, for m > N

2 ,∫ (
1 + |ξ − µ|2

)−m(1 + |η − µ|2
)−m

dµ ≤ Cm
(
1 + |ξ − η|2

)−m
.

Combining this with the preceding, one finds that |K̃(ξ, η)| is dominated
by a constant times[

(1 + |ξ|2)
χ
2

(1 + |η|2)
χ
2

+
(1 + |ξ|2)

s+σ
2

(1 + |η|2)
s+σ

2

](
1 + |ξ − η|2

)n
2−m,

and so, by Lemma 7.2.5,

|K̃(ξ, η)| ≤ Cm
[(

1 + |ξ − η|2
)χ+n

2 −m +
(
1 + |ξ − η|2

) s+σ+n
2 −m

.

Thus, by taking m sufficiently large, we see that Lemma 7.2.4 applies and
says that K̃ is bounded on L2(RN ; C).
7.2.4. General Pseudodifferential Operators: The result in Theorem
7.2.10 makes it clear that the composition of Pσa with P τb will seldom be
a homogeneous pseudodifferential operator. Nonetheless, that same the-
orem shows that Pσa ◦ P τb will, in the sense of order, be arbitrarily well
approximated by the sum of homogeneous pseudodifferential operators of
decreasing order. With this in mind, we introduce the class P of operators
P : S (RN ; C) −→ S (RN ; C) with the property that there exists a strictly
decreasing sequence {σm : m ∈ N} ⊆ R and a sequence {am : m ∈ N} of
symbols of order 0 such that σm ↘ −∞ and

(7.2.12) P −
n∑

m=0

Pσmam has order σn+1 for each n ∈ N.
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An element P ∈P is called a pseudodifferential operator. Given σm ↘ −∞
and a sequence {am : m ∈ N} of symbols of order 0, we will write P ∼∑∞
m=0 P

σm
am if (7.2.12) holds, in which case we will say that

∑∞
m=0 P

σm
am is

an asymptotic series for P .
It is should be obvious that P is a vector space over C. In addition, it

follows from Theorem 7.2.10 that it is closed under composition. Thus it
forms an algebra over C when composition plays the role of multiplication.

There are a great many non-trivial bookkeeping matters which ought to
be addressed at this point. The most important of these deal with the
relationship between a pseudodifferential and its asymptotic series. For
instance, it is clear that two pseudodifferential operators admit the same
asymptotic series if and only if they differ by an operator of order −∞,
and for this reason it is often useful to replace each element P ∈P by the
equivalence class of operators which differ from P by an operator of order
−∞. On the other hand, it is not immediately clear that a pseudodiffer-
ential operator admits only one asymptotic series or that each asymptotic
series has an operator for which it is the asymptotic series. Both these
are true, but their proofs require some work, and so it is fortunate that,
for the applications that we will be making, neither of them is necessary.
Thus, instead of proving them, we will simply give a couple of important
examples of pseudodifferential operators which are not homogeneous.
Partial Differential Operators: Suppose that L =

∑
‖α‖≤m cαD

α is
a partial differential operator. If each of the coefficients cα can be de-
composed into the sum of a constant plus an element of S (RN ; C), then
L is a pseudodifferential operator. To see this, first note that Lϕ =∑
‖α‖≤mD

α(c′αϕ), where the coefficients {c′α : ‖α‖ ≤ m} are linear com-
binations of the cα’s and their derivatives. Thus, it suffices to check that
if c(x) = c(∞) + c′(x), where c(∞) ∈ C and c′ ∈ S (RN ; C), then the op-
erator P given by Pϕ = Dα(cϕ) is a pseudodifferential operator for each
α ∈ NN . But if a(x, ξ) = |ξ|−‖α‖c(x)ξα, then P = |D|‖α‖a(x,D) and so P
equals P ‖α‖a plus

(
1− ζ(D)

)
|D|‖α‖a(x,D), which, by Theorem 7.2.6, is an

operator of order −∞. Notice that, in this case, the asymptotic series is
finite.
Bessel Operators: The Bessel operators Bs = (I − ∆)−

s
2 , s ∈ R, are

pseudodifferential operators. Indeed, by Theorem 7.2.6, Bs − ζ(D)Bs has
order −∞. Moreover,

(1 + |ξ|2)−
s
2 = |ξ|−s

n∑
m=0

(
− s2
m

)
|ξ|−2m + |ξ|−s−2(n+1)Rn(s, ξ),

where Rn(s, ξ) is bounded for n > − s2 . Thus,

Bs ∼
∞∑
m=0

(
− s2
m

)
ζ−

s
2−2m(D).
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7.3 Hypoellipticity Revisited

In this section we will use the theory in § 7.2 to give a far-reaching gener-
alization of the result proved in § 3.4.1. Namely, given a differential operator

(7.3.1) L =
∑
‖α‖≤m

cαD
α,

with m ≥ 1 and smooth, complex valued coefficients, we will say that L is
elliptic on an open set W ⊆ RN if the function

(x, ξ) ∈W × SN−1 7−→
∑
‖α‖=m

cα(x)ξα

never vanishes, and we will show that ellipticity on W implies hypoelliptic-
ity on W .

Obviously, if an L given by (1.1.8) has smooth, real valued coefficients and
if the matrix a(x) is symmetric and strictly positive definite for each x ∈W ,
then L is elliptic on W . On the other hand, the associated heat operator
L+ ∂t is not elliptic on R×W . Thus, although the result here generalizes
the one in § 3.4.1, it does not cover the one in § 3.4.2. Nonetheless, it covers
situations which the results in § 3.4 cannot touch. For example, although
it contains only first order derivatives, the Cauchy–Riemann operator ∂x−√
−1 ∂y is elliptic.

7.3.1. Elliptic Estimates: In this subsection we will prove the following
elliptic estimate.

7.3.2 Theorem. Suppose that L is given by (7.3.1) and that L is elliptic
on W , and let ψ1, ψ2 ∈ C∞c

(
W ; [0, 1]

)
with ψ2 = 1 on a open neighborhood

of supp(ψ1). If u is a distribution for which ψ2u and ψ2Lu are both in
Hs(RN ; C) for some s ∈ R, then ψ1u ∈ Hs+m(RN ; C). In fact, there exists
a Cs <∞ such that

‖ψ1u‖s+m ≤ Cs
(
‖ψ2Lu‖s + ‖ψ2u‖s

)
.

In particular, if each cα can be written as a constant plus an element of
S (RN ; C), then L has true order m.

First observe that, given the earlier assertions, the final assertion is more
or less obvious. Indeed, under the stated condition on the cα’s, the opera-
tion cαD

α has order ‖α‖, and so L has order m. On the other hand, if L
had order σ for some σ < m, then we would have

‖ψ1u‖m ≤ C0

(
‖ψ2Lu‖0 + ‖ψ2u‖0

)
≤ C‖ψ2u‖σ+ , u ∈ L2(RN ; C),

which is impossible.
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Turning to the first part of the theorem, we begin with the observation
that is suffices to show that

(*)
ψ2u, ψ2Lu ∈ Hs(RN ; C) =⇒ ψ1u ∈ Hs+1(RN ; C) and

‖ψ1u‖s+1 ≤ As(ψ1, ψ2)
(
‖ψ2Lu‖s+1−m + ‖ψ2u‖s

)
,

for some As(ψ1, ψ2) < ∞. Indeed, assume that (*) holds, and suppose
ψ2u, ψ2Lu ∈ Hs(RN ; C). We will use induction on 1 ≤ ` ≤ m to show
that, for each s ∈ R,

(**) ‖ψ1u‖s+` ≤ B`(ψ1, ψ2)
(
‖ψ2Lu‖s+`−m + ‖ψ2u‖s

)
.

There is nothing to do when ` = 1. Thus, assume (**) holds for some
1 ≤ ` < m, and choose ψ ∈ C∞

(
W ; [0, 1]

)
so that ψ2 = 1 on an open

neighborhood of supp(ψ) and ψ = 1 on an open neighborhood of supp(ψ1).
Then

‖ψ1u‖s+`+1 ≤ As+`(ψ1, ψ)
(
‖ψLu‖s+`+1−m + ‖ψu‖s+`

)
,

‖ψu‖s+` ≤ B`(ψ,ψ2)
(
‖ψ2Lu‖s+`−m + ‖ψ2u‖s

)
,

and so ‖ψ1u‖s+`+1 is dominated by

As+`+1

(
ψ1, ψ)

(
‖ψLu‖s+`+1−m +B`(ψ,ψ2)

(
‖ψ2Lu‖s+`−m + ‖ψ2u‖s

))
≤ B`+1(ψ1, ψ2)

(
‖ψ2Lu‖s+`+1−m‖ψ2u‖s

)
for some B`+1(ψ1, ψ2) <∞.

To prove (*), choose a symbol a(x, ξ) of order 0 with the properties that
|a(x, ξ)| ≥ ε > 0 for some ε > 0 and all (x, ξ) ∈ RN × SN−1,

a(x, ξ) = |ξ|−m
∑
‖α‖=m

cα(x)ξα

for x in a bounded, open neighborhood of supp(ψ2), and a(x, ξ) = 1 for x
outside of a bounded set. Now set u1 = ψ1u, u2 = ψ2u, and f = ψ1Lu, and
assume that u2, f ∈ Hs(RN ; C). Then, since L is local, Lu1 = f + L′u2,
where L′ = [L,ψ1] is the commutator of L and multiplication by ψ1. By
either direct computation or Theorem 7.2.10, we know that L′ has order
m− 1. At the same time, since L> = |D|ma(x,D) +

∑
‖α‖≤m−1D

αcα, for
a given ϕ ∈ S (RN ; C), we have

〈ϕ,Lu1〉 = 〈ψ2L
>ϕ, u1〉

= 〈|D|ma(x,D)ϕ, u1〉+

〈 ∑
‖α‖≤m−1

Dαψ2cαϕ, u1

〉
= 〈Pma ϕ, u1〉+ 〈Kϕ, u2〉,
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where (remember that |D|ma(x,D)−Pma has order −∞) K : S (RN ; C) −→
H∞(RN ; C) has order m − 1. After combining this with Lu1 = f + L′u2,
we see that

〈Pma ϕ, u1〉 = 〈ϕ, f〉+ 〈K ′ϕ, u2〉,

where K ′ : S (RN ; C) −→ H∞(RN ; C) again has order m − 1. Now set
b(x, ξ) = 1

a(x,ξ) , and note that b is also a symbol of order 0. In addition,
by Theorem 7.2.10, H ≡ Pma ◦ P−mb − I maps S (RN ; C) into itself and
has order −1. Hence, after replacing ϕ by P−mb ϕ in the proceeding, we
conclude that

〈ϕ, u1〉 = 〈P−mb ϕ, f〉+ 〈H ′ϕ, u2〉,

where H ′ maps S (RN ; C) into H∞(RN ; C) and has order −1. In particular,
because∣∣〈P−mb ϕ, f〉

∣∣ ≤ ‖P−mb ϕ‖−s−1+m‖f‖s+1−m ≤ C‖f‖s+1−m‖ϕ‖−s−1

while ∣∣〈H ′ϕ, u2〉
∣∣ ≤ ‖H ′ϕ‖−s‖u2‖s ≤ C‖u2‖s‖ϕ‖−s−1,

this means that there exists an As(ψ1, ψ2) such that∣∣〈ϕ, u1〉| ≤ As(ψ1, ψ2)
(
‖f‖s+1−m + ‖u2‖s

)
‖ϕ‖−s−1,

from which (*) follows immediately.
7.3.2. Hypoellipticity: Given Theorem 7.3.2, the following theorem is
more or less obvious.

7.3.3 Theorem. Let L and W be as in Theorem 7.3.2. If u is a distri-
bution and Lu ∈ C∞(W ; C), then u ∈ C∞(W ; C).

Proof: Given an open U with Ū ⊂⊂ W , choose ψ1, ψ2 ∈ C∞
(
W ; [0, 1]

)
so that ψ1 = 1 on an open neighborhood of Ū and ψ2 = 1 on an open
neighborhood of supp(ψ1). Then ψ2u ∈ Hs(RN ; C) for some s ∈ R. Now
repeat the argument given to pass from (*) to (**) in the preceding sub-
section to show that ψ1u ∈ H∞(RN ; C). Finally, apply (7.1.2) to conclude
that ψ1u ∈ C∞c (RN ; C). �

7.4 Hörmander’s Theorem

As we saw in § 3.4.2, an operator need not be elliptic in order to be
hypoelliptic. Indeed, the result there says that if L is given by (1.1.8) with
smooth coefficients, and if the diffusion matrix a is strictly positive definite,
then the parabolic operator L+∂t will be hypoelliptic. Further, Kolmogorov
gave a beautiful example which shows that L+ ∂t can be hypoelliptic even
though L is not elliptic. Namely, he considered the operator L = 1

2∂
2
x1

+
x1∂x2 . This L is certainly not elliptic: The diffusion matrix is everywhere
of rank 1. Nonetheless, the associated heat equation ∂tu = Lu admits a
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smooth fundamental solution p(t, x, y). In fact, direct calculation can be
used to check that

p(t, x, y) =
√

3
πt2

exp
(
− 1

2

(
y −m(t, x), C(t)−1(y −m(t, x)

)
RN

)
,

where

m(t, x) =
(

x1

x2 + tx1

)
and C(t) =

(
t t2

2
t2

2
t3

3

)
.

In particular, proceeding as in § 3.4.2, one can use this p(t, x, y) to verify
that L+ ∂t is hypoelliptic.

A more enlightening way to see that p(t, x, y) is a fundamental solution
to ∂tu = Lu is to use the diffusion associated with L. That is, let t B(t)
be a standard R-valued Brownian motion, and set

X(t, x) =
(
X1(t, x)
X2(t, x)

)
= m(t, x) +

(
B(t)∫ t

0
B(τ) dτ

)
.

Then it is an easy matter to check that the distribution of X( · , x) solves
the martingale problem for L starting from x. Furthermore, for each t > 0,
X(t, x) is a Gaussian random variable with mean m(t, x) and covariance
C(t). Hence, the distribution of X(t, x) is the probability measure on R2

with density(
(2π)2detC(t)

)− 1
2 exp

(
−1

2
(
y −m(t, x), C(t)−1(y −m(t, x)

)
RN

)
,

which is another expression for p(t, x, y). The reason why the probabilistic
approach is more revealing is that it highlights the reason why, in spite of
the degeneracy of the diffusion matrix, the transition probability function
admits a density. Specifically, although the R2-valued path t X(t, x,B) is
built out of single R-valued Brownian motion, B(t) and

∫ t
0
B(τ) dτ are suf-

ficiently uncorrelated that their joint distribution admits a smooth density.
In this section we will prove a striking result, due to L. Hörmander, which

puts Kolmogorov’s example into context. To state Hörmander’s Theorem,
let {V0, . . . , VM} be a family of smooth (real) vector fields on RN , think of
the Vk’s as directional derivatives, and consider the operator

(7.4.1) L = V0 +
1
2

M∑
k=1

V 2
k ,

where V 2
k = Vk ◦Vk. Notice that this operator can be written in the form in

(1.1.8). Indeed, suppose that Vk =
∑N
i=1 σi,k∂xi , take σ to be the N ×M

matrix whose kth column is  σ1,k

...
σN,k

 ,
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and set bi = σi,0 + 1
2

∑M
k=0 Vkσi,k. Then an equivalent expression for L is

(1.1.8) with a = σσ> and b. Conversely, if L is given by (1.1.8) and σ is
a smooth N ×M square root of a, then L can be written in the form in
(7.4.1) when

(7.4.2) Vk =

{ ∑N
i=1 σi,k∂xi if 1 ≤ k ≤M∑N
i=1

(
bi − 1

2

∑M
k=1(Vkσi,k)

)
∂xi if k = 0.

In order to state Hörmander’s result, we need to introduce the notion
of the Lie algebra Lie

(
V0, . . . , VM

)
generated by {V0, . . . , VM}. Namely,

Lie
(
V0, . . . , VM

)
is the smallest vector space of smooth vector fields which

contains {V0, . . . , VM} and is closed under the Lie product given by the
commutator [V, V ′] = V ◦ V ′ − V ′ ◦ V . Equivalently, Lie

(
V0, . . . , VM

)
is

the vector space of vector fields spanned by the Vk’s together with their
multiple commutators [

Vk1 , [Vk2 , [· · · , Vkr ] · · ·
]
.

Finally, Liex
(
V0, . . . , Vk

)
is the subspace of the tangent space TxRN ob-

tained by evaluating the elements of Lie
(
V0, . . . , VM

)
at x. Of course, be-

cause RN is Euclidean, TxRN can be identified with RN , in which case
Liex

(
V0, . . . , VM

)
is identified with the column vectors whose components

are the coefficients of the elements of Liex
(
V0, . . . , VM

)
.

7.4.3 Theorem. (Hörmander) Suppose that L is given by (7.4.1), and
let c ∈ C∞(RN ; R). If W ⊆ RN is an open set on which Liex

(
V0, . . . , VM

)
=

TxRN for each x ∈W , then L+ c is hypoelliptic on W .

The condition Liex(V0, . . . , VM ) = TxM is called Hörmander’s condition.
It should be clear that Hörmander’s theorem covers both the results

about parabolic and elliptic operators in § 3.4 as well as Kolmogorov’s ex-
ample. Indeed, if L has the form in (1.1.8) with smooth coefficients, and if
a is non-degenerate, then (cf. Lemma 2.3.1) we can take σ = a

1
2 in the pre-

ceding discussion, in which case the coefficients of Vk, 1 ≤ k ≤ N , are the
kth column of σ, and therefore {V1, . . . , VN} already spans TxRN at each
x. Hence, Hörmander’s Theorem guarantees that L is hypoelliptic. To see
that L+∂t is also hypoelliptic, think of the Vk’s as vector fields on R×RN
with vanishing coefficient in the first coordinate, and consider the family
{V0 + ∂t, V1, . . . , VN}. Because, at each (t, x), {V0 + ∂t, V1, . . . , VN} spans
Tx(R × RN ), once again Hörmander’s theorem applies. Finally, to handle
Kolmogorov’s example, take V0 = x1∂x2 +∂t and V1 = ∂x1 on R×R2. Then
[V1, V0] = ∂x2 , and so {V0, V1, [V0, V1]} spans Tx(R×R2) at each point (t, x).

Our proof of Hörmander’s will follow the basic strategy used to prove
Theorem 7.3.3, although the details are quite different. The similarity is
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that we will prove it by developing an analog of the elliptic estimate in
Theorem 7.3.2. Specifically, we will show that there is a δ > 0 such that

(7.4.4) ‖ψ1u‖s+δ ≤ Cs
(
‖ψ2(L+ c)u‖s + ‖ψ2u‖s

)
.

In the case when L is elliptic on W (i.e., the vector fields {V1, . . . , VM}
span TxRN at each x ∈ W ), Theorem 7.3.2 says that we can take δ = 2.
However, the δ in (7.4.4) will, in general, be much smaller than 2 and will
depend on the number commutators required to achieve a spanning set.
Because δ is smaller than the one in the elliptic result, the estimate in
(7.4.4) is called a subelliptic estimate.

7.4.1. A Preliminary Reduction: In this subsection we will show that
(7.4.4) for s = 0 and ψ1 = ψ2 ≡ 1 implies (7.4.4) for all s ∈ R. It is
extremely important to keep in mind that, as distinguished from earlier
considerations in this chapter, everything here, functions, vector fields, and
distributions, is real valued. Also, we will be assuming that the coefficients
of the vector fields {V0, . . . , VM} as well as the function c are elements of
S (RN ; R).

We begin with what looks like a big step toward (7.4.4) with s = 0.
However, as we will see, it is really only a very small step.

7.4.5 Lemma. There is a C <∞ such that

M∑
k=1

‖Vkϕ‖20 ≤ −4
(
Lϕ,ϕ

)
0

+ C‖ϕ‖20, ϕ ∈ H2(RN ; R).

Proof: Clearly, it suffices to work with ϕ ∈ S (RN ; R).
For each k there is an ηk ∈ S (RN ; R) such that V ∗k = V >k = −Vk + ηk.

Thus,

‖Vkϕ‖20 =
(
V ∗k Vkϕ,ϕ

)
0

= −
(
V 2
k ϕ,ϕ

)
0

+
(
Vkϕ, ηkϕ

)
0

≤ −
(
V 2
k ϕ,ϕ

)
0

+ 1
2

(
‖Vkϕ‖20 + ‖ηkϕ‖20

)
,

and so

M∑
k=1

‖Vkϕ‖20 ≤ −4
(
Lϕ,ϕ

)
0

+
M∑
k=1

‖ηkϕ‖20 + 4
(
V0ϕ,ϕ

)
0
.

At the same time, because everything is R-valued,(
V0ϕ,ϕ

)
0

= −
(
V0ϕ,ϕ

)
0

+
(
η0ϕ,ϕ

)
0
,

and so (V0ϕ,ϕ)0 = 1
2 (η0ϕ,ϕ)0. �



7.4 Hörmander’s Theorem 191

7.4.6 Lemma. Let T : H−∞(RN ; R) −→ H∞(RN ; R) be an operator of
order −∞ and ψ ∈ C∞c (RN ; R). Then, for all R-valued distributions u,

M∑
k=1

‖VkTψu‖20 ≤ C
(
‖TψLu‖20 + ‖Tψu‖20

+
M∑
k=0

∥∥[Vk, Tψ]u
∥∥2

0
+

M∑
k=1

∥∥[Vk[Vk, Tψ]
]
u
∥∥2

0

)
,

where C <∞ can be taken independent of both T and ψ.

Proof: By Lemma 7.4.5,

M∑
k=1

‖VkTψu‖20 ≤ −4
(
LTψu, Tψu

)
0

+ C‖Tψu‖20.

Also,∣∣(LTψu, Tψu)
0

∣∣ ≤ ∣∣(TψLu, Tψu)
0

∣∣+
∣∣([L, Tψ]u, Tψu

)
0

∣∣
≤ 1

2

(
‖TψLu‖20 + ‖Tψu‖20

)
+
∣∣([L, Tψ]u, Tψu

)
0

∣∣.
Thus,

∑M
k=1 ‖VkTψu‖20 is dominated by 4|

(
[L, Tψ]u, Tψu

)
0

∣∣ plus terms of
the sort allowed in the desired estimate. To go further, note that

[V 2
k , Tψ] = Vk[Vk, Tψ] + [Vk, Tψ]Vk = 2Vk[Vk, Tψ]−

[
Vk, [Vk, Tψ]

]
,

and therefore

(7.4.7) [L, Tψ] =
M∑
k=1

Vk[Vk, Tψ]− 1
2

M∑
k=1

[
Vk, [Vk, Tψ]

]
+ [V0, Tψ].

Now the only remaining problem comes from
(
Vk[Vk, Tψ]u, Tψu

)
0
. But,

using the notation introduced in the proof of the preceding lemma, we have∣∣(Vk[Vk, Tψ]u, Tψu
)

0

∣∣ =
∣∣([Vk, Tψ]u, ηkTψu

)
0
−
(
[Vk, Tψ]u, VkTψu

)
0

∣∣
≤ 1

8‖VkTψu‖
2
0 + 5

2

∥∥[Vk, Tψ]u
∥∥2

0
+ 1

2‖ηkTψu‖
2
0.

Hence, we have shown that
∑M
k=1 ‖VkTψu‖20 is dominated by half itself plus

terms of the allowed sort. �

The next two lemmas deal with the commutator of a pseudodifferential
operator with a mollifier. Here, ρ ∈ C∞c (RN ; R), ρε(x) = ε−Nρ(ε−1x), and,
for m ∈ N, Rmρ,ε is the convolution operator given by Rmρ,εϕ = εmρε ? ϕ.



192 7 Subelliptic Estimates & Hörmander’s Theorem

7.4.8 Lemma. Given ρ ∈ C∞c (RN ; R) andm ∈ N, there is a Cm <∞ such
that supε∈(0,1] ‖Rρm,εu‖s ≤ Cm‖u‖s−m for all s ∈ R and u ∈ Hs−m(RN ; R).
Moreover, if c ∈ S (RN ; R), then [c,Rρm,ε] can be decomposed into the sum
Um(ρ,c),ε + V m(ρ,c),ε +Wm

(ρ,c),ε, where

Um(ρ,c),εϕ =
∑
‖α‖=1

Rm+1
xαρ,ε(∂

αc)ϕ,

V m(ρ,c),εϕ =
∑
‖α‖=2

1
α!
Rm+2
xαρ,ε(∂

αc)ϕ,

and, for each s ∈ R, there is a Cs <∞ such that

sup
ε∈(0,1]

‖Wm
(ρ,c),εu‖s ≤ Cs‖u‖s−m−3 for u ∈ Hs(RN ; R).

Finally, for each ε ∈ (0, 1], Um(ρ,c),ε, V
m
(ρ,c),ε, and Wm

(ρ,c),ε are of order −∞ on

H−∞(RN ; R) into H∞(RN ; R).

Proof: Clearly, it suffices to work with u = ϕ ∈ H∞(RN ; C). Also, for
each ε ∈ (0, 1], [c,Rmε ], Um(ρ,c),ε, and V m(ρ,c),ε are of order −∞ on H−∞(RN ; R)
into H∞(RN ; R), and therefore the same is true of Wm

(ρ,c),ε.

Because R̂mρ,εϕ(ξ) = εmρ̂(εξ)ϕ̂(ξ) and ρ̂ is rapidly decreasing,

‖Rmρ,εϕ‖2s =
ε2m

(2π)N

∫
(1 + |ξ|2)s|ρ̂(εξ)|2|ϕ̂(ξ)|2 dξ

≤ C2
m

(2π)N

∫
(1 + |ξ|2)s−m|ϕ̂(ξ)|2 dξ = C2

m‖ϕ‖2s−m,

where

Cm = sup
ε∈(0,1]

sup
ξ∈RN

(
ε2(1 + |ξ|2)

)m
2 |ρ̂(εξ)| ≤ sup

ξ∈RN
(1 + |ξ|2)

m
2 |ρ̂(ξ)| <∞.

Turning to the second part of the lemma, note that the Fourier transforms
of cRmρ,εϕ and Rmρ,ε(cϕ) are, respectively,

εm

(2π)N

∫
ĉ(ξ − η)ρ̂(εη)ϕ̂(η) dη

and
εm

(2π)N

∫
ĉ(ξ − η)ρ̂(εξ)ϕ̂(η) dη.
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Thus, the Fourier transform of [c,Rmρ,ε]ϕ equals (2π)−N times

εm
∫
ĉ(ξ − η)

(
ρ̂(εη)− ρ̂(εξ)

)
ϕ̂(η) dη

= εm
∑

1≤‖α‖≤2

ε‖α‖

α!

∫
(η − ξ)αĉ(ξ − η)(∂αρ̂)(εξ)ϕ̂(η) dη

+ εm+3
∑
‖α‖=3

1
α!

∫
Hα
ε (ξ, η)ϕ̂(η) dη,

where each Hα
ε (ξ, η) is a constant times

(*) (η − ξ)αĉ(ξ − η)(∂αρ)
(
εθα(ξ, η)

)
with θα(ξ, η) a point on the line segment connecting ξ to η. Because

(η − ξ)αĉ(ξ − η)(∂αρ̂)(ξ) = ∂̂αc(ξ − η)x̂αρ(εξ),

it is easy to identify the sums over {α : ‖α‖ = 1} and {α : ‖α‖ = 2} as
Um(ρ,c),ε and V m(ρ,c),ε, respectively. Hence, all that remains is to show that,
for each s ∈ R and α with ‖α‖ = 3, the operator with kernel

Kα
ε (ξ, η) = εm+3 (1 + |ξ|2)

s
2

(1 + |η|2)
s−m−3

2

Hα
ε (ξ, η)

is bounded on L2(RN ; C) independent of ε ∈ (0, 1]. But, because both ∂̂αc

and x̂αρ are rapidly decreasing, we know that, for each n ∈ N, there is a
Cn <∞ such that

|Kα
ε (ξ, η)| ≤ Cnεm+3 (1 + |ξ|2)

s
2

(1 + |η|2)
s−m−3

2

(1 + |ξ − η|2)−n−
s
2

(1 + ε2|ξ|2 ∧ |η|2)
m+3

2

≤ Cn2
|s|
2

(1 + |ξ − η|2)−n(1 + |η|2)
m+3

2

(1 + |ξ|2 ∧ |η|2)
m+3

2

≤ Cn2
|s|
2 (1 + |ξ − η|2)−n

[
1 +

(1 + |η|2)
m+3

2

(1 + |ξ|2)
m+3

2

]
≤ 2Cn2

|s|+m+3
2 +1(1 + |ξ − η|2)−n+m+3

2 ,

where we have made two applications of Lemma 7.2.5. Thus, by taking
n > m+3+N

2 , we see that Lemma 7.2.4 applies. �
To facilitate the notation in the following, we will use P ′ to denote

the class of pseudodifferential operators which admit an asymptotic series∑∞
m=0 P

σm
am with the property that {σm − σ0 : m ≥ 1} ⊆ Z+. Using Theo-

rems 7.2.10, check that P ′ is closed under composition and commutation.
We will use Pσ to denote a generic element of P ′ whose asymptotic

series begins with σ0 = σ and will use Rmε to denote a generic operator of
the form Rmρ,ε.

Finally, ∂ will be used to denote any of the operators ∂α with ‖α‖ = 1.
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7.4.9 Lemma. Let c and ψ be elements of C∞c (RN ; R), and use ψ′

to denote a generic element of C∞c (RN ; R) whose support is contained in
supp(ψ). Then the operator [c∂, P σRmε ψ] can be written as a finite, linear
combination of operators of the form PσRmε ψ

′ and PσRm+1
ε ψ′ plus an

operator Eσ−m−2
ε ψ′, where Eσ−m−2

ε : H−∞(RN ; R) −→ H∞(RN ; R) has
order −∞ for each ε ∈ (0, 1], and, for each s ∈ R, admits a Cs < ∞ such
that

sup
ε∈(0,1]

‖Eσ−m−2
ε u‖s ≤ Cs‖u‖s+σ−m−2, u ∈ Hs+σ−m−2(RN ; R).

Proof: In the calculations which follow, a “
√

” will be placed after terms
which are either of the form PσRmε ψ

′ or PσRm+1
ε ψ′.

Using [∂,Rmε ] = 0 and applying the last part of Theorem 7.2.10 where
necessary, one can check that

[c∂, P σRmε ψ] = c∂PσRmε ψ − PσRmε ψc∂
= c∂PσRmε ψ − PσRmε ∂cψ + PσRmε

(
∂(cψ)

)√
,

c∂P σRmε ψ − PσRmε ∂cψ = Pσc∂Rmε ψ − Pσ∂Rmε cψ + [c∂, P σ]Rmε ψ
√
,

and

Pσc∂Rmε ψ − Pσ∂Rmε cψ = Pσc∂Rmε ψ − Pσ∂cRmε ψ + Pσ∂[c,Rmε ]ψ

= −Pσ
(
∂c
)
Rmε ψ

√
+ Pσ∂[c,Rmε ]ψ.

Finally, by Lemma 7.4.8, Pσ∂[c,Rmε ]ψ is a finite sum of terms of the form
Pσ∂Rm+1

ε cψ and Pσ∂Rm+2
ε cψ plus a term Pσ∂Wm

ε ψ, where Wm
ε satisfies

the estimate at the end of that lemma. Since ∂Rm+1
ε and ∂Rm+2

ε are,
respectively, of the forms Rmε and Rm+1

ε , while

‖(Pσ∂Wm
ε ψ)u‖s ≤ Cs‖∂Wm

ε (ψu)‖s+σ ≤ C ′s‖Wm
ε (ψu)‖s+σ+1

≤ C ′′s ‖ψu‖s+σ+m−2 ≤ C ′′′s ‖u‖s+σ+m−2,

this completes the proof. �

7.4.10 Lemma. Let Pσ be an operator of the sort in the preceding,
ψ1 ∈ C∞c (RN ; R), and vector fields X, Y , and Z with coefficients from
S (RN ; R) be given. If ψ2 ∈ C∞c (RN ; R) satisfies ψ2 = 1 on an open
neighborhood of supp(ψ1), then

[X,PσR0
ρ,εψ1] = Tσ1,εψ2,

[
Y, [X,P σR0

ρ,εψ1]
]

= Tσ2,εψ2,

and
[
Z,
[
Y, [X,PσR0

ρ,εψ1]
]]

= Tσ3,εψ2,

where the Tσ`,ε’s are of order −∞ from H−∞(RN ; R into H∞(RN ; R) for

each ε ∈ (0, 1] and, for each s ∈ R, there exists a Cs <∞ such that

max
1≤`≤3

sup
ε∈(0,1]

‖Tσ`,εu‖s ≤ Cs‖u‖s+σ, u ∈ Hs+σ(RN ; R).
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Proof: By Lemma 7.4.9, [X,PσR0
ρ,εψ1] is a finite linear combination of

terms having the form PσR0
εψ
′
1 and PσR1

εψ
′
1 plus a term Eσ−2

ε ψ′1, where
ψ′1 ∈ C∞c (RN ; R) with supp(ψ′1) ⊆ supp(ψ1) and Eσ−2

ε : H−∞(RN ; R) −→
H∞(RN ; R) has order−∞ for each ε ∈ (0, 1] and satisfies supε∈(0,1] ‖Eσ−2

ε ϕ‖s
≤ Cs‖ϕ‖s+σ−2. Thus, we have shown that [X,PσR0

ρ,εψ1] has the desired
form.

To handle the higher order commutators, one repeats the preceding ar-
gument to conclude that[

Y, [X,PσR0
ρ,εψ]

]
and

[
Z,
[
Y, [X,PσR0

ρ,εψ]
]]

are finite linear combinations of, respectively, operators

PσR0
εψ
′
1, P

σR1
εψ
′
1, P σR2

εψ
′
1, E

σ−2
ε ψ′1, E

σ−1
ε ψ′1, and [Y,Eσ−2

ε ψ′1]

and

PσR0
εψ
′
1, P

σR1
εψ
′
1, P σR2

εψ
′
1, P

σR3
εψ
′
1, E

σ−2
ε ψ′1, E

σ−1
ε ψ′1, E

σ
ε ψ
′
1,

[Z,Eσ−2
ε ψ′1], [Z,Eσ−1

ε ψ′1], and
[
Z, [Y,Eσ−2

ε ψ′1]
]
.

Finally, simply observe that

[Y,Eσ−mε ψ′1] = Tσ−m+1
ε ψ2 and

[
Z, [Y,Eσ−mε ψ′1]

]
= Tσ−m+2

ε ψ2,

where, for each ε ∈ (0, 1], T τε has order −∞ and, for each s ∈ R, there is a
Cs <∞ for which supε∈(0,1] ‖T τε ϕ‖s ≤ Cs‖ϕ‖s+τ . �

We have, at long last, arrived at our goal in this subsection.

7.4.11 Theorem. Let U be an open subset of RN and assume that there
exist a δ ∈ (0, 1] and C <∞ such that

(7.4.12) ‖ϕ‖δ ≤ C
(
‖Lϕ‖0 + ‖ϕ‖0

)
for all ϕ ∈ C∞c (U ; R).

Then, for any c ∈ S (RN ; R) and ψ1, ψ2 ∈ C∞c (U ; R) with ψ2 = 1 on an
open neighborhood of supp(ψ1), there exists for each s ∈ R a Cs <∞ such
that

‖ψ1u‖s+δ ≤ Cs
(
‖ψ2(L+ c)u‖s + ‖ψ2u‖s

)
whenever u is an R-valued distribution for which ψ2u, ψ2Lu ∈ Hs(RN ; C).

Proof: Once again, we use C to denote a finite constant which can change
from expression to expression but is independent of ε. Also, it should be
clear that the result for c = 0 implies the result for general c ∈ S (RN ; R).
Thus, we will assume that c = 0.

Let r be half the distance between supp(ψ2) and the complement of
U , choose ρ ∈ C∞c

(
B(0, r); [0,∞)

)
with total integral 1, and set Rε =
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R0
ρ,ε for ε ∈ (0, 1]. Finally, choose η ∈ C∞c (U ; R) so that η(x) = 1 when
|x− supp(ψ2)| ≤ r.

To get started, note that, by (7.4.12) and the fact that [η,B−s] has order
s− 1,

‖Rεψ1u‖s+δ = ‖B−sηRεψ1u‖δ ≤ ‖ηB−sRεψ1u‖δ +
∥∥[η,B−s]Rεψ1u

∥∥
δ

≤ C
(
‖LηB−sRεψ1u‖0 + ‖ηB−sRεψ1u‖0 + ‖Rεψ1u‖s−1+δ

)
≤ C

(
‖LηB−sRεψ1u‖0 + ‖ψ2u‖s

)
.

Thus, it remains to estimate ‖LηB−sRεψ1u‖0. To this end, set P s =
ηB−s, and note that, by the discussion about Bessel operators in § 7.4.2,
P s ∈P ′ and σ0 = s in its asymptotic expansion. Clearly

‖LηB−sRεψ1u‖0 ≤ ‖P sRεψ1Lu‖0 +
∥∥[L,P sRεψ1]u

∥∥
0
,

and, since ‖P sRεψ1Lu‖0 ≤ C‖Lψ2u‖s, we are left with the estimation of∥∥[L,P sRεψ1]u
∥∥

0
.

Using (7.4.7), we can write

[L,P sRεψ1] =
M∑
k=1

Vk[Vk, P sRεψ1]− 1
2

M∑
k=1

[
Vk, [Vk, P sRεψ1]

]
+[V0, P

sRεψ1].

By Lemma 7.4.10 (with σ = s), the actions on u of the last two terms on
the right have L2(RN ; C)-norms bounded by C‖ψ2u‖s. To handle the first
term, we use Lemma 7.4.9 to justify taking T = [Vk, P sRεψ1] in Lemma
7.4.6 and thereby conclude that

∥∥Vk[Vk, P sRεψ1]u
∥∥

0
can be estimated in

terms of

‖Tψ1u‖0, ‖Tψ1Lu‖0,
∥∥[Vk, Tψ1]u

∥∥
0
, and

∥∥[Vk, [Vk, Tψ1]
]
u
∥∥

0
.

Clearly the first of these causes no problem, the second is dominated by a
constant times ‖Lψ2u‖s, while, by another application of Lemma 7.4.9, the
third and fourth can be dominated by a constant times ‖ψ2u‖s. �
7.4.2. Completing Hörmander’s Theorem: Let B denote the set of
β ∈

⋃∞
`=1{0, . . . ,M}`, and define `(β) = ` if β ∈ {0, . . . ,M}`. Next, define

Vβ for β ∈ B so that

Vβ =
{
Vk if `(β) = 1 and β1 = k

[Vβ` , V(β1,...,β`−1)] if `(β) = ` ≥ 2.

Then Liex(V0, . . . , VM ) is the span of {Vβ : β ∈ B} at x. In particular,
Liex(V0, . . . , VM ) = TxRN if and only if one can find {βi : 1 ≤ i ≤ N} ⊆ B
such that {Vβi : 1 ≤ i ≤ N} at x is a basis for TxRN . Now assume
that Liex(V0, . . . , VM ) = TxRN , choose {βi : 1 ≤ i ≤ N} accordingly,
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and let A(x) be the N ×N -matrix whose ith column is the coefficients of
Vβi . Then det

(
A(x)

)
6= 0, and so, by continuity, det

(
A(x′)

)
6= 0 for x′ in

an open neighborhood of x, and therefore {Vβi : 1 ≤ i ≤ N} at x′ is a
basis for Tx′RN when x′ is that neighborhood. Thus the set of x ∈ RN
such Liex(V0, . . . , VM ) = TxRN is open. Moreover, by an easy Heine–Borel
covering argument, if W is an open subset for which Liex(V0, . . . , VM ) =
TxRN when x ∈ W , then, for each K ⊂⊂ W , there is an ` ≥ 1 such that
{Vβ : `(β) ≤ `} spans TxRN for all x ∈ K. In fact, using an elementary
partition of unity, one can see that, for each α with ‖α‖ = 1, there exist
{vα,β : `(β) ≤ `} ⊆ C∞c (RN ; R) such that

(7.4.13) ∂α =
∑

{β:`(β)≤`}

vα,βVβ on K.

Now refer to Theorem 7.4.3. In view of the preceding, we see that for each
open U with Ū ⊂⊂W there is an ` ≥ 1 and {vα,β : `(β) ≤ `} ⊆ C∞c (RN ; R)
for which (7.4.13) holds on Ū . Hence, since, for any δ > 0, there exists a
C <∞ such that

‖ϕ‖δ ≤ C

‖ϕ‖0 +
∑
‖α‖=1

‖∂αϕ‖δ−1

 ,

we will know that (7.4.12) holds once we show that, for each ` ≥ 1, there
is a δ ∈ (0, 1] and a C <∞ such that

(7.4.14)
max

{β:`(β)≤`}
‖Vβϕ‖δ−1 ≤ C

(
‖Lϕ‖0 + ‖ϕ‖0

)
for all ϕ ∈ C∞c (U,R).

7.4.15 Lemma. Let ε ∈
(
0, 1

2 ]. If X is a real vector field on RN with

coefficients in S (RN ; R) and P 2ε−1 ∈ P ′ has an asymptotic expansion
with σ0 = 2ε− 1, then there exists a C <∞ such that

max
1≤k≤M

∣∣(VkXϕ,P 2ε−1ϕ
)

0

∣∣ ∨ ∣∣(XVkϕ, P 2ε−1ϕ
)

0

∣∣
≤ C

(
‖Xϕ‖22ε−1 + ‖Lϕ‖20 + ‖ϕ‖20

)
for ϕ ∈ S (RN ; R).

In particular, there is a C <∞ such that

max
1≤k≤M

∥∥[Vk, X]ϕ
∥∥
ε−1
≤ C

(
‖Xϕ‖2ε−1 + ‖Lϕ‖0 + ‖ϕ‖0

)
for all ϕ ∈ S (RN ; R).
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Proof: Let 1 ≤ k ≤M be given. Then∣∣(VkXϕ,P 2ε−1ϕ
)

0

∣∣ =
∣∣(Xϕ, (Vk)∗P 2ε−1ϕ

)
0

∣∣
≤
∣∣((P 2ε−1)∗Xϕ, (Vk)∗ϕ

)
0

∣∣+
∣∣(Xϕ, [(Vk)∗, P 2ε−1]ϕ

)
0

∣∣
≤ 1

2

(
‖(P 2ε−1)∗Xϕ‖20 + ‖(Vk)∗ϕ‖20 +

∥∥[(Vk)∗, P 2ε−1]∗Xϕ
∥∥2

0
+ ‖ϕ‖20

)
≤ C

(
‖Xϕ‖22ε−1 + ‖Vkϕ‖20 + ‖ϕ‖20

)
≤ C ′

(
‖Xϕ‖22ε−1 + ‖Lϕ‖20 + ‖ϕ‖20

)
,

where we have used the fact that P 2ε−1 and [(Vk)∗, P 2ε−1] both have order
2ε− 1 and applied Lemma 7.4.5 in the last step. Similarly,∣∣(XVkϕ, P 2ε−1ϕ

)
0

∣∣ =
∣∣(Vkϕ,X∗P 2ε−1ϕ

)
0

∣∣
≤
∣∣(Vkϕ, P 2ε−1X∗ϕ

)
0

∣∣+
∣∣(Vkϕ, [X∗, P 2ε−1]ϕ

)
0

∣∣
≤ 1

2

(
2‖Vkϕ‖20 + ‖P 2ε−1X∗ϕ‖20 +

∥∥[X∗, P 2ε−1]ϕ
∥∥2

0

)
≤ C

(
‖Xϕ‖22ε−1 + ‖Lϕ‖20 + ‖ϕ‖20 + ‖ϕ‖22ε−1

)
≤ C ′

(
‖Xϕ‖22ε−1 + ‖Lϕ‖20 + ‖ϕ‖20

)
,

where, in the passage to the last line, we have used 2ε− 1 ≤ 0.
Turning to the final assertion, take P 2ε−1 = B2−2ε[Vk, X]. Then∥∥[Vk, X]ϕ

∥∥2

ε−1
=
∥∥B1−ε[Vk, X]ϕ

∥∥2

0
=
(
[Vk, X]ϕ, P 2ε−1ϕ

)
0

=
(
VkXϕ,P

2ε−1ϕ
)

0
−
(
XVkϕ, P

2ε−1ϕ
)

0
,

and so the desired conclusion follows from the preceding ones. �
By combining Lemmas 7.4.5 and 7.4.15 with an obvious induction argu-

ment, we see that

‖Vβϕ‖21−`(β)−1 ≤ C
(
‖Lϕ‖0 + ‖ϕ‖0

)
when β ∈ B has no coordinate equal to 0. Thus, if, instead of the hy-
pothesis in Theorem 7.4.3, we had made the stronger hypothesis that
Liex(V1, . . . , VM ) = TxRN , then we would be done. Indeed, in that case,
(7.4.13) would hold with vα,β = 0 whenever βj = 0 for some 1 ≤ j ≤ `(β),
and therefore (7.4.14) would hold with δ = 21−`.

To bring V0 into play, we need the analog of Lemma 7.4.15 for V0.

7.4.16 Lemma. Let ε ∈
(
0, 1

4

]
. If X is as in Lemma 7.4.15, then there is

a C <∞ such that∥∥[V0, X]ϕ
∥∥
ε−1
≤ C

(
‖Xϕ‖4ε−1 + ‖Lϕ‖0 + ‖ϕ‖0

)
for all ϕ ∈ S (RN ; R).

Proof: Just as in the proof of the last part of Lemma 7.4.15, one sees that
it suffices to know that∣∣(V0Xϕ,P

2ε−1ϕ
)

0

∣∣ ∨ ∣∣(XV0ϕ, P
2ε−1ϕ

)
0

∣∣
≤ C

(
‖Xϕ‖24ε−1 + ‖Lϕ‖20 + ‖ϕ‖20

)
,
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where P 2ε−1 = B2−2ε[V0, X].
To estimate

∣∣(V0Xϕ,P
2ε−1ϕ

)
0

∣∣, begin by noting that

V ∗0 =

(
L− 1

2

M∑
k=1

V 2
k

)∗
= L∗ − 1

2

M∑
k=1

V 2
k +

M∑
k=1

ψkVk + ψ,

where η0, ψ, ψ1, . . . , ψM ∈ S (RN ; R). Hence,
∣∣(V0Xϕ,P

2ε−1ϕ
)

0

∣∣ is domi-
nated by

∣∣(Xϕ,LP 2ε−1ϕ
)

0

∣∣+
1
2

M∑
k=1

∣∣(V 2
kXϕ,P

2ε−1ϕ
)

0

∣∣
+

M∑
k=1

∣∣(VkXϕ,ψkP 2ε−1ϕ
)

0

∣∣+
∣∣(Xϕ,ψP 2ε−1ϕ

)
0

∣∣.
Clearly∣∣(Xϕ,ψP 2ε−1ϕ

)
0

∣∣ =
∣∣((P 2ε−1)∗ψXϕ,ϕ

)
0

∣∣ ≤ C(‖Xϕ‖22ε−1 + ‖ϕ‖20
)
.

Also, by Lemma 7.4.15,

M∑
k=1

∣∣(VkXϕ,ψkP 2ε−1ϕ
)

0

∣∣ ≤ C(‖Xϕ‖22ε−1 + ‖Lϕ‖20 + ‖ϕ‖20
)
.

Thus, it suffices to estimate
∣∣(Xϕ,LP 2ε−1ϕ

)
0

∣∣ and, for 1 ≤ k ≤ M ,∣∣(V 2
kXϕ,P

2ε−1ϕ
)

0

∣∣. Note that the first of these is dominated by∣∣((P 2ε−1)∗Xϕ,Lϕ
)

0

∣∣+
∣∣(Xϕ, [L,P 2ε−1]ϕ

)
0

∣∣
≤ C

(
‖Xϕ‖22ε−1 + ‖Lϕ‖20

)
+
∣∣(Xϕ, [L,P 2ε−1]ϕ

)
0

∣∣.
To handle

∣∣(Xϕ, [L,P 2ε−1]ϕ
)

0

∣∣, we again use (7.4.7) to see that

[L,P 2ε−1] =
M∑
k=1

Vk[Vk, P 2ε−1]− 1
2

M∑
k=1

[
Vk, [Vk, P 2ε−1]

]
+ [V0, P

2ε−1]

=
M∑
k=1

(Vk)∗P 2ε−1
k + P 2ε−1

0 ,

where the P 2ε−1
k ’s are again elements of P ′ whose asymptotic series have

σ0 = 2ε− 1. Thus, by Lemma 7.4.15,

∣∣(Xϕ, [L,P 2ε−1]ϕ
)

0

∣∣ ≤ M∑
k=1

∣∣(VkXϕ,P 2ε−1
k ϕ

)
0

∣∣+
∣∣(Xϕ,P 2ε−1

0 ϕ
)

0

∣∣
≤ C

(
‖Xϕ‖22ε−1 + ‖Lϕ‖20 + ‖ϕ‖22ε−1

)
.
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Turning to
∣∣(V 2

kXϕ,P
2ε−1ϕ

)
0

∣∣, begin by dominating it by∣∣(VkXϕ,P 2ε−1Vkϕ
)

0

∣∣+
∣∣(VkXϕ, P̃ 2ε−1

k ϕ
)

0

∣∣,
where P̃ 2ε−1

k = ηkP
2ε−1 − [Vk, P 2ε−1] is again an operator of the sort in

Lemma 7.4.15. Hence, by that lemma, the second term causes no problem.
As for the first term, use∣∣(VkXϕ,P 2ε−1Vkϕ

)
0

∣∣ ≤ 1
2

(
‖(P 2ε−1)∗VkXϕ‖20 + ‖Vkϕ‖20

)
,

and apply Lemma 7.4.5 to handle ‖Vkϕ‖20. At the same time,

‖(P 2ε−1)∗VkXϕ‖0 ≤ ‖Vk(P 2ε−1)∗Xϕ‖0 +
∥∥[(P 2ε−1)∗, Vk]Xϕ

∥∥
0
,

and the second of these is dominated by a constant times ‖Xϕ‖2ε−1. To
treat ‖Vk(P 2ε−1)∗Xϕ‖0, apply Lemma 7.4.5 to dominate its square by a
constant times∣∣(L(P 2ε−1)∗Xϕ, (P 2ε−1)∗Xϕ

)
0

∣∣+ ‖Xϕ‖22ε−1.

Next, set

P 2ε = (P 2ε−1)∗X = [V0, X]∗B2−2εX = −[X,V0]B2−2εX + ηB2−2εX,

where η ∈ S (RN ; R), observe that P 2ε ∈P ′ with σ0 = 2ε, and check that∣∣(L(P 2ε−1)∗Xϕ, (P 2ε−1)∗Xϕ
)

0

∣∣ =
∣∣(LP 2εϕ, (P 2ε−1)∗Xϕ

)
0

∣∣
≤
∣∣(Lϕ, (P 2ε−1P 2ε)∗Xϕ

)
0

∣∣+
∣∣([L,P 2ε]ϕ, (P 2ε−1)∗Xϕ

)
0

∣∣
≤ C

(
‖Lϕ‖20 + ‖Xϕ‖24ε−1

)
+
∣∣([L,P 2ε]ϕ, (P 2ε−1)∗Xϕ

)
0

∣∣.
Now (cf. (7.4.7)) write [L,P 2ε] =

∑M
k=1 P̃

2ε
k Vk + P̃ 2ε

0 , where

P̃ 2ε
k =

{
[V0, P

2ε]− 1
2

∑M
k′=1

[
Vk′ , [Vk′ , P 2ε]

]
if k = 0

[Vk, P 2ε] if 1 ≤ k ≤M,

and note that the P̃ 2ε
k ’s are again in P ′ with σ0 = 2ε. Thus∣∣([L,P 2ε

k ]ϕ, (P̃ 2ε−1
k )∗Xϕ

)
0

∣∣
≤

M∑
k=1

∣∣(Vkϕ, (P 2ε−1P̃ 2ε
k )∗Xϕ

)
0

∣∣+
∣∣(ϕ, (P 2ε−1P̃ 2ε

0 )∗Xϕ
)

0

∣∣
≤ C

(
M∑
k=1

‖Vkϕ‖20 + ‖Xϕ‖24ε−1 + ‖ϕ‖20

)
≤ C ′

(
‖Lϕ‖20 + ‖Xϕ‖24ε−1 + ‖ϕ‖20

)
,
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where Lemma 7.4.5 was applied at the end.
To estimate

∣∣(XV0ϕ, P
2ε−1ϕ

)
0

∣∣, we write V0 = L− 1
2

∑M
k=1 V

2
k and find

that we must estimate∣∣(XLϕ,P 2ε−1ϕ
)

0

∣∣ and
∣∣(XV 2

k ϕ, P
2ε−1ϕ

)
0

∣∣.
Writing X∗ = −X + η, one sees that the first of these is dominated by∣∣(Lϕ,XP 2ε−1ϕ

)
0

∣∣+
∣∣(Lϕ, ηP 2ε−1ϕ

)
0

∣∣
≤
∣∣(Lϕ,P 2ε−1Xϕ

)
0

∣∣+
∣∣(Lϕ, [X,P 2ε−1]ϕ

)
0

∣∣+
∣∣(Lϕ, ηP 2ε−1ϕ

)
0

∣∣
≤ 3

2‖Lϕ‖
2
0 + C‖ϕ‖22ε−1 ≤ 3

2‖Lϕ‖
2
0 + C‖ϕ‖20.

As for the second,∣∣(XV 2
k ϕ, P

2ε−1ϕ
)

0

∣∣ =
∣∣(Vkϕ, (Vk)∗X∗P 2ε−1ϕ

)
0

∣∣
≤
∣∣(Vkϕ, (Vk)∗P 2ε−1X∗ϕ

)
0

∣∣+
∣∣(Vkϕ, (Vk)∗[X∗, P 2ε−1]ϕ

)
0

∣∣
≤ C

(
‖Vkϕ‖20 + ‖ϕ‖20 + ‖(Vk)∗P 2ε−1X∗ϕ‖20

)
,

since both P 2ε−1 and its commutator with X∗ have order 2ε − 1 ≤ 0.
Because 1 ≤ k ≤M , ‖Vkϕ‖20 is handled by Lemma 7.4.5. Also,

‖(Vk)∗P 2ε−1X∗ϕ‖0 ≤ ‖VkP 2ε−1X∗ϕ‖0 + C
(
‖Xϕ‖2ε−1 + ‖ϕ‖0

)
.

Finally, by the procedure used above to estimate ‖Vk(P 2ε−1)∗Xϕ‖0, we
can estimate ‖VkP 2ε−1X∗ϕ‖0 in terms of ‖Lϕ‖0, ‖ϕ‖0, and, ‖X∗ϕ‖4ε−1,
which, since 4ε− 1 ≤ 0, is dominated by ‖Xϕ‖4ε−1 + C‖ϕ‖0. �

Arguing as we did in the paragraph following Lemma 7.4.15, and com-
bining this with the discussion preceding that lemma, we can now show
that if {Vβ : `(β) ≤ `} spans TxRN at every x in an open set of which Ū is
a compact subset, then

‖ϕ‖41−` ≤ C
(
‖Lϕ‖0 + ‖ϕ‖0

)
, ϕ ∈ C∞c (U ; R).

In particular, after putting this together with Theorem 7.4.11, we have
proved the following subellipticity statement.

7.4.17 Theorem. If Liex(V0, . . . , VM ) = TxRN for each x ∈ W and
c ∈ C∞(RN ; R), then for each ψ1 ψ2 ∈ C∞c (W ; R) with ψ2 = 1 on an open
neighborhood of supp(ψ1) there exists a δ > 0 and a map s ∈ R 7−→ Cs ∈
(0,∞) such that (7.4.4) holds for all s ∈ R and u ∈ Hs(RN ; C).

Once one has Theorem 7.4.17, Theorem 7.4.3 follows easily by the same
sort of bootstrap procedure which we used to prove Theorem 7.3.3 on the
basis of the elliptic estimate in Theorem 7.3.2.
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7.4.3. Some Applications: Having worked so hard to prove Theorem
7.4.3, it seems appropriate to point out a few of its applications.

For applications to probability theory, the following corollary is impor-
tant. In its proof, it will be convenient to have introduced the Lie module

L̃ie(V0, . . . , VM ) =
{ n∑
m=1

ψmVβm : n ≥ 1, β1, . . . , βn ∈ B,

and ψ1, . . . , ψn ∈ C∞(RN ; R)
}

over C∞(RN ; R) generated by {V0, . . . , VM}. It is elementary to check that
L̃ie(V0, . . . , VM ) is again a Lie algebra of vector fields and that, for each
x ∈ RN , the subspace L̃iex(V0, . . . , VM ) of TxRN obtained by evaluating
the elements of L̃ie(V0, . . . , VM ) at x coincides with Liex(V0, . . . , VM ).

7.4.18 Theorem. Let V0, . . . , VM be smooth, real vector fields on RN ,
and define L as in (7.4.1). If Liex(V0, . . . , VM ) = TxRN for all x in an
open set W ⊆ RN , then, for every c ∈ C∞(RN ; R), L∗ + c is hypoelliptic
on W . Moreover, if Liex

(
[V0, V1], . . . , [V0, VM ], V1, . . . , VM

)
= TxRN for all

x ∈ W , and if f ∈ C∞(R; R) never vanishes on the open interval J , then
L + c + f(t)∂t and L∗ + c + f(t)∂t are hypoelliptic on J × W for any
c ∈ C∞

(
R× RN ; R

)
.

Proof: All these assertions come from Theorem 7.4.3 combined with ele-
mentary observations about Lie algebras of vector fields. To prove the first,
write V ∗k = −Vk + ηk and observe that L∗ = 1

2

∑M
k=1 V

2
k + V ′0 + c, where

V ′0 = −V0 −
M∑
k=1

ηkVk and c = η0 +
1
2

M∑
k=1

(
η2
k − (Vkηk)

)
.

Hence, by the preceding discussion, it suffices to note that L̃ie(V0, . . . , VM )
= L̃ie(V ′0 , V1, . . . , VM ).

To prove the second assertion, think of the Vk’s as vector fields on R×RN
for which the coefficient of ∂t vanishes. Then, to prove that L+c+f(t)∂t is
hypoelliptic on J ×W under the stated hypothesis, one need only observe
that Lie(t,x)(V0 + f(t)∂t, V1, . . . , VM ) equals the span of

Liex
(
[V0, V1], . . . , [V0, VM ], V1, . . . , VM

)
∪ {V0 + f(t)∂t}

and that the latter equals T(t,x)(R× RN ) if

Liex
(
[V0, V1], . . . , [V0, VM ], V1, . . . , VM

)
= TxRN .

Finally, once one notes that

L̃ie
(
[V0, V1], . . . , [V0, VM ], V1, . . . , VM

)
)

= L̃ie
(
[V ′0 , V1], . . . , [V ′0 , VM ], V1, . . . , VM

)
,
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the argument for L∗ + c+ ∂t is a repeat of the one for L+ c+ f(t)∂t. �
We close by applying Theorem 7.4.18 to transition probability functions.

Thus, let σ : RN −→ Hom(RM ; RN ) and b : RN −→ RN be smooth
functions with bounded derivatives of all orders, set a = σσ>, and let
(t, x) P (t, x) be the transition probability function determined (cf. Theo-
rem 2.4.6) by the associated operator L given in (1.1.8). The next lemma
allows us to apply Theorem 7.4.18 to (t, x) P (t, x). In its statement, the
subscripts x and y on an operator are used to indicate on which variables
the operator acts.

7.4.19 Lemma. Define the distribution u on C∞c (R× RN × RN ; R) by

〈ϕ, u〉 =
∫ ∞

0

(∫ (∫
ϕ(t, x, y)P (t, x, dy)

)
dx

)
dt.

Then (Lx + L>y − 2∂t)u = 0 on (0,∞)× RN × RN .

Proof: Let ϕ ∈ C∞c
(
(0,∞)×RN ×RN ; R

)
be given. We must show that

〈(L>x + Ly + 2∂t)ϕ, u〉 = 0, and clearly this will follow if we show that
〈(L>x +∂t)ϕ, u〉 = 0 = 〈(Ly +∂t)ϕ, u〉. The second of these is easy. Namely,
by Fubini’s Theorem,

〈(Ly + ∂t)ϕ, u〉 =
∫ (∫ (∫

[(Ly + ∂t)ϕ](t, x, y)P (t, x, dy)
)
dt

)
dx

=
∫ (∫

∂t

(∫
ϕ(t, x, y)P (t, x, dy)

)
dt

)
dx = 0

since ϕ is compactly supported in (0,∞)×RN×RN . In order to handle the
other term, recall the adjoint transition function (t, y) P>(t, y) introduced
in § 2.5.1. Next, starting from

(
f,Ptg

)
L2(RN ;C)

=
(
P>t f, g

)
L2(RN ;C)

and
applying Fubini’s Theorem, we see (cf. (2.5.6)) first that∫ (∫

[(L>x + ∂t)ϕ](t, x, y)P (t, x, dy)
)
dx

=
∫ (∫

[(L>x + ∂t)ϕ](t, x, y)P>(t, y, dx)
)
dy

and then, just as before, that

〈(L>x + ∂t)ϕ, u〉 =
∫ (∫

∂t

(∫
ϕ(t, x, y)P>(t, y, dx)

)
dt

)
dy = 0. �

7.4.20 Theorem. Define the vector fields V0, . . . , VM from σ and b as in
(7.4.2). If W ⊆ RN is an open subset such that

Liex
(
[V0, V1], . . . , [V0, VM ], V1, . . . , VM

)
= TxRN for all x ∈W,

then there exists a smooth p : (0,∞) × W × W −→ [0,∞) such that
P (t, s,Γ) =

∫
Γ
p(t, x, y) dy for all Γ ∈ BRN contained in W .
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Proof: In view of Theorem 7.4.18 and Lemma 7.4.19, all that we have to
do is check that, for (x, y) ∈W ×W ,

Lie(x,y)

(
[V ′0 , V

′
1 ], . . . , [V ′0 , V

′
2M ], V ′1 , . . . , V

′
2M

)
= T(x,y)(RN × RN ),

where V ′k = (Vk)x and V ′M+k = (Vk)y for 1 ≤ k ≤M , and

V ′0 = (V0)x − (V0)y −
M∑
k=1

(Vkηk)(y)(Vk)y,

where the subscript is used to indicate on which variable the action is taken.
But

Lie(x,y)

(
[V ′0 , V

′
1 ], . . . , [V ′0 , V

′
2M ], V ′1 , . . . , V

′
2M

)
= Liex

(
[V0, V1], . . . , [V0, VM ], V1, . . . , VM

)
⊕ Liey

(
[V0, V1], . . . , [V0, VM ], V1, . . . , VM

)
,

and so there is nothing more to do. �
Although Theorem 7.4.20 greatly extends the class of operators L whose

transition probability functions we can say admit a smooth density, it would
be a great mistake to assume that all these densities satisfy the sort of
estimates which we proved in Chapter 4. To make it clear exactly how
wrong such an assumption would be, consider the operator

L = 1
2∂

2
x1

+
x2

1

1 + x2
1

∂x2 .

In this case V1 = ∂x1 and V0 = x2
1

1+x2
1
∂x2 . Since

[V1, V0] =
2x1

(1 + x2
1)2

∂x2 and
[
V1, [V1, V0]

]
= 2

1− 3x2
1

(1 + x2
1)3

∂x2 ,

it is clear that Liex
(
[V0, V1], V1

)
= TxR2 for all x ∈ R2, and therefore the

associated transition probability P (t, x) function admits a smooth density
p(t, x, y) on (0,∞)×R2×R2. Next, observe that P (t, x) is the distribution
of
(
X1(t, x), X2(t, x)

)
, where

X1(t, x) = x1 +B(t), X2(t, x) = x2 +
∫ t

0

(
x1 +B(τ)

)2
1 +

(
x1 +B(τ)

)2 dτ,
and t B(t) is a standard, R-valued Brownian motion. In particular,
P
(
t,R× (−∞, x2)

)
= 0, and so p(t, x, y) = 0 for all (x, y) with y2 ≤ x2. Al-

though it is somewhat out of place, one should remark that this conclusion
rules out the possibility that p(t, x, y) might be always real analytic when-
ever the vector fields are real analytic and satisfy Hörmander’s condition.
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7.5 Historical Notes and Commentary

Perhaps the first systematic treatment of what we now call pseudodiffer-
ential operators was given by H. Weyl in [58], where his motivation seems to
have been a mathematically rigorous model of what we would now call quan-
tization. A second early version of the theory was given by A.P. Calderón
in [8], where it plays a crucial role in his proof of uniqueness for Cauchy
initial value problems. The treatment given here is based on the paper [28]
by J.J. Kohn and L. Nirenberg, which may be the first places where the
theory was given the form which has become standard. On the other hand,
by modern standards, the theory presented here is primitive. Indeed, in the
years since [28] appeared, the theory has been vastly extended and is now
seen as a special case of the much more general theory of Fourier integral
operators. For the reader who wants to learn more and has lots of time to
do so, Hörmander’s multi-volume treatise [23] is indispensable.

Theorem 7.4.3 of Hörmander appears in [22]. Earlier, in [21], he had given
a complete characterization in terms of their symbols of those constant
coefficient, partial differential operators which are hypoelliptic. However,
so far as I know, [22] is the first place in which a general theory for variable
coefficient, non-parabolic operators appears. In my opinion, Hörmander’s
own proof of Theorem 7.4.3 is more revealing and sharper than the one we
have given, which is taken from Kohn’s [27]. However, Hörmander’s proof
is much more difficult than Kohn’s and, as we learned since, his estimate
is not optimal. In fact, starting with the paper [49] by L. Rothschild and
E.M. Stein, when V0 =

∑M
k=1 ckVk for smooth functions ck, a beautiful

connection has been established between the δ in (7.4.4) and the volume
growth of balls in the Cartheodory metric corresponding to the vector fields
{V1, . . . , VM}. Further, under the same condition, A. Sánchez-Calle proved
that the associated heat kernel is bounded above and below in terms of a
Gauss kernel in which |y− x|2 is replaced in the exponential by the square
of the Cartheodory distance and t−

N
2 is replaced by one over the volume

of the Cartheodory ball around x of radius t
1
2 . An excellent review of this

material can be found in D. Jerison and Sánchez-Calle’s article [26].
Probability theory has made a couple of contributions to our understand-

ing of operators of the sort discussed in § 7.4. For example, as mentioned
in § 6.4, Varadhan and my “support theorem” provides them with a strong
minimum principle. More significant, in his groundbreaking paper [38], P.
Malliavin initiated a program to prove regularity results using the ideas
on which the results in Chapter 3 were based. As he realized, his ideas
should handle solutions to equations involving operators of the sort dealt
with in Hörmander’s Theorem. His program was taken up and completed
by various authors, but perhaps the most thorough treatment is the one
given by Kusuoka and me in our papers [32], where we used probabilistic
techniques to prove not only Hörmander’s Theorem but also the estimates
of Sánchez-Calle. I chose to not present these proofs mostly because I have
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become increasing skeptical about whether their virtues justify the difficulty
of their details. In addition, as I said in the introduction to this chapter, I
felt obliged to give at least a sample of the powerful techniques used in this
chapter. Be that as it may, for those who, even after my warnings, would
like to see what is involved in carrying out Malliavin’s program, I suggest
the book [6] by R. Bass, who made a valiant effort to present this material
in a palatable way.

Finally, it should be recognized that, as stated, Hörmander’s Theorem
suffers from the same weakness as the results in § 2.2. Namely, in order to
write an L given by (1.1.8) in the form in (7.4.1), the diffusion matrix a has
to admit a smooth square root. Thus, it is important to know that there
is an improved statement of Theorem 7.4.3 in which this weakness is no
longer present. The precise statement is that if L is presented in the form
given by (4.4.1) and

Vk =

{ ∑N
j=1 bj∂xj if k = 0∑N
j=1 aij∂xj if 1 ≤ k ≤ N,

then the conclusion of Theorem 7.4.3 holds for L. Interestingly, just as was
the case in Chapter 2, Oleinik, acting on a suggestion by Kohn, played a
crucial role in making this improvement, which appeared for the first time
in her work with E.V. Radekevich [47]. Refinements of their results appear
in the work by C. Fefferman and D. Phong [18]. For further references, see
[26].
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Notation Description

1A The indicator function of the set A.

a ∧ b & a ∨ b The minimum and the maximum of a, b ∈ R.

a+ & a− The positive part a ∨ 0 and negative part (−a) ∨ 0

of a ∈ R.

‖α‖ Denotes
∑N

i=1
αi for a multindex α ∈ NN .

B(x, r) The ball of radius r centered at x.

BE The σ-algebra of Borel measurable subsets of E.

Bt The σ-algebra generated by {ωτ : τ ∈ [0, t]}.

Cb(E;R)
Space of bounded continuous functions from E into

R.

Cc(G;R)
Space of continuous, R-valued functions having

compact support in the open set G.

C1,2([0,∞) × RN ;C)
Space of functions (t, y) ∈ [0,∞) × RN −→ R

continuously differentiable once in t and twice in y.

f � g The convolution product of functions f and g.

Eµ[X, A]

To be read the expectation value of X with respect

to µ on A. Equivalent to
∫

A
X dµ. When A is un-

specified, it is assumed to be the whole space.

eξ(x) The imaginary exponential e
√−1 (ξ,x)

RN .

Γ(t) Euler’s Gamma function.

γ Standard Gauss measure on Euclidean space.

Hs(R
N ;C) & Hs(R

N ;R) Sobolev space, values in C or R.

K ⊂⊂ E To be read: K is a compact subset of E.

207



Notation 208

Lp(µ; E)
Lebesgue space of E-valued functions f with ‖f‖p

E

is µ-integrable.

M1(E) Space of Borel probability measures on E.

µ̂
The characteristic function (Fourier transform) of

µ.

N The non-negative integers: N = {0} ∪ Z+.

p′ The Hölder conjugate p
p−1

of p ∈ [1,∞].

Sm The shift map on sequences.

SN−1 The unit sphere in RN .

S (RN ;C) & S (RN ;R) Schwartz test function, values in C or R.

S ′(RN ;C) & S ′(RN ;R) Tempered distributions, values in C or R.

Σs The time shift transformation on pathspace.

[t]n

The largest number m2−n dominated by t. Equiv-

alently, [t]n = 2−n[2nt], where [t] ≡ [t]0 is the

integer part of t.

Z+ The strictly positive integers.

ωN−1 & ΩN

The surface area and volume of the unit sphere

and ball in RN .

〈ϕ, µ〉 Alternative notation for
∫

ϕ dµ.

〈ϕ, u〉 Action of distribution u on test function ϕ.

‖ · ‖u The uniform or “sup” norm on functions.

‖ · ‖H.S.
The Hilbert–Schmidt norm.

|Γ| Lebesgue measure of Γ.



References

[1] Adams, R.A., Sobolev Spaces, Academic Press, New York, 1975.

[2] Alexandrov, A.D., Certain estimates concerning the Dirichlet problem,
Dokl. Akad. Nauk. SSSR 134 (1960), 1151–1154.

[3] Aronson, D., The fundamental solution of a linear parabolic equation
containing a small parameter, Ill. J. Math. 3 (1959), 580–619.

[4] , Bounds on the fundamental solution of a parabolic equation,
B.A.M.S. 73 (1967), 890–896.

[5] Azencott, R., Methods of localization and diffusions on manifolds,
Publications of Istituto Matematico Ulisse Dini, Firenze, Italy ( 1971).

[6] Bass, R., Probabilistic Techniques in Analysis, Springer-Verlag, New
York and Heidelberg, 1995.

[7] Bell, D., The Malliavin Calculus, Pitman Monographs and Surveys in
Pure & Appl. Math., vol. 34, Longman, Wiley, Essex, 1987.

[8] Calderón, A.P., Uniqueness in the Cauchy problem for partial differ-
ential equations, Amer. J. Math. 80 (1958), 16-36.

[9] Chavel, I., Riemannian Geometry: a Modern Introduction, Cambridge
Tracts in Math. #108, Cambridge Univ. Press, New York, 1993.

[10] Davies, E.B., Heat Kernels and Spectral Theory, Cambridge Tracts in
Math. #92, Cambridge Univ. Press, New York, 1989.

[11] De Giorgi, E., Sulle differentiabità e l’analiticità degli interali multipli
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convergence

in C(RM ; M1(RN )), 6

in Cb(RN ; C), 5

coupling of measures, 13

D

De,Georgi–Moser Harnack’s principle, 136

diffusion coefficient, 4, 104

divergence form, 82

drift coefficient, 4, 104

Duhamel’s formula, 121

E

elliptic estimate, 185

elliptic operator, 185

ellipticity, 27

uniformly, 57

ergodicity

for compact manifolds, 164

local, 92

existence-uniqueness duality, 29

exponential map, 152

F

forward variable, 2

fundamental solution, 72

backward equation, 72

Chapman–Kolmogorov equation for, 72

forward equation, 74

Gaussian lower bound, 98, 104, 114

Gaussian upper bound, 90, 104, 108

local Gaussian lower bound, 125, 129

local regularity, 122

on a manifold

Gaussian bounds, 156

regularity, 154

regularity, 74

H

Hölder conjugate, 65

Hörmander’s condition, 189

Hörmander’s Theorem, 189

parabolic, 202

transition probability function, 203

harmonic measure, 136

Harnack’s principle of De,Giorgi–Moser, 136

homogeneous pseudodifferential opera-

tor, 175

hypoellipicity

second order elliptic, 77

hypoelliptic, 77

hypoellipticity

Hörmander’s Theorem, 189

implied by ellipticity, 187

non-degenerate parabolic, 78

I

infinitely divisible flow, 7

interior estimates, 121

interpolation, 76
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K

Kolmogorov’s backward equation, 28

existence of solutions, 47
fundamental solution, 72

regularity of solutions, 38, 61

uniqueness of solutions, 31
Kolmogorov’s forward equation, 1, 2

derivation, 2

existence, 4
uniqueness, 32, 39, 48

L

Lévy’s Continuity Theorem, 5
Lie algebra of vector fields, 189

Liouville Theorem, 135

local operator, 2
lower triangular system, 22

M

marginal distributions, 13
Markov semigroup, 48

martingale problem, 117

on a manifold
existence of solutions, 143

uniqueness of solutions, 149

mean value property, 132
minimum principle, 2

strong, 133
weak, 43, 130

N

Nash’s Continuity Theorem, 134

O

order of an operator, 172

−∞, 172

true, 172
oscillation

Lemma, 134
of a function, 133

P

Poincaré inequality
for a compact manifold, 165

for Gauss measure, 92

potential, 19
progressively measurable, 142

pseudodifferential operator, 184

asymptotic series for, 184

homogeneous, 175
quasilocality of, 177

Q

quasilocal operator, 177

R

rapidly decreasing function, 169
reflection principle, 120

regular conditional distribution, 147

Riemannian distance, 89
Riemannian volume measure, 151

S

scaling, 71

Schwartz’s test function space, 169
semigroup, 48

adjoint, 49

Markov, 48
property, 48

slowly increasing, 18

uniformly, 18
Sobolev Embedding Theorem, 170

Sobolev space, 170

strong minimum principle, 133
subelliptic estimate, 190

Hörmander, 201
symbol

of a homogeneous pseudodifferential

operator, 175
symbol of an operator, 173

symbol of order 0, 173

T

tempered distribution, 170
tempered function, 170

transition probability function, 1

adjoint, 49
Chapman–Kolmogorov equation for, 1

density, see fundamental solution

estimates, 19
existence, 12

Hörmander’s Theorem, 203

on a manifold, 149
density

on a manifold, see fundamental

solution
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transpose, 172

true order, 172

U

uniformly elliptic, 57

uniformly slowly increasing, 18

W

weak convergence, 1

weak minimum principle, 130
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